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Introduction 


This book is the second in a series of three books that aim to develop an 
understanding of important concepts and applications of electromagnetism. The 
first book, An introduction to Maxwell’s equations, starts from basic concepts of 
charge, current, and electric and magnetic fields, and shows how the relationships 
between these quantities are encapsulated in Maxwell’s equations, a set of four 
equations that is one of the foundations of physics and of modern technology. The 
end-point of the first book is a demonstration that Maxwell’s equations lead to 
the prediction of electromagnetic waves, and the third book, Electromagnetic 
waves, focuses on the properties of these waves, how they are generated and 
how they travel through, and interact with, different media. This second book, 
Electromagnetic fields, develops a range of additional concepts and topics in 
electromagnetism, many of which will be developed further in Book 3. 


We assume that by now you have a sound knowledge and understanding of many 
aspects of electromagnetism. In particular, our starting point is Maxwell’s 
equations in empty space, which relate electric and magnetic fields, E and B, to 
the electric charge density p and current density J that produce them. Each of the 
four equations can be written in a differential version, using the vector operators 
div and curl, and in an integral version, using volume, surface and line integrals. 


@ Can you recall the two versions of each of Maxwell’s four equations? Try to 
jot down as many of them as you can remember. 


LJ You can check your recall by referring to the list of Maxwell’s equations 
inside the front cover of this book. 


Though you will normally be able to refer to lists of equations when doing 
assignments, Maxwell’s equations play such a central role in physics that you will 
find it helpful if you can commit them to memory. Some physics students and 
teachers have them emblazoned on their clothing, either as a memory aid, or to 
convey the importance of the equations to non-physicists (Figure 1). 


Figure | The editors of 
the three books in this series 
wearing their Maxwell’s 
equations T-shirts. 
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Figure 2 The magnetic 
material within the coil of this 
electromagnet enhances the 
magnetic field by a factor of 
over 1000, enabling it to lift 
several tonnes of ferromagnetic 
metal. 


Figure 3 (a) A scanning 
electron microscope. 

(b) Electron micrograph of part 
of an ant. The head is on the 
right, with one of the compound 
eyes (dark brown) at its centre, 
the mouth parts at the bottom 
and one of the sensory antennae 
attached on the right. 


Two other important equations that underpin electromagnetism are also displayed 
inside the front cover — the equation of continuity, which relates current density 
and charge density, and the Lorentz force law, which specifies the electromagnetic 
force on a charged particle in electric and magnetic fields. 


In Chapter 1, we shall briefly review these six important equations, and provide 
exercises that will allow you to check your understanding of them. All six 
equations were introduced in Book | of this series, and if you have difficulties 
with the exercises you may wish to refer back to that book to revise your 
understanding of basic concepts. 


It is assumed that at this stage of your studies you are equipped with the 
mathematical skills that are necessary for understanding and expressing concepts 
and relationships in electromagnetism. You should be able to handle with 
confidence vectors in Cartesian, cylindrical and spherical coordinate systems, use 
the differential vector operators div, grad and curl, and use integral calculus to 
evaluate line, surface and volume integrals. If you do not feel confident in your 
ability to use vector calculus, then you are recommended to have a quick look at 
the Mathematical Toolkit in Book 1. You will have many opportunities to practise 
your mathematical skills as you study this book. 


After reviewing the vital foundations of electromagnetism in Chapter 1, the 
content of this book develops in the following way. 


e The versions of Maxwell’s equations referred to above are valid for any 
distributions of charge and current. However, they are practically impossible to 
apply to real materials containing huge numbers of atoms consisting of many 
charged particles. So in Chapters 2 and 3 we derive alternative versions of 
Maxwell’s equations that can be used when materials are present, for example, 
between the plates of capacitors or in an electromagnet (Figure 2). 


e In Chapter 4 we introduce a range of methods for solving electrostatics 
problems, and in Chapter 5 we discuss a range of methods for determining the 
magnetic fields produced by currents. Determining the fields produced by 
specified distributions of charge and current is of immense practical 
importance. For example, the design of the scanning electron microscope 
shown in Figure 3a requires an understanding of how the electric field in the 
electron gun used to accelerate the electrons depends on the shape of the 
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electrodes. Designing the coils for the magnetic lenses used to focus the 
electron beam requires the ability to compute the fields produced by 
current-carrying coils with complex shapes. 


e In Chapter 6 we explore a variety of applications of the Lorentz force law to 
charged particles in electric and magnetic fields. These range from particle 
accelerators and electron microscopes, to the motion of charged particles in the 
Earth’s ionosphere, the Sun’s photosphere (Figure 4) and distant galaxies. 


Figure 4 The 
structure seen in this 
ultraviolet image of the 
outer region of the Sun 
is due to the channelling 
by the Sun’s magnetic 
field of hot ionized 
gases at temperatures of 
millions of degrees. 


e Chapter 7 is concerned with motion of charged particles in conducting 
materials — electric currents. An electric current flows in a conductor in 
response to electric and/or magnetic fields, and the magnitude of the current 
depends on the electrical resistance and inductance of the conductor. 
Measurements of potential differences associated with current flow provide 
information about the underlying material, and this is the basis of techniques 
used in archaeology to detect buried structures and in medicine to produce 
images of the inside of the body. Inductance and induced emfs are the basis of 
much of the technology associated with generation, transmission and 
measurement of electrical power. 


e In Chapter 8 we discuss the energy stored in charged capacitors and in 
current-carrying coils. This can be quantified either in terms of the circuit 
parameters — the charge and voltage on the capacitor and the current through 
the coil — or in terms of the electric field produced by the capacitor and the 
magnetic field produced by the coil. Capacitors are used for energy storage in 
applications ranging from camera-flash units and cardiac defibrillators to 
electric vehicles and emergency power for computer systems. 


e Chapter 9 discusses the electromagnetic properties of superconductors. 
Currents can flow through these materials without resistance or energy 
dissipation, and magnetic fields are excluded from their interiors. 
Superconductors have many applications, from high-field magnets for 
levitating trains and for magnetic resonance imaging (MRI) scanners 
(Figure 5), to microscopic devices for measurement of tiny magnetic fields. We 
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shall be mainly concerned with the ways in which these materials respond 
differently from normal materials to electromagnetic fields. 


Figure 5 (a) Magnetic 
resonance imaging scanner. The 
patient is positioned in the 
illuminated cylindrical aperture 
of the machine, which is 
surrounded by a 
superconducting solenoid, 
which generates a 1 T magnetic 
field. (b) MRI image of a slice 
through the brain of a patient 
who has a large (benign) 
tumour, shown in yellow. 


Figure 6 Site of the Large 
Hadron Collider at CERN near 
Geneva, with the location of the 
27km circumference tunnel that 


contains the beam line indicated. 


The particles in the beam take 
only about 100 ps to travel 
around the ring at a speed that 
approaches the speed of light, 
3% 10? ms, 
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Electromagnetism was a crucial ingredient in Einstein’s development of the 
theory of relativity, and in Chapter 10 we shall show that Maxwell’s equations 
are perfectly compatible with the axioms of relativity. The effects of relativity 
are most pronounced in high-energy particle accelerators (Figure 6), where the 
electric and magnetic fields appear very different from the viewpoint of a 
scientist who is operating the machine and the viewpoint of a high-energy 
particle travelling through the accelerator at a speed very close to that of light. 


Finally, Chapter 11 reviews major concepts developed in this book, and gives 
you opportunities to revise and consolidate your understanding of them. 


a 


Chapter | Foundations of electromagnetism 


In this chapter we review six equations that are the basis of electromagnetism. 
Our purpose here is not to derive or justify these equations — you can refer to 
Book | if you want a reminder of these derivations. We shall simply review the 
meaning of the equations and provide exercises that allow you to check your 
understanding of them. The goal is to ensure that you have a solid foundation 
before we introduce new concepts in subsequent chapters. 


I.1 Charge is conserved — the equation of continuity 


The law of conservation of electric charge is very well established by experiment. 
This law does not mean that charge cannot be created or destroyed, but it does 
mean that when charge creation or destruction occurs, the net charge is unaltered. 
This fundamental conservation law applies both on the scale of the Universe — 
the total charge in the Universe is constant — and on the scale of an individual 
experiment or process. 


Charge conservation can be expressed in both differential and integral versions: 


Equation of continuity 


: Op 
ie 
div J a (1.1) 


d 
J-as=-= f aay (1.2) 
| dt Jy 


where J is the current density, p is the charge density, and S'is a closed surface 
bounding a volume V. 


Exercise |.| (a) Write a sentence that summarizes the meaning of the 
integral version of the equation of continuity. 


(b) Starting from the integral version of the equation of continuity, derive the 
differential version of this equation. 


Exercise 1.2 Could the function J = Jo[rye, + 2yze, + (a — yz — 2”)e,] 
represent a steady current flow? qo 


In Exercise 1.1 you demonstrated that the two versions of the equation of 
continuity are equivalent. However, there is an important difference between 
them. The differential version relates the divergence of the current density at a 
point in space and an instant of time to the rate of change of charge density at that 
same point and time — it is a local relationship. In contrast, the integral equation 
relates the rate of change of charge within a volume to the total current that is 
flowing out through the surface bounding that volume. It is true for any volume 
we care to specify, however large or small, so the integral version of the equation 
of continuity is certainly not a local relationship between values of different 
variables at a single point in space and time. The same distinction applies to the 
two versions of each of Maxwell’s equations: the differential versions express 
local relationships between fields, charge densities and current densities at a point 
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in space-time, whereas the integral versions are non-local relationships that 
involve integrals over volumes or surfaces or lines that can be as large or small as 
we choose. 


1.2 Gauss’s law 


Gauss’s law relates the electric field E to the charge density p, and can be 
expressed in both differential and integral versions: 


Gauss’s law 
divE = 2. (1.3) 
E0 
il 
[e-as-= | may (1.4) 
S £0 JV 


where the constant ¢9 (= 8.85 x 107! C? N-! m7) is the permittivity of free 
space. Gauss’s law in the electrostatic case is a direct consequence of the fact that 
the law for the field of a point charge (Coulomb’s law) is an inverse square law. 
But as Maxwell realized, Gauss’s law is true for moving as well as stationary 
charges. 


The integral version of Gauss’s law is useful for calculating electric fields in 
situations where the charge distribution and the electric field have high symmetry. 
In such situations, it is usually advantageous to make use of a coordinate system 
that allows the symmetry to be expressed in a straightforward way. 


Exercise 1.3 Derive the integral version of Gauss’s law from the differential 
version. Which version expresses a local relationship between electric field and 
charge density? 


Exercise |.4 The charge density p(r) in a certain region has the form 
p(r) = br?, where b is a constant, for 0 < r < R, and p(r) = 0 for r > R. Derive 
expressions for the electric field produced by this charge density. qo 


1.3 Magnetic monopoles do not exist 


Magnetic fields are produced by electric currents — electric charges in motion — 
and can always be represented by continuous field lines (Figure 1.1). Though 
many physicists have searched long and hard, they have not yet detected a 
magnetic monopole, which would be the magnetic analogue of an electric 
charge. A consequence of the non-existence of magnetic monopoles is that lines 
representing the magnetic field B are always continuous, so the equivalent of 
Gauss’s law for magnetic fields is 


No-monopole law 
divB = 0, (1.5) 


[2 -dS =0. (1.6) 
SI 


Figure |.| Magnetic field lines are continuous — they always form closed 
loops. For the current loop, the field lines that are cut off at the right of the figure 
circle around to reconnect with the same field lines at the left of the figure. 


Exercise 1.5 Which of the following expressions could represent a possible 
magnetic field? 


(a) In spherical coordinates, B(r, 0, @) = (k/r)e,. 
(b) In Cartesian coordinates, B(x, y, z) = k(yex + vey). 
(c) In cylindrical coordinates, B(r, ¢, z) = k(1 — r/R)eg forr < R. 


(In each case, k is a constant.) Oo 


1.4 Faraday’s law 


The third of Maxwell’s equations relates a time-dependent magnetic field to 
the electric field that it produces. It is generally called Faraday’s law, since 
Faraday was the first to investigate systematically the electromagnetic induction 
phenomena that are important consequences of this law. The differential and 
integral versions of this law are: 


Faraday’s law 
cui = (alg) 
fea=—-< /[B. ds. (1.8) 
ve dt Js 


1.4 Faraday’s law 
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Figure 1.2 The right-hand 
grip rule for the senses of the 
elements of path length and 

surface area in Faraday’s law. 
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The relationship between the line and surface integrals is illustrated in Figure 1.2. 
If the fingers of your right hand bend in the direction in which the line integral is 
taken, then your outstretched right thumb indicates the direction of the surface 
element dS. 


The integral version allows us to calculate the induced emf in an electrical 

circuit when the magnetic field is changing, but it is important to note that 
Equations 1.7 and 1.8 are true whether there are circuits present or not. They 
provide relationships between a changing magnetic field and the associated 
electric field in a vacuum, or in an insulating material, as well as in the conducting 
circuits with which Faraday is associated. 


Exercise |.6 Derive the integral version of Faraday’s law from the differential 
version. 


Exercise |.7 Changing the current in a long solenoid produces a 
time-dependent magnetic field in the solenoid. Use the differential version of 
Faraday’s law to derive an expression for the electric field within the solenoid. 


Exercise |.8 Faraday’s law indicates that curl E = —0B/0t, but you should 
also be familiar with the relationship curl E = 0. Explain why there is no 
inconsistency between these two equations. qo 


1.5 The Ampére—Maxwell law 


This is the most complex of Maxwell’s equations, since it relates magnetic field B 
to both current density J and the rate of change of electric field OE /0t. 


Ampére—Maxwell law 


curl B = pio J + coos (1.9) 
E 
¢ B-dl= wo | (3+05] - dS, (1.10) 


where the constant jig (= 47 x 10-7 N A”) is the permeability of free space. 
Note that when the fields do not depend on time, these equations reduce to 
Ampeéere’s law, which relates a magnetostatic field B to the current density J that 
produces it: 


curl B = pod, (1.11) 


f B-d=w [ 3-8. (1.12) 
C S 


As usual, the relationship between the directions of the line integral and the 
surface integral is given by a right-hand rule. 


The integral version of Ampére’s law can be used to calculate the magnetic fields 
produced by currents, but in practice this method is useful only in situations with 
high symmetry. These include long straight-line currents, current densities with 
cylindrical symmetry, and currents in long solenoids and toroidal coils. In all of 
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these situations, it is possible to deduce from the symmetry that the field is ees ee 
constant along a specified path, so the line integral is straightforward to calculate. = <> 


Exercise 1.9 The toroidal solenoid shown in Figure 1.3 has 100 turns, each 
with a square cross-section with side length 5.0 x 10~? m. The internal radius of 
the toroid is 0.20 m, and the external radius is 0.25 m. Derive an expression for 
the field within the solenoid, and use this to determine the field 0.24 m from the 
central axis when a current of 3.0 A is passed through the solenoid. qo 


The equations for Ampére’s law omit the time-dependent field that appears in 

the more general equations for the Ampére—Maxwell law, so they are only 
strictly true for constant currents and constant magnetic fields. However, in 
practice, Ampére’s law can be used to calculate the magnetic fields produced by 
currents even when there are quite rapid variations of the currents and fields. It is 
only when we are dealing with electromagnetic waves and radiation that the 
contribution from the ¢9/400E/0t term becomes significant, and the magnetostatic 
approximation represented by Ampére’s law becomes inappropriate. 


Figure 1.3 Toroidal coil with 
square cross-section. 


The €/19 OF /Ot term was introduced by Maxwell, and is generally referred to as 
the Maxwell term. Some authors refer to ¢)0E/Ot as the displacement current 
density, but although ¢90E/0t has the same unit and dimensions as current 
density J, it is clearly not a real current, since it can be present in a vacuum where 
there are no charged particles. 


1.6 The Lorentz force law 


The electromagnetic force F acting on a particle with charge gq travelling with 
velocity v is given by 


Lorentz force law 
F =q(E+v X B). (1.13) 


This law encapsulates definitions of the electric field E and the magnetic field B. 
The first term on the right-hand side (qE) is the electric force on charge q. 

The electric field at a point is the force acting on a unit charge that is at rest 

(i.e. v = O) at that point: 


E = F/q. 


The second term, g(v X B), is the magnetic force, and this is the additional force 
that is experienced by a moving charge: 


F=qv XB. 


Exercise 1.10 Derive an expression for the force on a proton at a point where 
E = Ee, and B = Be, if the proton’s velocity is v = ve;. qo 
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1.7 The generality of Maxwell’s equations 


Maxwell’s four equations in the form presented in this chapter are universally 
valid. If you specify the charge density p(r,t) and the current density J(r,¢), then 
the electric field E(r,t) and the magnetic field B(r,t) are uniquely determined. 
The fields are functions of position and time, and they depend on the spatial and 
temporal variation of the charge density and current density. This is true however 
simple or complex the distribution of charges and currents. In particular, it is 

true for charges and currents that originate at the atomic level, within atoms 
themselves. 


Of course, it is impractical to contemplate solving Maxwell’s equations with the 
spatial and temporal dependence of all of the charges on the electrons and the 
protons in each atom and all of the currents associated with the motion of the 
electrons around the atomic nuclei. The electric and magnetic fields fluctuate 
wildly in magnitude and direction on the scale of the radius of a typical atom, 
10~1° m, and they also fluctuate with time due to the motion of the atoms. If we 
were investigating the inner workings of atoms, or the interactions between 
neighbouring atoms or molecules, then it might be necessary to take account of 
these microscopic variations of the fields. However, we are normally concerned 
only with fields on a much larger scale. We can then consider charge and current 
densities that are averages over volumes that contain millions of atoms, and the 
related fields will be averages over similar volumes. These fields are generally 
referred to as macroscopic fields. The actual atomic scale field variations are 
replaced by fields averaged over the volume, and the charge density and the 
current density are replaced by average values for the volume. 


The versions of Maxwell’s equations that we have discussed in this chapter 

apply equally well to fields, charge densities and current densities that vary on 
the atomic scale and to macroscopic fields, macroscopic charge densities and 
macroscopic current densities where all of the quantities are averaged over 
volumes containing millions of atoms. This is a consequence of the linearity of 
Maxwell’s equations, which means that they apply to these macroscopic fields 
which are averages (which are linear combinations) of the microscopic fields. You 
should assume that all of the fields that we refer to in this book are macroscopic 
fields, except in situations where the effects of fields on individual atoms and 
molecules are being considered. 


The macroscopic fields will depend on the materials that are present. Electric and 
magnetic fields cause changes to the charge density and current density in the 
materials, and these changes in turn will affect the fields. In the next two chapters 
you will see how the seemingly intractable problem posed by these interactions 
can be overcome by introducing two additional fields, D and H, that are related to 
the free charges and free currents, and do not depend on the charge and current 
that are bound to individual atoms. 


If you are unsure about your understanding of any of the equations, laws and 
concepts that have been briefly reviewed in this introductory chapter, you 
should refer to the relevant chapters in Book 1 or another electromagnetism 
textbook. You might also find it helpful to look at relevant simulations on 
the course DVDs. 
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Conducting and insulating materials respond in very different ways to static 
electric fields. A conducting material, such as a metal, contains one or more 
electrons per atom that are free to move throughout the material in response to an 
applied electric field — these are the conduction electrons that transport electric 
currents, and we shall refer to their charge as free charge. When an isolated 
piece of conducting material is placed in an electric field E, the conduction 
electrons move in the opposite direction to the field (Figure 2.1a). Negative 
charge accumulates on the surface at one side of the conductor, and there is a 
depletion of electrons from the surface on the opposite side, creating a net positive 
charge there. The separation of charge continues until the surface charge creates 
an electric field, —E, within the conductor that exactly cancels the applied field E 
(Figure 2.1b). There is then no net electric field within the conductor, and so no 
electrical forces to cause further net motion of the free charges. The electrostatic 
potential V is the same at all points in the conductor. Since E = 0, Gauss’s law 
(div E = p/éo) tells us that the net charge density is zero throughout the bulk of a 
conducting material. The distribution of charge over the surface of the conductor, 
its potential and the electric field around it depend only on the applied field and 
the shape and size of the conductor, and they are independent of whether the 
conducting material is gold or lead. 


Contrast this with what happens when an electric field is applied to an insulating 
material, often referred to as a dielectric material, or a dielectric for short. In a 
dielectric, the electrons are all bound to atoms — they are unable to move freely 
through the material — and we shall refer to the charge associated with these 
electrons as bound charge. An applied electric field causes a small displacement 
of the negatively-charged electrons relative to the positively-charged nuclei, but 
not the large-scale migration that occurs in a conductor. 


You might think that a small displacement of the electrons — and we shall show 
later that the typical displacement is a very small fraction of the diameter of an 
atom — would have little effect on fields inside and outside the dielectric material, 
but this is not the case, because of the very large number of atoms involved. 
Consider the following thought experiment. The plates of an air-filled capacitor 
are charged with equal and opposite charges, +@ and —Q, and then disconnected 
from the power supply. A slab of polythene (a dielectric) is then inserted to fill the 
gap between the plates, and the potential difference AV between the positive and 
negative plates is seen to decrease by a factor of about two. This indicates that the 
electric field between the plates has decreased by the same factor — remember, 

E = — grad V. Also, since capacitance is defined as C = Q/AV, the halving of 
the potential difference indicates that the polythene doubles the value of the 
capacitance. This effect of dielectrics is of great importance in the electronics 
industry, since more capacitance can be fabricated within a given volume if the 
plates of a capacitor are separated by a solid dielectric than if they were separated 
by air. Figure 2.2 shows part of a memory chip, in which each memory element 
stores one bit of data as charge on a tiny capacitor that has a silicon oxide / silicon 
nitride dielectric. Chip designers are always seeking to increase the amount of 
memory per unit volume of chip, and among other things they need to optimize 
the dielectric layer in the capacitors. 


The challenge that we face in describing the fields in and around a dielectric 


EL 
conductor electron 
(a) 
EL 
field due to 
surface charge 
{b) 
Figure 2.1 (a) When a field 


E is applied to a conductor, 

free electrons experience a 

force F = —eE. (b) Electrons 
accumulate on the left surface of 
the conductor and are depleted 
from the right, and equilibrium 
is reached when the applied field 
E is exactly cancelled at each 
point in the conductor by a field 
—E due to the surface charges. 


Figure 2.2 Part of the surface 
of a 256 Mb computer memory 
chip. 
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nucleus, 
charge 2e 


electron cloud, 
charge —2e 


Figure 2.3 The nucleus of the 
most common isotope of helium 
contains two protons (each with 
charge e) and two neutrons 
(uncharged). The two electrons 
(each with charge —e) can be 
visualized as a ‘cloud’ of 
negative charge around the 
nucleus. 


F nucleus 
Fejoua 
Figure 2.4 In an applied 


electric field E, the 
positively-charged nucleus and 
the negatively-charged electron 
cloud are pulled in opposite 
directions by the forces Foucteus 
and F jou. These forces are 
balanced by the attractive forces 
between the nucleus and the 
electron cloud. 


18 


material is that the response of the bound charges to electric fields depends on the 
atomic structure of the atoms and on the ways that the atoms are bonded together 
in molecules and solids. Unlike conductors, there is not a unique distribution of 
electric charge for all dielectrics with a particular geometry in a given field. In 
addition, the distribution of bound charge in the dielectric depends on the field 
within the dielectric, and the field is itself partly determined by the displaced 
charges, so the problem appears somewhat circular. 


In this chapter we have a number of goals. First we shall give a qualitative 
explanation of what happens within a dielectric when a field is applied. This will 
be a microscopic explanation — a description of what happens at the atomic 
level. However, our main concern is to describe the macroscopic fields in and 
around dielectric materials, and in Section 2.3 we shall show how polarization of 
atoms and molecules leads to macroscopic distributions of charge on the surface 
and throughout the volume of materials. We shall introduce a new field, the 
electric displacement D, which is directly related to the free charge and which 
simplifies solution of many problems, and shall show how both D and E change 
at interfaces between different materials. Finally, we shall indicate what happens 
when the electric fields are not static but vary with time. 


2.1 


The response of a material to an electric field depends on its microscopic 
components — atoms, molecules, ions. It also depends on whether the material is 
in the gaseous, liquid or solid state, since this determines the number density of 
the components and the extent to which they interact with each other. 


The microscopic picture 


2.1.1 Induced dipoles 


Let us start by considering a single isolated atom of helium (Figure 2.3). This 

has a charge +2e on its nucleus, and we can visualize its two electrons as a 
negatively-charged cloud, with charge —2e, centred on the nucleus. Suppose that 
we now apply an electric field E in the region of the atom (Figure 2.4). The 
nucleus and the electron cloud are pulled in opposite directions by the electric 
forces Fhucteus = 2eE and Fojoug = —2eE. However, the greater the distance 
between the nucleus and the centre of the electron cloud, the greater are the forces 
that are trying to pull them back together. Equilibrium is established when the 
force Fgjouq on the electron cloud due to the external field is balanced by the force 
attracting it to the nucleus, and in this equilibrium state the centre of the electron 
cloud is displaced by a small distance from the nucleus. The atom is said to be 
polarized. 


Point charges +q and —gq separated by a displacement d constitute an electric 
dipole, and the dipole is said to have an electric dipole moment p given by 


p = qd. (Qi) 


Note that d is the displacement from the negative charge to the positive charge, so 
Pp points from the negative charge to the positive. The SI unit for dipole moment is 
the coulomb metre, C m. 


2.1 


The electric field E produced by a dipole has the form shown in Figure 2.5a. This 
field pattern is simply the superposition of the radial fields associated with each of 
the charges, shown in Figure 2.5b. 


Figure 2.5 (a) The electric field of an electric dipole. (b) The fields of the 
positive charge (solid lines) and negative charge (broken lines). The vector sum of 
these fields is the dipolar field in (a). 


Electron clouds in atoms are not point charges, so the polarized atom in Figure 2.4 
is not an ideal dipole. This means that close to the polarized atom, the field will 
be more complex than that shown in Figure 2.5. However, at distances large 
compared with the diameter of the electron cloud, the field will have the dipolar 
form produced by a positive point charge at the nucleus and a negative point 
charge at the centre of the electron cloud. The important point is that the atom in 
Figure 2.4 has an induced electric dipole moment — it has been induced by 
application of an electric field. The induced moment points in the direction of the 
applied field, because that is the direction of the displacement of the positive 
charge relative to the negative charge. 


@ How does the magnitude p of the induced dipole moment depend qualitatively 
on the magnitude EF of the applied field? 

L] Increasing the electric field will increase the forces tending to separate the 
electrons and the nucleus, so will increase the equilibrium distance d between 
the centre of the electron cloud and the nucleus. Since p = qd, increasing the 
field will increase the induced dipole moment. 

™@ Ina field with magnitude E = 10+ V m~, the measured magnitude of the 
induced dipole moment of an isolated helium atom is 2.3 x 10-7 Cm. What 
is the separation d between the centre of the electron cloud and the nucleus? 


_1 Since p = qd, the separation is d = p/q, so 


2.3 x 10737Cm 


= = 7.2x107!%m. 
2 x 1.60 x 10-C ” 


The microscopic picture 
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The diameter of a helium atom is 3.6 x 10~!° m, so the displacement of the 
electron cloud relative to the nucleus of the helium atom is only a very small 
fraction of the atomic diameter. 


For simplicity, we introduced the idea of induced dipoles by considering an 
isolated helium atom. This model is a good description for what happens in 
gaseous helium, where the atoms are widely spaced and the field at each atom is 
just the applied field. In liquid helium, where the atoms are much closer together, 
the local field in the region of a particular atom will be the sum of the applied field 
and the fields due to nearby induced dipoles in the liquid. However, in terms of 
this local field, we can describe the induced polarization of the atoms in the liquid 
in the same way that we did for the gas. 


Many materials contain molecules that are made from several types of atom, 
chemically bonded together. In such cases the electron clouds will have more 
complex shapes, and will spread over a number of nuclei. However, the basic idea 
of induced polarization still applies: electron clouds and nuclei are pulled in 
opposite directions by the applied electric field, and the two distributions of 
charge reach equilibrium when the restoring force attracting them to each other 
balances the force due to the applied field. Thus al/ materials have an induced 
polarization in an applied electric field. This induced polarization is proportional 
to the magnitude of the field, and in the next exercise you can confirm this 
proportionality for a very simple model of an atom. 


Exercise 2.1 Suppose that the electron charge distribution of an atom, with 
atomic number Z, can be modelled by a uniform charge density within a sphere of 
radius FR, and that this spherical distribution is not distorted by an applied field. 


(a) Derive an expression for the electric field at a distance r (< R) from the 
centre of the electron charge distribution. 


(b) Hence determine the equilibrium displacement of the nucleus from the centre 
of the electron cloud in an applied field of magnitude Fapplieq, and confirm that the 
dipole moment is proportional to the applied field for this model atom. 


Exercise 2.2 An electrostatic field is applied to a block of copper. Will a 
copper atom in the middle of the block have an induced dipole moment? Oo 


2.1.2 Permanent dipoles 


Many molecules have a permanent electric dipole moment, which is present 
even when there is no applied electric field. This is because the centre of the 
positive charge distribution of the nuclei does not coincide with the centre of the 
negative charge distribution in the electron cloud. Hydrogen chloride is an 
example of a simple molecule that has a permanent dipole moment. In isolated 
hydrogen and chlorine atoms, the electron clouds are centred on the nuclei, but 
when a hydrogen chloride molecule is formed, the chemical bonding leads to a net 
shift of the electron cloud from the hydrogen atom to the chlorine atom. This 
leaves the hydrogen end of the molecule with a deficit of negative charge, and the 
chlorine end has an excess of negative charge. The result is a permanent electric 
dipole moment that has been measured to be 3.7 x 10~°° C m directed from the 
negative chlorine end of the molecule towards the positive hydrogen end. This is 


2.1 The microscopic picture 


equivalent to displacing one electron by a distance of 2 x 10~!! m, which is much 
smaller than the separation of the hydrogen and chlorine atoms in the molecule 
(about 2 x 10~!° m), but much larger than the induced displacement calculated 
earlier for a helium atom (about 10~!% m). 


Molecules that have a high degree of symmetry do not have a permanent dipole 
moment, because the centres of their positive and negative charge distributions 
coincide. Thus the nitrogen, carbon dioxide and ethane molecules shown in 
Figure 2.6a do not have permanent dipole moments, and the only polarization in 
these materials arises from induced dipoles. Contrast these molecules with the 
molecules of nitric oxide, water and ethanol shown in Figure 2.6b, all of which 
have lower symmetry. In nitric oxide, electrons from the nitrogen atom are 
displaced towards the oxygen atom when the chemical bond is formed, producing 
an electric dipole. In the water molecule, electrons from the hydrogen atoms are 
displaced towards the oxygen atom, and because the molecule is bent, this 
generates a permanent dipole moment in the direction indicated. In carbon 
dioxide there is a similar displacement of electrons between each oxygen atom 
and the carbon atom, but because the molecule is linear and symmetrical about the 
carbon atom, there is no permanent dipole moment. The asymmetry of the ethanol 
molecule also accounts for its large dipole moment, whereas the symmetrical 
ethane molecule has no permanent dipole moment. 


Figure 2.6 (a) Nitrogen (No), 
carbon dioxide (CO2) and 
ethane (C2H¢) molecules are all 
symmetric about their centres, 
so they do not have permanent 
dipole moments. (b) Nitric 
oxide (NO), water (H2O) and 
ethanol (C2H;OH) molecules 
lack centres of symmetry, 

and have permanent dipole 
moments. 


(a) 


H20 
p= 62x 107° Cm 


CoH;0H 
p=5.6x 107° Cm 
(b) 


In the absence of an applied electric field, permanent dipoles in a liquid or a gas 
are randomly oriented. Collisions between molecules are continually changing 
their orientations, and there is no preferred direction for the dipoles. But what 
happens if an electric field is applied? 
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Figure 2.7 Equal but 
opposite forces, F; and F_, 
exert a torque that attempts 
to align the dipole with the 
direction of the field E. 
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Consider first a simple dipole oriented at an angle 6 to an electric field, as shown 
in Figure 2.7. There is no net force on the dipole, but the equal and opposite 
forces on the two charges constitute a torque about the point O that tends to align 
the dipole with the field direction. The torque I is given by 


T = [r, X F4]4+[r_ X F_] = [r+ X qE]+[r_ X (—@)E] = (r+ —-r_) X GE. 


The dipole moment is given by p = qd = q(r+ — r_), so the torque on the dipole 
in field E is simply 


T=pxE. (2.2) 
This torque is zero when the dipole is aligned with the applied field. 


Now you might think that since molecules in a liquid or a gas are free to rotate, 
each of the permanent dipoles would become aligned parallel to the applied field 
and stay there. However, because a molecule is constantly being buffeted by 
other molecules, its position and orientation are continually changing. The 
extent to which molecules become aligned with the field depends on the relative 
magnitudes of the energy exchanged in molecular collisions and the potential 
energy difference between states where a molecule is aligned parallel and 
antiparallel with the electric field. 


It is straightforward to derive an expression for the dependence of the potential 
energy of a dipole on its orientation with respect to the field direction. From the 
definition of potential V, the energy U of a charge q at a point with potential V is 
simply U = qV. So the energy of the dipole is U = q(V; — V_), where V; and 
V_ are the potentials at the locations of the positive and negative charges of the 
dipole. (We are ignoring the contribution to the energy of the dipole from each 
charge experiencing the potential of the other charge, because this depends only 
on the separation of the charges and is independent of the dipole’s orientation.) 
Now, in a uniform field E, the potential difference (V, — V_) is 


(Vv, —V_) =—-E-d, 
so 
U=q(V,—V_) =-qE-d=-p-E. 


M What is the potential energy difference between states in which the dipole 
moment of a water molecule is aligned perpendicular to and parallel to a field 
of magnitude 104 Vm7!? 


(] The energy difference is —pE(cos 90° — cos0°) = —pE(0 — 1) = pE. Using 
the value p = 6.2 x 10-°C m from Figure 2.6, the energy difference in a 
field of 10* V m7! is 6.2 x 10~°6J. 


Compare this energy difference with the typical thermal energy of a molecule at 
absolute temperature 7’, which is of order kg7’, where kp = 1.38 x 1K 
is Boltzmann’s constant. At room temperature (20°C), T’ = 293 K, and the typical 
thermal energy is 4 x 10~?!J. This is about five orders of magnitude larger than 
the potential energy difference calculated in the question above. This means 

that the disruptive effect of collisions between molecules prevents the dipoles 
becoming permanently aligned with the field. However, the amount of time the 
dipole moment of a molecule has a positive component in the direction of the field 


2.2 Macroscopic polarization 


is slightly greater than the time it has a negative component in this direction, 
because a positive component corresponds to lower energy. The average dipole 
moment (p) therefore lies in the direction of the field, but its magnitude is a tiny 
fraction of the magnitude of the permanent dipole moment of the molecule. It 
can be shown both theoretically and by experimental measurements that the 
magnitude of the average dipole moment is proportional to the magnitude of the 
field and inversely proportional to the absolute temperature 7’, that is, 


|(p)| « B/T. 


In the previous subsection we quoted a value for the induced dipole moment 

of a helium atom in a field of 104 Vm! as 2.3 x 1073’ Cm. This is some 

seven orders of magnitude smaller than the permanent dipole moment of a 

water (H2O) molecule (6.2 x 10789 C m), and it is generally the case that induced 
dipoles are much weaker than permanent molecular dipoles. Of course, the 
randomizing effect of molecular collisions means that the average component of a 
permanent dipole moment in the direction of an applied field is many orders of 
magnitude smaller than the magnitude of the permanent dipole moment. But 
even so, permanent dipoles generally make a much larger contribution to the 
average dipole moment than is made by induced dipoles, and this means that the 
contribution of induced dipoles can generally be ignored when permanent dipoles 
are present. 


2.2 Macroscopic polarization 


The discussion of the effect of electric fields on dielectric materials so far has 
concentrated on single atoms or molecules. However, real materials, whether they 
be gases, liquids or solids, comprise large numbers of molecules, and we are 
therefore generally interested in the combined effect of many dipoles. 


A useful way of characterizing the effect of the dipoles in a dielectric material is 
to introduce a quantity known as the polarization P, defined as the dipole 
moment per unit volume. If the number density — the number per unit volume 
— of dipoles in the material is n, and the average moment of each of the dipoles 
is (p), then the polarization is defined by 


Pep). @3) 
From this definition of polarization, it is clear that its SI unit is 
mm? <Cm=Cm~. 


The polarization P is a macroscopic concept — the number density of dipoles and 
the average dipole moment are evaluated for a volume that is large enough to 
contain millions of dipoles but small enough that it does not average out any 
variations of interest in the situation being considered. 


2.2.1 Electric susceptibility 


The ease with which a material is polarized is quantified by its electric 
susceptibility .~, which is defined by 
P= XBEOE. (2.4) 
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Remember that the macroscopic field E is the average, over a volume containing 
millions of molecules, of the applied field and the field due to all of the polarized 
molecules. 


The reason for including €9 in this equation is to make the susceptibility a pure 
number, with no unit. 


M@ Verify that yz is a pure number. 


O The SI unit of polarization is C m~?, as shown in the previous subsection. 
From the expression for the magnitude of the field due to a point charge, 
E = q/4reor”, it is clear that the unit of ey E is also C m7. Thus yz has no 
unit, so it must be a pure number. 


Measurements have shown that many dielectric materials are linear, isotropic and 
homogeneous, often described as LIH materials for short. 


e A dielectric material is a linear material if the susceptibility yz is 
independent of the magnitude of the field, so P is proportional to E. 


e A dielectric material is an isotropic material if the susceptibility is 
independent of the direction of the applied field, so P is in the same direction 
as E. 


e A dielectric material is a homogeneous material if the susceptibility is the 
same at all points in the material. 


Most materials are linear as long as the field is not too large, because the average 
dipole moments due to both induced dipoles and alignment of permanent dipoles 
are proportional to the electric field. However, the susceptibility usually depends 
on temperature, and for gases it depends on pressure too. 


Gases and liquids are generally isotropic, but many solids are not. The 
intermolecular forces responsible for the rigidity of solids restrict the rotation of 
molecules in solids, and counteract the tendency of any permanent dipoles to align 
with an applied field. Also, the strongly directional bonding between atoms 

and molecules in a crystalline solid means that inducing dipole moments is 

easier in some directions than it is in others. Consequently, in many solids the 
susceptibility depends on the direction of the field, and the polarization is not 
parallel to the applied field. These materials are described as anisotropic, and their 
susceptibility is not described by a single constant. Instead, the components of 
polarization are related to the electric field components by equations of the form 


Py = €0|Xa2Lz sh XxyHy + Nuel el, 
with similar expressions for P, and P,. 


Gases and liquids generally have a homogeneous composition, though 
temperature variations can mean that the susceptibility varies with position. The 
composition and structure of solids may not be homogeneous, and this may mean 
that the susceptibility depends on position. 


In this book we shall restrict our discussion to LIH dielectric materials. For such 
materials, 


P = xzéeoH, (2.5) 


and yz is independent of the magnitude of the field (linear material), independent 
of the direction of the field in the material (isotropic material), and independent of 
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the position within the material (homogeneous material). The value of yz for 
each material is determined from experimental measurements. However, keep 
in mind that though Equation 2.5 is generally true for liquids and gases, and 
sometimes true for solids, it is not a law of physics, and is not derived from 
Maxwell’s equations. There are many materials or conditions where there is a 
more complex relationship between P and E. Contrast this with Gauss’s law, 
div E = p/éo, which is a law of physics and therefore is valid in all situations. 


Air at ambient temperature and pressure has an electric susceptibility yz of about 
5 x 107+, whereas a non-polar solid like polythene has a susceptibility of about 1, 
and the polar H2O molecules in pure water give it a susceptibility of about 80. 


2.3 Polarization charges 


In the presence of an electric field, the atoms and molecules within any material 
are polarized, and we want to know how this polarization modifies the electric 
field. In this section you will see that we can replace the microscopic charge 
distribution due to the polarization of the material by a macroscopic polarization 
charge, which comprises a volume charge density and a surface charge density. 
The field produced by these charge densities is equivalent to the field produced by 
all of the polarized atoms in the material. 


2.3.1 Surface polarization charges 


E=0 
@ee@0e0e00 


Figure 2.8 (a) With 

no applied field, the 

charge densities from the 
positively-charged nuclei (red 
dots) and negatively-charged 
electrons (blue cloud) produce a 
net macroscopic charge density 
of zero throughout the dielectric 
rod. (b) When a field E is 
©0606 00060008 applied, the electrons are 
displaced relative to the nuclei, 
so the ends of the rod become 
oppositely charged. (The 

(b) displacement has been greatly 
exaggerated for clarity.) 


net negative charge net positive charge 


We shall consider a rod of dielectric material, as shown in Figure 2.8a, which is 
made up of identical atoms that have no permanent dipole moments. In the 
absence of any applied electric field, the macroscopic charge densities due to the 
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We write (p) as a shorthand 
for |(p)|. 


Figure 2.9 For a surface for 
which the unit vector normal to 
the surface, n, is at angle 0 to 


the field E, the surface charge is 


op = Pcosd=P-n. 
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negatively-charged electrons and to the positively-charged nuclei are both uniform 
throughout the rod and have equal magnitudes. Therefore the net macroscopic 
charge density is zero throughout the material, and the net charge in each of the 
three boxes outlined in Figure 2.8a is zero. But what happens when an electric 
field is applied parallel to the rod? 


In an electric field, the electron clouds surrounding each of the atoms are 
displaced a distance d, say, relative to the nuclei of the atoms, in the opposite 
direction to the applied field (see Figure 2.8b). Within the bulk of the material this 
shift of the negative charge distribution relative to the positive charge distribution 
has no effect on the net charge density — the same number of electrons enters the 
right side of the central box in Figure 2.8b as leaves through the left side, so the 
net charge within this box is still zero. However, the inflow of electrons to the box 
at the left end is not balanced by any outflow, so now there is a layer of negative 
charge at the left end of the rod. Similarly, the outflow of electrons from the box 
at the right end does not have a compensating inflow, so there is a layer of positive 
charge at the right end. 


It is straightforward to calculate the surface charge density — the charge per 
unit area of surface. We shall assume that the atoms have atomic number Z 
and that the number density (the number per unit volume) of atoms is n, so 
the macroscopic volume charge density of the nuclei is +Zen and that of the 
electrons is — Zen. If the electron clouds are displaced by distance d relative to 
their nuclei, then the magnitude of the charge on each end-face of the rod, of 
area A, will be Zen x d x A. Since the magnitude of the average dipole moment 
of each atom is (p) = Zed, this surface charge is n(p) A. The polarization of the 
rod is P = n(p) (Equation 2.3), so the surface charge is PA, and the surface 
charge density o}, is 

PA 


ee ee 
Ob A 


We have used the subscript b here to denote that the charge is bound to the 
material, and we shall refer to this as the bound surface charge density. Unlike 
the case of a conducting material, we cannot easily remove charge from the 
dielectric material. 


This simple result applies only when the polarization is normal to the surface of 
the material. Figure 2.9 shows a surface whose normal is inclined at an angle 6 to 
the polarization direction. 


The electrons’ charge density is still shifted by distance d in the opposite direction 
to the field, so the charges on the ends of the rod are the same as in Figure 2.8b. 


2.3 Polarization charges 


However, the area of the inclined face on the right in Figure 2.9 is A/cos 6, so the 
surface charge density is 


PA 
a = Pcos@. 
ae /cos 0 = 
Using vector notation, the bound surface charge density for a dielectric is 
o, = Pen, (2.6) 


where n is the outward-pointing unit vector normal to the surface. This shows that 
the effect of polarizing the atoms in a dielectric is to distribute bound charge with 
surface charge density o, = P - ni over the surfaces of the material. So the charge 
on a small element 6S of the surface is (P -n)dS = P - 6S. 


Exercise 2.3 The wax sphere shown in cross-section in Figure 2.10 has a 

uniform polarization P. What is the surface charge density oj, at the points A, B, 

Cand D? O Figure 2.10 Cross-section of 
wax sphere for Exercise 2.3. 


2.3.2 Volume polarization charges 


A polarized dielectric will always have a distribution of bound charge on its 
surface given by the expression o, = P - n. If the polarization is uniform 
throughout the dielectric, then there is no net macroscopic charge distribution 
within the bulk of the material. However, in regions where the polarization is not 
uniform, there is a distribution of bound charge in the bulk of the material, and we 
shall now derive an expression for this volume charge density. 


Consider a small volume V bounded by a surface S lying within a dielectric, as 
shown in Figure 2.11. When the material is unpolarized, there is no net charge 
density within this volume. However, when a field is applied, polarization of the 
atoms causes displacement of negative charge across the surface in the opposite 
direction to the polarization. For a small region 6S on the surface, the charge 
crossing the surface from inside volume V to outside is the same as the charge 
that would appear on the surface of that region if the volume V were isolated from 
the rest of the material, and from Equation 2.6 this is simply P -n0dS. 


Figure 2.11 When this 
dielectric material is polarized 
by an electric field, the charge 
crossing area 0S’ is P -noS. 
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The total charge that is displaced out of the volume shown in Figure 2.11 is 
therefore 


[P-aas= [ P-as. 
8 Ss 


We can use the divergence theorem to convert the surface integral to a volume 
integral: 


[v-as= [| away: 
s V 


Now if a certain amount of charge has been displaced out of the volume V, then 
conservation of charge tells us that the charge within the volume must have 
decreased by the same amount. Since the unpolarized dielectric had no net charge 
within the volume, for the polarized dielectric we have 


bound charge in volume 
= — charge displaced from volume due to polarization, 


SO 


| wav =- [ awpay, 
4 Vv 


where /p is the density of bound charge in the volume of the dielectric. 


Now this equation is true whatever volume we choose within a dielectric, no 
matter how small the volume, so the integrands on either side must be equal. 
Hence the bound volume charge density within a dielectric is 


pp = —divP. Or) 


For uniform polarization, div P = 0, so there is no bound charge within the 
material, but there will be bound charge on the surface. 


Exercise 2.4 The dielectric cube in Figure 2.12 has polarization 
P = (a+ bx)e,, where a and 0 are constants. 


(a) What is the bound volume charge density p, within the block? 
Figure 2.12 A block with 


non-uniform polarization 
P = (a + ba)e, (Exercise 2.4). (c) Verify that the net charge on the block is zero. Oo 


(b) What is the bound surface charge density o;, on each of the faces of the block? 


You can reinforce your understanding of dielectrics by viewing the video 
sequence Dielectrics on the course DVD. 


2.4 The electric displacement field D 


The electric field E is related to the charge density p by the differential version of 
Gauss’s law: 


div E = p/éo. (Eqn 1.3) 


This equation is always true. However, the charge density p includes all charge 
that is present, so it includes both the bound charge density p, due to polarization 
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of dielectric material and any additional charge density that may have been added 
to the material. We shall refer to this additional charge density as the free charge 
density pe. We can therefore rewrite Gauss’s law as 


div E = (p¢ + pp)/Eo- (2.8) 


(We shall restrict our attention to the inside of the material, so we can ignore 
surface charges.) 


However, in general we do not know the bound charge density, and in this section 
you will see how this problem can be circumvented. 


You saw in Subsection 2.3.2 that the bound charge density is related to the 
polarization P by the relationship 


Pp = —divP. (Eqn 2.7) 
If we use this to substitute for pp, in Equation 2.8, we obtain 

div E = (p¢ — div P)/eo. 
Rearranging this equation leads to 

€9 divE + div P = pr, 
and because the divergence operator is linear, this can be written as 

div(eo9E + P) = pr. (2.9) 


It is customary to give the vector field that is subjected to the divergence operator 
in Equation 2.9 a special name and symbol. The electric displacement D is 
defined by 


D=eE+P. (2.10) 


Thus in terms of the vector field D, Gauss’s law takes the following form. 


Differential version of Gauss’s law 
div D = pr. (2.11) 


There are two important points to note about this version of Gauss’s law. First, 
Equation 2.11 explicitly involves only free charge; the effects of the bound 
charges associated with polarization of the material are all subsumed into the 
displacement field D, and we do not need to have explicit knowledge of these 
bound charges to calculate D. Second, since we have made no assumptions about 
the relationship between P and E when deriving Equation 2.11, this equation is 
always true, and is not restricted to LIH materials. 


We can obtain an integral version of Gauss’s law involving the electric 
displacement D by performing a volume integral of both sides of Equation 2.11. 


Thus 
[awpav = [ nav, 
Vv Vv 


and using the divergence theorem to convert the left-hand side of the equation to a 
surface integral, we obtain 
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Integral version of Gauss’s law 


[ous=/ prdV = Qz, (2.12) 
S Vv 


where Q, is the total free charge in the volume V enclosed by the surface S. 
This version of Gauss’s law is very useful for solving problems that have high 
symmetry, because the integrals involved are then generally straightforward. 


The discussion so far has glossed over the surface charges. A true surface 
charge occupies a layer that has infinitesimal thickness, and this means that the 
derivatives in div E and div D are not well defined at places where there is 
surface charge. Thus the local relationship in Equation 2.11 cannot be used at 
charged surfaces. However, the integral version of Gauss’s law (Equation 2.12) is 
not so restricted. The surface over which the integral of D - dS is evaluated can 
enclose both volume and surface charges, and (, represents the total free charge 
within the volume bounded by this surface. 


The electric displacement D does not have a simple physical interpretation. 

The electric field E tells us the force that would act on a unit charge, and the 
polarization P tells us the dipole moment per unit volume, but an equivalent 
interpretation for the electric displacement D cannot be given. You may wonder 
then why we introduced this new vector field. Is it really necessary, or is it just an 
additional complication? The answer to both of these questions is ‘no’. Given that 
the electric displacement is defined by D = egE + P, it would be possible to 
simply substitute <9 + P in place of D wherever it appears in this book, 

so we could dispense with D altogether. However, that would make many 
equations look much more complicated. The simplification that results from the 
introduction of D and the identification of its divergence with the free charge 
density outweighs the inconvenience of familiarizing yourself with an additional 
field. The electric displacement is simply related to the free charges, and it can be 
evaluated without any need to know what distributions of bound charge these free 
charges have induced. The effects of polarization and bound charges are all 
incorporated into D. But determining D does not mean that we can ignore E. The 
electric forces on charged particles and the potential difference between two 
points are related to E, so we need to know how E is related to D. 


2.4.1 Relative permittivity 


The relationship between the macroscopic fields D, E and P in Equation 2.10 is 
true for all materials. But to solve this equation for E we need to make an 
assumption about the relationship between P and E. In Subsection 2.2.1 we 

said that for many materials experimental measurements have shown that the 
magnitude P of the polarization is proportional to the magnitude EF of the electric 
field — the material is linear — and the polarization P is in the same direction as 
the electric field E — the material is isotropic. For such materials, P = ypeqE 
(Equation 2.5). We can use this relationship to eliminate P from Equation 2.10: 


D = ¢9E 4+ P = e9E+ yeeqk = (1 + XE)EoE. 


2.4 The electric displacement field D 


Now it is customary to define a new quantity, the relative permittivity ¢ of a 
material, as 


e=14+ xe. (2.13) 
Thus for a linear, isotropic material, 
D = €éoE. (2.14) 


For a vacuum, the polarization is zero, so yg = 0 and é = 1, and D = egE. 
Values of ¢ for various materials are shown in Table 2.1. 


Table 2.1 Relative permittivities of various materials at 20°C and 
1 atmosphere pressure (unless otherwise stated). 


Material Relative permittivity « | Material Relative permittivity € 
helium He 1.000 065 ethane CoH, 1.9 

air (dry) 1.000 54 ethanol C2H;OH 25 

nitrogen No 1.000 60 benzene CgHg 2.3 

nitric oxide NO 1.000 55 polythene 2.3 

carbon dioxide CO» 1.000 92 polyvinyl] chloride (pvc) 3.4 

water vapour (100 °C) 1.005 9 germanium Ge 16 

water vapour (20 °C) 1.000 22 silicon Si 12 

liquid water HzO 80 silica SiOg 4.4 

ice (—30 °C) 99 glass 5-10 


This is the end of our quest to determine the macroscopic field in a dielectric 
material: from Gauss’s law and knowledge of the free charge density we can 
determine D, and then we can use Equation 2.14 to determine E, assuming the 
material is linear and isotropic. 


Worked Example 2.1 Essential skill 
A parallel plate capacitor has plates with area A and separation d, and is Determining D, E and P ina 
filled with an LIH dielectric with relative permittivity ¢. dielectric 


(a) If the charges on the plates are +@ and —Q, what are the magnitudes 
and directions of the fields D, E and P in the dielectric? 


(b) Derive an expression for the capacitance in terms of d, A and «. 


Solution 


(a) We assume that the gap between the plates is thin, so we can ignore the 
fringing fields near the edges, and that the charge is spread uniformly over 
the (inner) surfaces of the plates. The symmetry then tells us that the fields 
between the plates must be perpendicular to the plates. 


We first use Gauss’s law, in the integral version involving D (Equation 2.12). 
We choose as our Gaussian surface the cylindrical pillbox shown in 
cross-section in Figure 2.13. 
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area A dielectric 
+Q ti 
J 7 
D VA 
area AS 


—Q 


Gaussian surface 27777 


Figure 2.13 A Gaussian surface in the form of a cylindrical pillbox is 
used to determine the field D in the dielectric. 


The charge enclosed by this surface is (Q/A)AS. Within the conducting 
plate D is zero, and D is parallel to the curved cylindrical surface of the 
pillbox outside the plate. So the only contribution to { D - dS comes 
from the field D that is perpendicular to the plane circular face with area 
AS in the dielectric. Thus [ D - dS = D x AS = (+Q/A) x AS, so 

D = (4+Q/A). This result is independent of the height of the pillbox, so D 
is independent of the distance from the plates. 


From the calculated constant value of D between the plates, we can 
determine the field E in the dielectric using Equation 2.14, D = ee9E. This 
leads to EF = D/ee9 = Q/AcéE0. 


The polarization can now be calculated using Equation 2.5, P = yzeoH, 
and Equation 2.13, « = 1 + yg. Combining these equations leads to 
P = (¢ — 1)eoE, so in the dielectric P = ((e — 1)/e) x (Q/A). 


(b) Capacitance is defined as C = Q/AV, so we need to determine the 
potential difference AV between the positive and negative plates. Since 
V =— J E- dl, and the field E is uniform and perpendicular to the plates 
and in the opposite direction to dl for a path from the negative plate to the 
positive plate, the potential difference is 


= _ @Q _ Qd 
BO ra eee 
Thus 
C=O/AV —<e0 A/a. @ 15) 


The solution to this worked example shows that the capacitance is proportional to 
the relative permittivity of the material between the plates. Filling the gap 

with polythene (¢ = 2.3) gives a capacitance 2.3 times greater than if the gap 
were filled with air (¢ = 1.000 54), as we indicated in the introduction to this 
chapter. Comparing the magnitudes of the fields when the capacitor is filled with 
polythene and with air, we see that 


D cig) Die =1, Epoly / Eair _ 1/2.3, 
Poly / Pair = (1.3/2.3) x (1.00054/0.00054) ~ 1000. 


Figure 2.14 shows the fields D, ¢97EK and P between the plates of capacitors filled 
with air and polythene. 


+Q air 
7 
Duis £0Egir { Pais 
(a) ee 
49 polythene 
Dpyoty | £°E pol | Prov 
-Q 


(b) 


Figure 2.14 The fields D, ¢9E and P in similar capacitors with the 
same charges on the plates but filled with (a) air (€ai, = 1.00054) and 

(b) polythene (€poly = 2.3). (Note that we show ec E because it has the 
same unit as D and P.) The polarization field P is one thousand times 
smaller in the air than in the polythene, so we have magnified its length 
by <500, to make it visible. However, the sum ¢gE + P = D is the same 
in both air and polythene. 


Exercise 2.5 Figure 2.15 shows a cross-section through a capacitor used to 
store 1 bit of information on a memory chip. The dielectric layer is made from 
aluminium oxide with relative permittivity 13 and thickness 17 nm, and the depth 
of the capacitor is 4.4 ym. If its capacitance is 30 x 10~!° F (30 fF), what is the 
circumference of the (approximately) tubular dielectric layer? (The thickness of 
the aluminium oxide dielectric layer is much less than the radius of the cylinder, 
so you should use the expression for the capacitance of a parallel plate capacitor.) 


Figure 2.15 A schematic diagram (not to scale) of a section through a 
capacitor on a DRAM memory chip, with an electron micrograph of such 

a capacitor inset. The capacitor is made by etching a deep cylindrical pit in the 
silicon substrate, generally referred to as a ‘trench’, growing a very thin layer of 
aluminium oxide on the sides of the pit, and then filling the pit with silicon. The 
‘plates’ of the capacitor are the silicon substrate and the silicon inside the pit. 


2.4 The electric displacement field D 


aluminium oxide 
ie = ila} 


silicon 
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Exercise 2.6 Figure 2.16a shows a cross-section of a coaxial cable, which 
consists of a central conducting wire, radius r;, and an outer conducting cylinder, 
internal radius r2, with the space between them filled by an LIH dielectric 
material that has relative permittivity «. The charge per unit length on the inner 
wire is +A, and that on the outer cylinder is —A. 


conductors 
radius ry braided copper 
copper wire 
insulating cover 
polythene dielectric 
dielectric, 


relative permittivity ¢ 


(a) (b) 


Figure 2.16 (a) Cross-section of a coaxial cable. (b) The various layers of a 
coaxial cable exposed to reveal its structure. This type of cable is used for 
connecting an aerial to a television. 


(a) Derive expressions for the fields D, E and P as functions of r, the distance 
from the central axis of the cable. 


(b) Derive an expression for the capacitance per unit length of the cable. qo 


2.5 Boundary conditions for the D and E fields 


The polarization P will change discontinuously across the boundary between 
different dielectric materials, and in general the fields D and E will also change 
discontinuously at a boundary. In this section we shall use two of Maxwell’s 
equations to derive the conditions that must be satisfied by the fields on either side 
of a boundary, the so-called boundary conditions for D and E. 


The two equations that we shall use are the integral versions of Gauss’s law 

and Faraday’s law, namely [D+ dS = f,, p¢ dV (Equation 2.12) and 

to E-dl= /. gs OB/ot - dS (Equation 1.8). We shall consider only static fields, so 
the right-hand side of the second equation is zero, and the equation simplifies to 
the electrostatic equation, to E-dl=0. 


Figure 2.17 shows the horizontal plane boundary between two dielectric materials 
with relative permittivities ¢, and ¢2. We assume that the field D is uniform in 
each of the materials, but that the directions of D on either side of the boundary 
are different. 


2.5 Boundary conditions for the D and E fields 


area AS 


Figure 2.17 Uniform fields D; and D2 on Figure 2.18 Pillbox-shaped Gaussian surface 
either side of a plane boundary between dielectric used to determine a boundary condition on the 
materials with relative permittivities €, and €9. fields D; and Dz» either side of the boundary. 


First we apply Gauss’s law to the thin pillbox shown in Figure 2.18. The plane 
faces of the pillbox lie on either side of the boundary, and both faces are parallel 
to the boundary. We assume that there is no free charge on the boundary, so 

ie pe dV = 0. Then in the limit where the thickness of the pillbox tends to zero, 
we can ignore any contribution to the flux of D from the edges of the pillbox, and 
obtain 


/ D-dS=D,-n, AS + Do: nyo AS = 0, 
pillbox 


where n; and Nz are outward-pointing unit normals to the plane faces of the 
pillbox in the two materials, and AS is the area of each plane face. 


We can simplify this by using the fact that —n,; = no: 
—D; -nyp AS + Do: no AS = 0. 


Writing this in terms of the components of D in the two materials in the nz 
direction, perpendicular to the boundary, D, and Do: 


—D,;, AS + Do, AS = 0. 
Thus 


Boundary condition for perpendicular field component 
iy — oe (2.16) 


The component of the D field perpendicular to the boundary remains the 
same across a boundary that carries no free charge. 


Note that this result is true only when there is no free charge at the boundary. If 
there were a thin conducting film at the boundary carrying a free surface charge 
density of, then the charge within the Gaussian surface in Figure 2.18 would be 
of AS. This would lead to the boundary condition 


Do, — Dit =f. 
35 


Chapter 2_ Electric fields in materials 


36 


Now let us see what we can deduce about the E fields either side of the boundary 
by using the relationship $c E- dl = 0. Consider the small rectangular path 
shown in Figure 2.19, which has its two longer elements, 51, and dl, parallel to 
the boundary between materials | and 2. 


| 
| 
| 
| 
I 
] 


Figure 2.19 Rectangular path used to 
determine a boundary condition on the fields E, 
and Ep either side of the boundary between 
materials with relative permittivities ¢, and €9. 


We can make the two shorter sides so small that their contribution to the line 
integral of the electric field around the loop is negligible, and then the line integral 
becomes 


$B: dl=By-5h + By -dk =0. 


Since dlp = —d],, we can rewrite this as 
(E, — Ez) - dl, = 0, 


and this equation indicates that the components of E, and Ez in the direction of 
61, must be equal. Now this result must be true whatever direction parallel to the 
surface we choose for 61,, and this means that the components of the electric field 
parallel to the boundary in materials | and 2, £\ and >), must have the same 
magnitude and be in the same direction. Thus 


Boundary condition for parallel field component 


The component of the E field parallel to the boundary remains the same 
across a boundary. 


2.5 Boundary conditions for the D and E fields 


In deriving these boundary conditions for D and E, we assumed a planar 
boundary and uniform fields on either side of the boundary. However, whatever 
the shape of the boundary and whatever the form of the fields on either side of it, 
we can always make the pillbox in Figure 2.18, and the path in Figure 2.19, small 
enough that the boundary enclosed is essentially plane and the fields within them 
are uniform. Thus the results that we obtained are local relations that apply at any 
point on any boundary between any two dielectric materials. 


Now Equations 2.16 and 2.17 do not completely specify the fields D and E on 
either side of the boundary, because they tell us nothing about the components D| 
and E',. To determine these components, we need to know the relationship 
between D and E in each of the materials. We shall assume that we are dealing 
with LIH materials, so D = e¢9E. This means that D and E are parallel in each 
of the dielectrics. 


™@ Use the boundary condition on the perpendicular component of D at the 
interface between two LIH materials with dielectric constants ¢, and €2 to 
deduce the relationship between the components of the electric field E 
perpendicular to the boundary in the two materials. 

(J For an LIH material, Dy = €,é9Fj, so Dy, = €1€9£;,. But we know that 
Dy, = Do, (Equation 2.16), so eyé9 Fy) = €2€9F 21, or €, Fy, = €9Fo,. 
™@ Deduce the relationship between the components of the D field parallel to the 

boundary between two LIH materials. 
(J For an LIH material, Dy = ¢1¢9F}, so Fy = Dy) /€1€0. We know that 
Fy) = Ey (Equation 2.17), so Dy) /€1 = Dg) /€2. 


We therefore have two ‘primary’ boundary conditions, that were derived directly 
from Maxwell’s equations and that are always valid: 


Dy = Do, and Fy = Fo). 


We also have two subsidiary equations, that apply only to materials for which 


D = €eoE: 
Dy Dai 
— = —" and 2 Fy, =e€0F,. 
El EQ 


Since the last two equations are valid only for LIH materials, and can easily 
be derived from the first two equations in situations where they are valid, we 
recommend that you commit to memory only the first two equations. 


As you can see in Figure 2.17, the fields on one side of a boundary between 
materials with different dielectric constants generally are in a different direction to 
the fields on the other side. It is only in the special cases when the fields are 
parallel or perpendicular to the boundary that the fields are in the same direction 
in the two materials. So how are the directions of the fields on either side of a 
boundary related? 


In Figure 2.18, the D field makes an angle of @; with the normal to the boundary 
in material 1, and an angle of 62 to the normal in material 2. Continuity of the 
perpendicular component of D requires that 


Dy, cos 6, = D2 cos 4. (2.18) 
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Similarly, continuity of the parallel component of E requires that 
Fy sin A; — Eo sin Ao. (2. 19) 


Now, assuming that we are dealing with LIH materials, we can use the relationship 
D = €égE to replace the D-components in Equation 2.18 by E-components: 


€1e9 Ly cos 0; = E9e9 Ho Cos Ao. (2.20) 
Eliminating E/E, between Equations 2.19 and 2.20, we obtain 
sin@, — €, cos 0, 


sinO,  €2cos 9’ 
or, equivalently, 
tan 6; El 


=—., 2.21 
tan @5 fo) ( ) 


This result indicates that the angle that the field makes to the normal to the 
boundary is greater in the material with the higher relative permittivity. Note, 
however, that there are two special cases that arise for any values of €; and €2, 
namely when the fields on either side are perpendicular to the boundary 

(i.e. 8; = 82 = 0°), and when the fields on either side are parallel to the boundary 
(i.e. 0; = A, = 90°). 


Essential skill Worked Example 2.2 
Applying the boundary Figure 2.20 shows a uniform E field, magnitude 0.15 V m7!, near the 
conditions for D and E surface of a large slab of polythene, relative permittivity 2.3. What is the E 


field in the air outside the surface? (Assume that €,;, = 1.0.) 


Solution 


To determine E.;;, we need to find Eair|| and Fair, and this requires the use 
of the boundary conditions for both parallel and perpendicular fields, 


Eair| a Fpoly|| and  Dairt = Dooly: 


We assume that polythene is an LIH material, so Dpoly = Epoly€oEpoly- 
Also, we know that Dairy = €9Fair, since €ai, = 1. The second boundary 
Eaiv = 1 condition can therefore be rewritten as 


€0 Pair = EpolyE0E poly L- 
E Thus 


Fair) = Epoty| 
= Epoly sin 60° 


=0.15Vm7! x 0.866 = 0.13 Vm! 


Figure 2.20 A uniform 
field E near the surface of a 


polythene slab. ane 


Fair = Epoly Zpoly_L 
= enol pen ces 00 
=22 (ovine 0500 — Ole V me 
These two components determine the field in the air outside the polythene 
surface. 
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Exercise 2.7 Figure 2.21 shows a slab of a material with relative permittivity ee) 
€ = 1.5 embedded within a material with relative permittivity « = 2.5. The field ID| = 2.0 x 10-7!" Cm-? 

D in the top layer has magnitude 2.0 x 10~!°C m~? and is perpendicular to the : 

boundary. There are no free charges in either material, and both are linear, —_ ea ie 
isotropic and homogeneous. 


(a) What is the field D in the central layer and in the bottom layer? 
(b) What are the fields E and P in the three layers? 


(c) What are the densities of bound charge oj, at the two boundaries? Oo 
Figure 2.21 The boundary 
conditions for E and D should 
2.6 Time-dependent fields enable you to determine the 
fields E, D and P in the three 
So far in this chapter we have been concerned only with the response of dielectric regions and the densities of 
materials to static electric fields. However, dielectrics are often used in situations | bound charge at the boundaries 
where the field is varying rapidly: an obvious example is the dielectric in a from the information in this 
capacitor used in an ac-circuit. So how does the polarization of a dielectric figure (Exercise 2.7). 
respond to changing electric fields? 


Consider what happens at the microscopic level when a sinusoidally-varying 
electric field is applied to a dielectric. As the field changes, the electron clouds 
will readjust their displacements from the nuclei. Because the mass of an electron 
is very small, the electron clouds can respond very rapidly to the field changes, 
and the induced dipole moments at any instant are just what you would expect 
from the instantaneous value of the field. At low frequency, the polarization of 
any permanent dipoles are also what would be predicted from the instantaneous 
value of the electric field; the dipoles can be reoriented rapidly enough to track the 
applied field. 


However, if we increase the frequency at which the field oscillates, eventually the 
permanent dipoles will be unable to readjust their orientation fast enough, and 
their contribution to the relative permittivity will drop. Increase the frequency still 
further and there will come a point when the inertia of the electrons becomes 
important — they cannot respond rapidly enough to keep up with the field 
changes. At sufficiently high frequencies, the material is not polarized at all, 
because the permanent dipoles cannot reorient themselves fast enough, and the so te 
electron clouds cannot be displaced fast enough, to respond to the rapid changes 

in the field. 


The frequency dependence of the relative permittivity of pure water, shown in 
Figure 2.22, is a good illustration of this. At zero frequency — i.e. static fields — 
Ewater & 80, and the major contribution to this high permittivity comes from 
orientation of the large permanent dipole moments of the water molecules. As the i 
frequency increases above about 10!° Hz, the relative permittivity falls because 0 ee 19'€ 
the drag on the water molecules due to their interactions with their neighbours f/He 
prevents them from following the rapid changes of the field, and at optical 


frequencies (1014 Hz) the relative permittivity is only 1.8, which is atypical value Figure 2.22 Frequency 
for a non-polar liquid. For frequencies above about 10'° Hz, even the electron dependence of the relative 
clouds cannot follow the field variations, and the relative permittivity drops to permittivity of water at 20°C. 
unity. 
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2.6.1 Modifying the Ampere—Maxwell equation 


When a dielectric material is placed in a time-dependent electric field, the 
polarization of the material will vary with time. The bound charges in the material 
move in response to the changing electric field, and this motion constitutes an 
electric current, which we shall refer to as the polarization current density J,. 
This polarization current is a source of magnetic field, so it must be included as 
part of the current density term in the Ampére—Maxwell equation (Equation 1.9): 


OE OE 
cur wo (3+ 2052) po (3+ ptevg) 


where J+ is the normal free current density. The polarization current is related in a 
simple way to the rate of change of polarization, as we shall now show. 


In the discussion of volume polarization charges in Subsection 2.3.2, you saw that 
the net charge Q that crosses an oriented area 6S when a material develops 
polarization P is Q = P - 0S. If we simplify the situation by considering an area 
that is perpendicular to the polarization, then the charge crossing the area is 

Q = POS. Now if the polarization changes by an amount dP in time dt, then the 
additional charge dQ transferred across the area is given by dQ = dP x 6S, and 
the current that flows across the area in the direction of P is 


Recognizing that J, has magnitude [/dS and is in the direction of P, we can 
write the polarization current density as 


_ OP 
p— “Ot 
We can use this expression, together with the definition of D, to rewrite the 
Ampére—Maxwell law in the following form: 


OP OE OD 
IB= Jp + —+6€0—] = Jp + — }. 2.22 
cur bo (e+ FP +20] bo (3+ =) (2.22) 
This is the form of the Ampére—Maxwell law that takes account of the dielectric 
properties of materials. It is not, however, the final version of this equation, 
because we have yet to include the effect of the magnetic properties of materials. 
That is the subject of the next chapter. 


Exercise 2.8 A low-frequency potential difference, V = Vo sin wt, is applied 
to a parallel plate capacitor, with plate spacing d, which is filled with an LIH 
dielectric with relative permittivity «. Derive an expression for curl B in the 
dielectric. qo 


Summary of Chapter 2 


Section 2.1 In the presence of media, Maxwell’s equations need to take account 
of charges and currents due to atoms. Charges +q and —q separated by a 
displacement d form an electric dipole, which has dipole moment p = qd. 
Electric fields induce a dipole moment in each atom by displacing the electron 


Achievements from Chapter 2 


cloud relative to the nucleus. Asymmetric molecules generally have permanent 
dipole moments, and an electric field exerts a torque on such molecules that tends 
to align them preferentially in the direction of the field. However, alignment with 
the field is disrupted by thermal motion, and is small if the electric potential 
energy of the dipole pF is small compared with kpT’. 


Section 2.2 The polarization P is the electric dipole moment per unit volume: 
P = n(p), where n is the number density of dipoles and (p) is the average dipole 
moment per molecule. The electric susceptibility yp is defined by P = yzeoE. 
For linear, isotropic, homogeneous (LIH) materials, yz is independent of E, 
polarization P is in the same direction as E, and yz is independent of position. 
The value of y~ depends on the material and on the temperature. 


Section 2.3. The polarization of the molecules in a dielectric is equivalent to a 
volume charge density p, = — div P, together with a surface charge density 
op = P - i, where n is an outward-pointing unit normal to the surface. 


Section 2.4 The electric displacement, D = ¢9E + P, is directly related to the 
free charge density pr by the form of Gauss’s law that is used for materials: 

div D = pz. The integral version of this relationship is [, D-dS = fy, pp dV. For 
an LIH material, D = e¢qE, where ¢ is the relative permittivity of the material. 


Section 2.5 At the interface between dielectric materials 1 and 2, the fields D 
and E satisfy the boundary conditions D;, = D2, and Fy) = F9). 


Section 2.6 For time-dependent fields, the relative permittivity of materials 
decreases as the frequency of variation of the field increases, initially because the 
permanent dipoles cannot reorient fast enough, and then because of the inertia of 
the electron clouds. Inclusion of polarization effects in the Ampére—Maxwell 
equation leads to the form of the equation appropriate for dielectric materials: 
curl B = pio(J¢ + OD /Ot). 


Achievements from Chapter 2 


After studying this chapter you should be able to do the following. 


2.1 Explain the meanings of the newly defined (emboldened) terms and 
symbols, and use them appropriately. 


2.2 Describe the microscopic origins of polarization of dielectric materials. 


2.3. Explain how the atomic and molecular dipoles in a dielectric can be 
represented by a surface charge density and a volume charge density, recall 
how these charge densities are related to the polarization, and calculate these 
charge densities when the polarization is specified. 


2.4 Recall the relationships between D, E and P, and make use of these 
relationships to solve problems. 


2.5 Derive, recall and apply the differential and integral versions of Gauss’s law 
and the Ampére—Maxwell law that involve D. 


2.6 Derive and recall the boundary conditions on D and E at a boundary 
between two dielectric materials, and use these boundary conditions to solve 
problems. 
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You will be aware that iron has magnetic properties — it can both be attracted to a 
magnet and become a magnet in its own right. What may be less familiar is that 
all materials have magnetic properties. For example, when an aluminium bar is 
placed parallel to a magnetic field, it generates a magnetic field that has the same 
form as the field of a familiar bar magnet, but the field strength is so many orders 
of magnitude weaker that aluminium is generally regarded as non-magnetic. 


There are many similarities between the effects of magnetic fields on materials 
and the effects of electric fields on dielectric materials that we discussed in the 
previous chapter. A magnetic field produces induced magnetic dipoles in all types 
of atom, and it also changes the orientation of any permanent magnetic dipoles 
that are associated with atoms or molecules. Alignment of these magnetic dipoles 
creates a macroscopic magnetization of the material, analogous to the polarization 
produced by an electric field. This magnetization is put to practical use in devices 
ranging from hard disks for data storage in computers to powerful electromagnets 
(Figure 3.1). 


(a) (b) 


Figure 3.1 (a) Each bit of data stored on this hard disk corresponds to 
magnetization of an area smaller than 10~‘* m2. (b) A 5 T electromagnet, which 
is used for research into the properties of materials. 


As with the discussion of dielectric materials, we shall start with a qualitative 
discussion of the microscopic origin of magnetic effects. The combined effect of 
many atomic dipoles is a macroscopic magnetization of a material, and we shall 
show that this is equivalent to macroscopic currents in the volume and on the 
surface of the material. We shall define a new field, the magnetic intensity H, 
which is directly related to the free currents flowing through conductors and 
which simplifies solution of various problems. Boundary conditions for B and H 
at interfaces between different materials will be derived, and we shall conclude 
the chapter with a brief discussion of electromagnets. 
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3.1 The microscopic picture 


Macroscopic objects contain many atoms or molecules, each with many 
associated electrons. We require quantum mechanics for a full explanation of the 
behaviour of these electrons, but for our purposes here we can think of each of 
them as moving in an orbit around a nucleus. The orbital motion of a charged 
electron creates a tiny current loop, and this in turn produces a magnetic field. The 
magnetic field pattern produced by a small current loop is very similar to the 
electric field pattern produced by an electric dipole except in the immediate 
vicinity of the sources (Figure 3.2), so the small current loops are called magnetic 


dipoles. 
\ 
77 
B 
E 
(b) 


Figure 3.2 (a) The electric field produced by an electric (charge) dipole. 
(b) The magnetic field produced by a small current loop, a magnetic dipole. 


(a) 


The strength of the field produced by a magnetic dipole is proportional to both the 
current J in the loop and the area AS of the loop, so we define the magnetic 
dipole moment m by 


m = |J| AS, (3.1) 


where the oriented area AS has magnitude AS and is perpendicular to the plane 
of the loop, pointing in a direction determined by a right-hand grip rule, as shown 
in Figure 3.3. The SI unit of magnetic dipole moment is A m?. 


According to quantum mechanics, each electron in an atom or molecule also has 
an intrinsic spin, and this has an intrinsic magnetic dipole moment associated with 
it. So each electron in an atom makes two contributions to the net magnetic 
moment of the atom, one from its orbital motion and one from its spin. The 
resultant magnetic moment is simply the vector sum of the two contributions 
from each of the atom’s electrons. Some atoms have no permanent magnetic 
moment because the resultant moment is zero. However, there are many types of 
atom where the cancellation is incomplete, and these atoms have a permanent 
magnetic moment. 


area AS 


Figure 3.3 The direction of 
the magnetic moment m of a 
small current loop is related to 
the direction of current flow by a 
right-hand grip rule. 
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3.1.1 Permanent magnetic dipoles 


We shall consider first a gas of molecules, each of which has a permanent 
magnetic dipole moment of magnitude m. In the absence of an applied magnetic 
field, these dipoles are randomly oriented, but when a field is applied, the 
magnetic dipoles tend to line up parallel with the field. This is analogous to the 
behaviour of permanent electric dipoles in an electric field. The analogy extends 
to the expression for the potential energy of the dipoles, which is the scalar 
product of the dipole moment and the field, that is, -m - B for a magnetic dipole 
and —p - E for an electric dipole. Thus the magnetic energy is lower by 2B 
when the magnetic dipole is parallel to the field than when it is antiparallel. 
However, at normal ambient temperature and magnetic field, kp7’ >> mB; the 
thermal energy of the atoms is much greater than the energy associated with 
alignment with the field. Alignment of the dipoles with the field is therefore 
hindered by the motion and collisions of atoms, and the time during which a 
dipole has a positive component of its magnetic moment in the direction of the 
applied field is only slightly greater than the time that it has a negative component. 
Thus the average component of the magnetic moment in the direction of the 
applied field is only a tiny fraction of the magnitude of the magnetic moment 
carried by each atom. 


3.1.2 Induced magnetic dipoles 


As well as tending to align any permanent magnetic moments, an applied 
magnetic field induces magnetic moments in all atoms, just as an electric field 
induces electric dipole moments in all atoms. When a magnetic field is applied, it 
induces changes in the currents associated with all of the orbiting electrons; this is 
an example of Faraday’s law in action. The sense of the change in current is given 
by Lenz’s law: increasing the applied field in the + z-direction induces changes to 
the orbital currents that increase the component of the magnetic moment in the 
—z-direction; removing the applied field restores the orbital currents and the 
magnetic moments to their original values. However, unlike conventional electric 
circuits, there is no dissipation of energy in atomic orbits, so the induced orbital 
currents continue to flow for as long as the field is applied. 


For each of the electron orbits, whatever the direction of its magnetic moment 
initially, the change in moment is proportional to the applied field and it is in the 
opposite direction to the change in field. So even though the net moment of an 
atom may have been zero in the absence of a magnetic field, the atom acquires an 
induced magnetic moment that is the sum of the changes in the moments of the 
individual orbits, and the changes in these moments are all in the opposite 
direction to the field change. Also, the induced magnetic moments resulting from 
the induced currents are independent of temperature. Removing the magnetic field 
induces changes to the orbital currents and moments that exactly reverse the 
changes produced by applying the field, so the induced dipole moments are 
reduced to zero. 
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3.2 Macroscopic magnetization 


We are generally interested in the combined effect of the magnetic dipoles 
associated with many atoms or molecules in a solid, a liquid or a gas. This 
combined effect is characterized by the magnetization M, which is the total 
magnetic dipole moment per unit volume, defined by 


M = n(m), (3.2) 


where n is the number density of magnetic-dipole-carrying atoms or molecules, 
and (m) is the average magnetic dipole moment of the atoms or molecules in the 
material. The SI unit of magnetization is Am™!, as should be clear from the 
definitions in Equations 3.1 and 3.2. Magnetization is a macroscopic concept; it is 
calculated for a volume that includes millions of atoms, so the rapid spatial and 
temporal variations in the vicinity of individual moments are averaged out. 


@ The number density of oxygen molecules at 20°C and atmospheric pressure 
is 2.7 x 10?°m~°. The magnitude of oxygen’s magnetization in a particular 
field is 0.27 Am~!. What is the magnitude of the average magnetic moment 
of the molecules? 


_1 The magnitude of the average moment, |(m)|, is 


M/n =0.27Am~'/2.7 x 107? m7? = 1.0 x 10° Am’. 


3.2.1 Types of magnetic materials 


When a dielectric rod is placed parallel to a uniform electric field Eo, it becomes 
polarized, with (approximately) uniform charge densities on each end surface, as 
shown in Figure 3.4. The field produced by the polarization charges reduces the 
applied electric field inside the rod and increases the electric field immediately 
outside its ends. 


te 


Figure 3.4 The electric field produced by a uniformly polarized dielectric rod. 


3.2 Macroscopic magnetization 
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There are analogous effects when a rod is placed in a magnetic field. Most 
materials can be classified as either diamagnetic, paramagnetic or ferromagnetic 
according to their response to an applied magnetic field, and we shall describe 
these three types of material in turn. 


Diamagnetism 


In diamagnetic materials, the dominant contribution to the magnetization 
comes from induced dipoles. Since the magnetic moments of induced dipoles 
always oppose the applied field, because of Lenz’s law, the magnetization of a 
diamagnetic material is in the opposite direction to the magnetic field. The field 
produced by the magnetization reduces the applied field Bo inside the material 
and just outside its ends (Figure 3.5). 


(] 


Figure 3.5 The magnetic field produced bya Figure 3.6 The magnetic field produced by 
uniformly magnetized diamagnetic rod. uniformly magnetized paramagnetic rod. 


Substances that exhibit diamagnetism, such as nitrogen, water, copper and silicon, 
have atoms or molecules with no permanent magnetic dipole moments; the 
vector sum of their orbital and spin magnetic moments is zero. In materials that 
contain atoms with permanent magnetic moments, induced dipoles are still 
present, but their contribution to the magnetization is generally outweighed by the 
contribution of the permanent dipole moments. 


Paramagnetism 


In paramagnetic materials, permanent dipole moments associated with the 
atoms play the dominant role. Since the average magnetic moment of each 
permanent dipole is in the direction of the applied field, the magnetization of a 
paramagnetic material is in the direction of the magnetic field. This magnetization 
increases the applied field Bo inside the material and outside its ends (Figure 3.6). 
There will be a contribution to the dipole moment of each atom from induced 
dipoles, but the mean magnetic moment (m) due to alignment of the permanent 


3.2 Macroscopic magnetization 


moments with the field is generally greater than the induced moment. Examples 
of paramagnetic materials include oxygen, aluminium, sodium and polythene. 


Experiments show that the magnetization of a paramagnetic material is 
proportional to the applied field and inversely proportional to absolute 
temperature: M x B/T. This relationship holds as long as mB/kpT < 1, 

and is a consequence of the competition between the magnetic energy of the 
dipoles, m - B, and their thermal energy kg7’. Increasing the ratio B/T favours 
the magnetic energy, so alignment of dipoles with the field increases, and the 
magnetization increases. Oxygen molecules have a permanent dipole moment of 
magnitude 2.6 x 10-3 A m2, and for a 1 T field at 293 K the ratio mB/kgT is 
about 6 x 10~%. So for oxygen, M « B/T under these conditions. However, at 
very high fields or low temperatures, this proportionality breaks down and the 
magnetization approaches a limiting value that corresponds to all of the permanent 
dipoles being aligned with the field. Of course, when the applied magnetic field is 
zero, the magnetization is zero, corresponding to random orientation of dipoles. 


Ferromagnetism 


The magnetization of diamagnetic and paramagnetic materials is normally small. 
In contrast, materials such as iron exhibit magnetizations that are several orders of 
magnitude larger than for paramagnetic materials: such materials are said to be 
ferromagnetic. Ferromagnetic materials have atoms with permanent magnetic 
dipole moments, and there is a strong quantum mechanical coupling between 
these atoms that makes it energetically favourable for neighbouring dipoles to be 
aligned parallel to each other even in the absence of an applied field. 


Of course, a piece of iron is not normally strongly magnetized in the absence of a 
field. This is because dipole alignment occurs over small regions, called domains, 
and a representation of this domain structure in unmagnetized material is shown 
in Figure 3.7. Domains typically have volumes in the range 10~!?-10~8 m?, and 
contain 1017-10?! atoms. Within each domain, the permanent dipole moments are 
aligned parallel to a direction in the crystalline structure in which it is easier to 


magnetize the material, but the directions of magnetization of neighbouring Figure 3.7 The 

domains are different. In unmagnetized iron, the net magnetic moment of all of magnetizations of domains in 
the domains is zero. This arrangement has a lower magnetic energy than if all of unmagnetized ferromagnetic 
the dipoles were aligned in the same direction throughout the material, because material are in different 

the reduction in energy associated with the magnetic field outside the material directions, and the total 


more than compensates for the increase in energy due to dipoles not being aligned magnetic moment is zero. 
parallel to each other near the domain boundaries. This is analogous to two 

bar magnets in close proximity to each other having lower energy when their 

magnetizations are antiparallel than when they are parallel. 


When an external magnetic field is applied, domains with a component of 
magnetization parallel to the field tend to grow at the expense of their neighbours, 
as shown in Figure 3.8 overleaf. Eventually, all of the domains have a 
magnetization component in the direction of the field, and further increase in the 
net magnetization requires rotation of the magnetization within each domain 

to align it with the field. If the applied field is sufficiently strong, all of the 
permanent moments become aligned in the direction of the field (Figure 3.8c). 
Thus the saturation magnetization is in the same direction as the applied magnetic 
field, just as for paramagnetic materials (Figure 3.6), but its magnitude is very 
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much greater because of the complete alignment of the dipoles. Unlike 
diamagnetic and paramagnetic materials, when the external field is removed, a 
ferromagnetic material may retain a net magnetization in the direction of the field, 
so ferromagnetic materials can form permanent magnets. 


eee Bal, 


; aA: 


(a) 


Figure 3.8 Schematic 
illustration of changes to 
domains in a ferromagnet 
when a magnetic field 

is applied. (a) Zero field, 

no net magnetization. 

(b) Domains with a component 
of magnetization parallel to the 
field have expanded, and other 
domains have contracted. 

(c) Magnetization in each 
domain has rotated to become 
aligned with the direction of the 
applied field. 
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(b) {c) 


At normal temperatures, thermal energy is not high enough to disrupt the parallel 
alignment of neighbouring dipoles within a domain. However, if the temperature 
of a ferromagnetic material is increased, the thermal energy kpT eventually 
becomes large enough to overcome the strong coupling between neighbouring 
dipoles; the material then loses its spontaneous magnetization and becomes 
paramagnetic. The temperature at which this transition takes place is known as the 
Curie temperature, and for iron this temperature is about 800°C. This means 
that the Earth’s magnetic field cannot be due to ferromagnetism in the iron core, 
because the temperature exceeds 800°C at depths greater than 40 km. 


Exercise 3.1 Which two of Maxwell’s equations explain the crucial difference 
between Figure 3.4 and Figure 3.6? 


Exercise 3.2. Compare and contrast the behaviour of dielectric, diamagnetic 
and paramagnetic rods by completing Table 3.1. In each blank space, write either 
‘same’ or ‘opposite’. o 


Table 3.1 Comparison of dielectric, diamagnetic and paramagnetic materials. 


Dielectric Diamagnet Paramagnet 


Relative directions of 
dipole moment and applied field 


Relative directions of field due to matter 
and applied field within rod 


Relative directions of field due to matter 
and applied field just outside ends of rod 


3.2.2 Magnetic susceptibility 


For diamagnetic materials, and for many paramagnetic materials at a fixed 
temperature, the magnetization is proportional to the macroscopic field B, and is 


3.3 Magnetization currents 


aligned with it. We can therefore write 


Moose. (3.3) 
HO 
where x is known as the magnetic susceptibility and depends on the material 
and factors such as temperature and pressure. Incorporating jo, the permeability 
of free space (= 4a x 1077 T mA ~}), into this definition means that yp is a pure Note that 
number, since both M and B/j,io have the same unit (A m~‘). Values of xg for i1TmA“=i1N A, 
some common paramagnetic and diamagnetic materials are listed in Table 3.2. 


Table 3.2 Measured values of magnetic susceptibility yg of various materials 
at 20 °C and atmospheric pressure. 


Diamagnetic material xp/10~-© | Paramagnetic material yp/10~° 
nitrogen —0.0068 | oxygen +1.9 
water —9.0 aluminium +22 
copper —9.6 platinum +260 
silicon —3.7 sodium +7.2 
polyvinyl] chloride (pvc) —10 polythene +1.9 


The field B in Equation 3.3 is the macroscopic field within the material. This is 
the average, over a volume containing millions of atoms, of both the applied field 
and the field due to the microscopic dipoles. However, because the susceptibility 
of diamagnetic and paramagnetic materials is very small, the macroscopic field 
within these materials is essentially the same as the applied B field. 


Note that materials for which Equation 3.3 is valid are said to be LIH (linear, 
isotropic, homogeneous) magnetic materials: linear because M «x B, isotropic 
because M is in the same direction as B, and homogeneous because yz is the 
same throughout the material. There is an analogy here with LIH dielectric 
materials, which satisfy P = yfé9E (Equation 2.5). Most diamagnetic and 
paramagnetic materials can be regarded as LIH materials. 


For ferromagnetic materials, the relationship between magnetization and the 
macroscopic field B is non-linear and dependent on the previous history of 
magnetization of the specimen. The large magnetization means that the value of 
xB can be very close to 1, but it is not constant, and not uniquely defined by the 
field. Because of this, the susceptibility is not a very helpful parameter for 
ferromagnets. We shall discuss an alternative way of describing the magnetization 
of ferromagnetic materials in Subsection 3.4.1. 


3.3 Magnetization currents 


When discussing dielectrics in Chapter 2, we showed that polarization of a 
dielectric produced a surface charge density o, = P - n and a volume charge 
density pp = — div P. We shall now demonstrate that magnetization of an object 
generates magnetization currents on its surface and throughout its volume. 
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Figure 3.9 (a) A rod, 
uniformly magnetized parallel to 
its axis. (b) A transverse slice 
from the rod, thickness 6z, 
divided into small tiles. 

(c) Currents J = M 6z flowing 
around the edges of each tile 
generate the same magnetic 
moment as the uniform 
magnetization. 
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3.3.1 


Let us consider a long cylindrical rod in which the magnetization is uniform 
(Figure 3.9a). A disc of thickness 6z, with faces that are perpendicular to the 
direction of magnetization, can be divided into small tiles (Figure 3.9b). If the 
surface area of a tile is 6S, then its volume is 6S dz and it has a dipole moment 
equal to M 6S dz. From Equation 3.1 we deduce that the same dipole moment 
would be produced by a loop of area 6S carrying a current J = M dz. 


Se 


Surface magnetization currents 


area 65 i 
moment Af 6S éz 


(a) (b) (c) 


Such current loops can be substituted for every tile in the disc. If the 
magnetization is uniform, the current is the same for every tile, so at every interior 
boundary, the oppositely-directed currents from adjacent loops cancel each 
other out. The array of current loops is therefore equivalent to a single loop, 
running around the outside of the disc, carrying a current M 6z. Thus a uniform 
magnetization of the slice is equivalent to a current flowing around the surface of 
the slice, and this is referred to as the bound surface current. Dividing by the 
thickness 6z of the disc, we find that the magnitude of the bound surface current 
per unit length of the rod, which we shall denote by i, is equal to the magnitude 
of the magnetization, 17. The current flows around the rod in a sense determined 
by a right-hand rule, so the surface current per unit length can be written as 
iv — cn, (3.4) 
where ni is a unit vector in the direction of the outward normal to the surface. 
Note that i, is not a current; it is a vector whose magnitude is the bound current 
per unit length of surface perpendicular to the direction of current flow and whose 
direction is the direction of that current flow. 


The argument that we used to deduce the existence of the surface current started 
from the magnetization of small tiles. But we could equally well start from the 
magnetization of individual atoms that are responsible for the magnetization of 
these tiles. It is the net effect of the atomic currents that gives rise to the current 
around the edge of a tile, and hence to the current around the surface of the object. 
And this is why we refer to this current as a bound current — it is the net effect 
of microscopic currents associated with bound electrons, and no electron is free to 
travel around the surface of the object. Also, though we derived Equation 3.4 for a 
situation with uniform magnetization parallel to the surface, it is generally valid as 
long as M represents the local magnetization at the point on the surface where the 
bound surface current is to be determined. 


3.3 Magnetization currents 


3.3.2 Volume magnetization currents 


The discussion in the previous section assumed that the magnetization was 
uniform, but this is not always the case. If the magnetization depends on position, 
then we can still divide the material into current loops, but the currents in the 
loops will vary with the position of the loops. The oppositely-directed currents in 
adjoining edges of neighbouring loops may not cancel, so there will be a net 
current density in the volume of the material. 


To obtain an expression for the volume current density, consider the two 
neighbouring current loops shown in Figure 3.10. Loop A lies perpendicular to 
the z-direction and is centred on the point (x, y, z). It represents part of a slice of 
thickness 6z, and has sides of lengths da and dy. The z-component of the 
magnetic moment of this volume element is M,(x, y, z) 6x dy dz, so the current 
that flows around the loop to generate this moment is 


I(x, y, Z) = (magnetic moment) /area = M,(z, y, z) 62. 


Loop B has the same dimensions but is centred at (x + dz, y, z). We can write the 
current in this loop as 


I(2+6z,y,z) = M(x + 62, y, z) 6z. 


Geartey I(x, y, 2) a) 

y 
vide by 

ee) Si ak Figure 3.10 Two current 

“2+ ér,y,2 
WG Ens e loops, A and B, that are 
: os al r+éz equivalent to the magnetic 
me we P-BaS moments of regions with area 
se ae ox dy, thickness 6z, centred 


z-axis on points (x, y, z) and 


(a + 6x, y, z) in a region of 
non-uniform magnetization. 


The net current in the y-direction at the boundary between the two loops is 
I(a,y,z) — I(x + 6x,y,2) =[Mz(2,y, z) — M.(x + 6x, y, z)] 62 
= —(0M,/0zx) 6x 62. 
This current contributes to the y-component of the current density, J,: 
Jy = [I(a,y, z) —I(a + 62, y, z)] /ox dz = —(OM,/Oz). 
Thus if 1/7, depends on z, the current density will have a component in the 
y-direction. 


There will be a second contribution to J, if the magnetization has a component 
M,, that depends on the z-coordinate. By considering current loops in a plane 
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Essential skill 


Determining bound currents 
from the magnetization 
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perpendicular to the x-axis, and using an argument similar to the one used above, 
we could show that this second contribution is J, = (OM; /0z). This means that 
the y-component of the current density is 


OM, OM. 
Jy = (= — 7) = (curl M),. 
Similar arguments can be used to show that J; and J, are equal to the x- and 


z-components of curl M. So we can represent the magnetization M of a material 
by an equivalent bound current density Jj, that is related to M by 


Jp = curl M. (3.5) 


It is clear from this equation that there will be no bound current density where the 
magnetization is uniform. 


So within the bulk of the rod there is a bound current density given by 

J} = curl M, and at the surface there is a bound surface current per unit length 
given by i, = M X n, where n is a unit vector in the direction of the outward 
normal to the surface. J} is a current per unit area, where the area is perpendicular 
to the direction of flow, and ij, is a current per unit length, where the length is in 
the plane of the surface and perpendicular to the direction of the surface current. 
These bound currents are the net effect of the microscopic currents associated 
with magnetic dipoles. 


It is important to note that the relationship Jj, = curl M implies that the current 
density must be divergence-free. This can be deduced from the general result, 
listed with other vector identities inside the back cover, that the divergence of the 
curl of any vector field is always zero. Thus 


div J, = div(curl M) = 0, 


and this indicates that the bound current always flows in closed loops — there are 
no sources or sinks of bound current in the material. 


Worked Example 3.1 


The iron block shown in Figure 3.11 has width w, depth d and height h, and 
its magnetization is given by 


Mi [Mo a Mie Mo)=| on 


Figure 3.11 A magnetized block 

of iron. The magnetization is in the 
z-direction, and its magnitude increases 
linearly from Mp on the left face to M1 
on the right face. 


cv 


(a) Derive an expression for Jj, inside the block. 
(b) Derive expressions for i, on the left- and right-hand faces of the block. 


(c) Hence determine the net magnetization current in the x-direction. 
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Solution 


(a) The symmetry of the problem strongly suggests the use of Cartesian 
coordinates. The bound current density is J, = curl M, and since 

M = M.(y)ez, the only non-zero spatial derivative contributing to curl M 
is OM, /Oy. So 


z 


diy = Corel IM = ee 


M, -— M 
e, + ey + Ve, = (= *) ey. 


(b) The bound surface current per unit length is i, = M X n, where ni is 
the outward normal to the surface. On the left-hand face, M = Moe, and 
n = —e,, so i, = Moe, x (—ey) = Moez. On the right-hand face, 

M = Mje, and fi = ey, so ip = — Meg. 


(c) Jp is acurrent density; it must be multiplied by the cross-sectional area 
of the block perpendicular to the x-axis, w x h, to obtain a contribution to 
the total magnetization current in the x-direction. i, is a surface current per 
unit length flowing in the x-direction; to determine the currents on the 

left- and right-hand faces of the block, values of i, for the faces must be 
multiplied by the length of the faces perpendicular to the current 

flow, which is the height h of the block. Combining the volume and 
surface contributions, and noting that the other faces of the block do not 
contribute to the magnetization surface current in the x-direction, the total 
magnetization current in the x-direction is 


M, — M 


This result should not surprise you; the surface and volume magnetization 
currents must cancel out, or there would be a steady transport of charge from 
one side of the block to the other — an impossible state of affairs. 


Exercise 3.3 A spherical metal shell has a magnetization vector that is radial 
and spherically symmetric (i.e. M(r) = M;(r)e,). By calculating volume and 
surface magnetization currents, show that this magnetization cannot be detected in 
the region outside the shell. qo 


3.4 The magnetic intensity H 


You have seen that non-uniform magnetization of a material gives rise to a bound 
current density. This current density generates a magnetic field, in exactly the 
same way that the free current flowing through a conducting material generates a 
field. At points that are not on the surface of a material there are no surface 
currents, and therefore the total current density J is the sum of the current density 
due to conduction currents, which we shall call the free current density, J;, and 
the bound current density J,. Then according to Ampére’s law, the magnetic field 
is given by 


curl B = po(J¢ + Jp). 
i 


Chapter 3 Magnetic fields in materials 


54 


We can use Equation 3.5, J, = curl M, to rewrite this as 
curl B = pio(J¢ + curlM). 


Rearranging this equation to collect the unknown quantities, B and J, onto the 
same side, and making use of the fact that the curl operator is linear, we obtain 


B 
curl (= -m) = Jr. (3.6) 
Ho 
We now define a new vector field. The magnetic intensity H is defined by 
B 
H = ——-M. (3.7) 
Ho 


This allows us to rewrite Equation 3.6 to give an alternative version of Ampére’s 
law: 


curlH = Js. (3.8) 


Note that the SI unit of H is Am~!, the same as the unit of M. 


The definition of H and this differential version of Ampére’s law apply to all 
materials, and they are not dependent on any assumptions about the relationship 
between M and B. The field H is important because it can be calculated directly 
from the free current density, without any need to know the bound magnetization 
currents or the magnetization. However, we still need to determine the field B, 
because it is B that determines the forces on moving charges and current-carrying 
conductors, and we shall show how this can be done in the next subsection. 


Equations 3.7 and 3.8 are local relationships, valid at all points for all materials, 
whether they are LIH materials or not. We can obtain the corresponding integral 
version of Ampére’s law by evaluating the flux of each side of Equation 3.8 over 
any surface S. Thus 


[owtt-as = [3,-08, 
S Ss 


From the curl theorem, the left-hand side of this equation is equivalent to 

to H - dl, where the line integral is evaluated around the path C’ bounding the 
surface S. The right-hand side is simply the free current J passing through the 
surface S. Thus 


¢ Hedl= [ 3:-a8= 4, (3.9) 
C S 


As usual, the positive direction for the area dS is related to the sense of the line 
integral by a right-hand grip rule. In situations exhibiting a high degree of 
symmetry, we can use the integral version of Ampére’s law to calculate H, even 
when the magnetization currents are unknown. 


To conclude this subsection, here is a warning: the term ‘magnetic field’ is used to 
mean both B and H. This is understandable — both are vector fields and both are 
‘magnetic’ — but can lead to ambiguities and confusion. We have also called H 
the ‘magnetic intensity’, and B is often called the “magnetic induction’, but 

these terms are by no means in universal use. Physicists tend to regard H as an 
auxiliary quantity — a useful stepping stone to B. When physicists talk about the 
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magnetic field, they are usually referring to B. However, H is the field that 
arises directly from the applied free currents, and when engineers talk about the 
magnetic field, they are likely to mean H. Clearly, there is plenty of scope for 
misunderstanding! However, this can always be avoided by using the symbols; 
there is no ambiguity if you refer to the field B or the field H. 


Exercise 3.4 A long straight wire of radius a is surrounded by a homogeneous 
insulating medium. The wire carries a steady current Jp. What is the magnitude of 
the H field at a distance r > a from the axis of the wire? Does your answer 
depend on whether the surrounding medium is air or glass? qo 


3.4.1 Relative permeability 


You have seen in the previous subsection that we can calculate the field H 
from knowledge of the free currents alone — we do not need to know anything 
about the bound currents. However, there are many situations where we need 
to determine the field B that is produced by free currents that flow through 
conducting material in the presence of magnetic material. It is B that determines 
the magnetic force on a charged particle (F = qv X B), or the force on an 
element 61 of a current-carrying conductor (6F = I 61 X B). His defined as a 
linear combination of B and M, so to find B we need to make an assumption 
about the relationship between B and M. So the next task is to establish a 
relationship between B and H, and for diamagnetic and paramagnetic materials 
this is easily done using the magnetic susceptibility yz. 


As you have seen in Subsection 3.2.2, the magnetization M is related to the field 


B by the equation 
B 

M = xp—, (Eqn 3.3) 
Ho 


where the magnetic susceptibility yg is independent of B for LIH materials. 
Using this to eliminate M from Equation 3.7 gives 


B B 

H>=—_—xep— 

Ho Ho 

This can be rewritten as 
B= pol, (3.10) 


where we have introduced a new quantity, j., known as the relative permeability 
of the material, which is related to yp by 


= (1-xp)". (3.11) 


Like yz, js is a pure number — it has no unit. (Note that some authors define 
the magnetic susceptibility by the relationship M = x77H, which leads to 

fs = 1+ xH. For diamagnetic and paramagnetic materials, jg and juz are 
essentially the same, since yg = xy /(1+ xn) ~ xH when yy <1.) 
Diamagnetic materials have values of the susceptibility yg that are small and 
negative, so their relative permeabilities are slightly less than unity. In contrast, 
the susceptibilities of paramagnetic materials are small and positive, so their 
relative permeabilities are slightly greater than unity. For both types of material, 


6) 
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XB and py are independent of 5, so B x H, and the materials are described as 
linear. Equations 3.3 and 3.10 are true only for isotropic materials; for such 
materials, the susceptibility is the same for all directions of B, so B, H and M 
are all aligned in the same direction. Anisotropic materials are easier to magnetize 
in some directions than in others, and for such materials B, H and M are not 
necessarily aligned in the same direction. If jz is independent of position, the 
material is said to be a homogeneous magnetic material. 


Ferromagnetic materials have a highly non-linear relationship between B and H. 
Figure 3.12a shows an example of how the field B inside initially unmagnetized 
material changes as H is increased. B increases slowly at first, then more rapidly 
up to the point P, and beyond that the rate of increase slows down until eventually 
B depends only very weakly on H. The first part of this curve corresponds to 
shifting the boundaries between domains — those domains that are magnetized in 
directions close to the direction of H grow at the expense of neighbouring 
domains that are magnetized in opposing directions. At the field corresponding 
to P, most of the material is magnetized along a direction of easy magnetization 
that is close to the direction of H, and further increase in B requires the 
magnetization to be rotated away from an easy magnetization direction until it 
eventually lines up with the applied field H. The magnetization is then saturated. 


BA BA 
remanence 3, a 


coercivity A, 


ay 


Figure 3.12 (a) Dependence 
of B on 7 for an initially 
unmagnetized ferromagnetic 
material. (b) Dependence of B = 
on H obtained by applying an H 
alternating H field to the same (a) (b) 
ferromagnetic material as in (a). 


If the applied field H is now reduced, the curve shown in Figure 3.12a is not 
retraced. The field B traces out the path abcd shown in Figure 3.12b. At point b 
there is no applied field (H = 0), but there is still a large field 5, in the material, 
indicating that most of the domains are still magnetized in the direction of the 
field H that produced the saturation magnetization at point a. (This is completely 
different from diamagnetic and paramagnetic materials, which have B versus 

HAT curves that are linear and reversible, so that B = 0 when H = 0.) The 
ferromagnetic material is now a ‘permanent’ magnet, and B, is known as the 
remanence. Permanent is perhaps a misnomer, because increasing H in the 
opposite direction, to point c, reduces B to zero. The value of H required to do 
this is known as the coercivity. Increasing H still further in the reverse direction 
to the original field will lead to saturation of the magnetization in the reverse 
direction at point d. By sweeping H between the positive and negative limits 
shown in Figure 3.12b, B traverses the loop abcdefa. 
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For a ferromagnetic material, the value of ju, as defined by 1. = B/{mH, depends 
on H and on the past magnetization history of the specimen. Equation 3.10 can be 
used for ferromagnetic materials, but it is necessary to use the appropriate value 
of 1. Typical values of j: for ferromagnets are 10°—10°. 


The storage of information on magnetic tapes and disks, and erasing and rewriting 
that information, is dependent on the properties of B-H loops for magnetic 
materials. Figure 3.13 shows an image of the surface of a computer hard disk 
obtained with a magnetic force microscope, which measures the magnetic 

force on a tiny probe as it is scanned a small distance above the surface. The 
surface of the disk is coated with a thin layer of ferromagnetic particles. When in 
operation, the disk spins rapidly and a ‘write’ head applies a field to a small 
region containing about 100 particles to magnetize it in one of two opposing 
directions, corresponding to ‘0’ or ‘1’. A ‘read’ head can sense the direction 

of the magnetization of different regions. The magnetic material requires a 

large remanence, so that the magnetization corresponding to each bit can be 
detected reliably, and a coercivity that is large enough that the magnetization is 
‘permanent’ but not so large that it cannot be reversed easily when rewriting data. 
In 2005, disks could store over 10 Gb cm~? and spin at over 15 O00 rpm, and data 
could be read and written at over 100 Mbs~!, but these values continue to 
increase rapidly with time. 


Figure 3.13 The surface of a 
computer hard disc. The image 
is about 50 um across. 


Exercise 3.5 What happens qualitatively to the magnitude of B ina 
current-carrying solenoid that is initially filled with air when (a) copper, 

(b) aluminium, and (c) iron, is placed in the interior? (You may need to refer to 
Table 3.2.) 


Exercise 3.6 A long straight wire has radius ro and relative 

permeability jz = 2, and carries a current Jp. The wire is surrounded by air 

(Mair © 1). With Ampére’s law as your guide, sketch graphs showing how H and 
B depend on r, the distance from the centre of the wire, from r = 0 to r = 270. 
(Assume that the free current density is uniform throughout the wire.) qo 


3.4.2. The Ampére—Maxwell law revisited 


Maxwell added an extra term to Ampére’s law to show that magnetic fields are 
generated by changing electric fields as well as by currents, and at the end 

of the last chapter we showed that in the presence of dielectric material, the 
Ampere—Maxwell law could be written as 


ot 


However, in deriving this (interim) equation, we did not take account of any 
bound magnetization current J}, that may be present. Adding this current density 
to the right-hand side of the equation, we obtain 


OD 
curl B = po (s + =) : (Eqn 2.22) 


OD 
curl B = plo (a + Jp + =) : 
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We can eliminate Jj, from this equation in exactly the same way that we 
eliminated it from the differential version of Ampére’s law: we use the 
relationship Jj, = curl M (Equation 3.5), and combine the curl M and curl B/110 
terms to obtain 


Differential version of Ampeéere—Maxwell law 
oD 


al =) —. 3, 112) 
cur ea yi ( ) 


This is the full version of the Ampére—Maxwell law that takes account of 
dielectric and magnetic properties of materials. As you might expect, there is a 
corresponding integral version: 


Integral version of Ampére—Maxwell law 


fu-as / (a+ 3) - ds. (Goll3y) 
C gs ot 


These equations play a major role in the understanding of electromagnetic waves 
in media. 


3.5 Boundary conditions for the B and H fields 


There are simple boundary conditions for B and H at the interface between two 
different magnetic materials, analogous to the boundary conditions that we 
derived in Chapter 2 for D and E at an interface between dielectric materials. 


M@ Try to recall how the boundary conditions for D and E on either side of the 
boundary between dielectric materials 1 and 2 were derived in Chapter 2. 


L} The condition D,,; = D2, was derived by applying the integral version of 
Gauss’s law (f.D + dS = fy, p¢ dV) to a flat pillbox straddling the boundary. 
The condition £;\, = £5) was obtained by applying the relation 
to E - dl = 0, which is valid for electrostatic fields, to a rectangular path 
straddling the boundary. 


We shall derive the conditions obeyed by B and H in a similar way, but this time 
we use the integral version of the no-monopole equation ( gs B- dS = 0) and the 
integral version of Ampére’s law ( to H - dl = Jr). Note that our use of Ampére’s 
law rather than the Ampére—Maxwell law means that we are not considering 
time-dependent fields, so the results that we derive will apply to static fields. 


Figure 3.14 shows the B fields in a small region near the boundary between two 
magnetic materials with relative permeabilities 4 and j2. We assume that B is 
uniform in each of the materials, but that the directions of the fields on either side 
of the boundary are different. 


3.5 Boundary conditions for the B and H fields 


area AS 


| 
| 
| 
| 


Figure 3.14 Uniform fields B; and Bg on Figure 3.15 Pillbox-shaped surface used to 
either side of a plane boundary between magnetic determine a boundary condition on the fields B; 
materials with relative permeabilities jz; and 42. and Bg either side of the boundary. 


First we apply the no-monopole law to the thin pillbox shown in Figure 3.15. The 
plane faces of the pillbox lie on either side of the boundary, and both faces are 
parallel to the boundary. In the limit when the thickness of the pillbox tends to 
zero, we obtain 


[B08 = Bi AS + By AS = 0, 
Ss 


where n; and ng are outward-pointing unit vectors perpendicular to the plane 
faces of the pillbox in materials 1 and 2, and A°S is the area of these faces. 


Writing this in terms of the components of B in the two materials in the 
Nz direction, perpendicular to the boundary, By, and B2,, we obtain 
—B,, AS + Bo, AS = 0. Hence 


Boundary condition for perpendicular field component 
Ics — sae (3.14) 


The component of the B field perpendicular to the boundary remains the 
same across a boundary. 


We shall now use the integral version of Ampére’s law, ¢ H - dl = J; 

(Equation 3.9), to derive a boundary condition for the H field. Consider the 
rectangular path shown in Figure 3.16, which has its two longer sides, dl, and dlo, 
parallel to the boundary between materials 1 and 2. 
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Figure 3.16 Rectangular path 
used to determine a boundary 
condition on the fields H, and 
Hp either side of the boundary 
between materials with relative 
permeabilities jz, and ju2. 


60 


We take the limit where the lengths of the two shorter sides tend to zero, so that 
their contribution to the line integral of H around the loop can be neglected. Since 
the area of the loop also tends to zero, the current J; passing through it tends to 
zero, and the line integral becomes 


Cc 


Since é6lyg = —6]l,, we can rewrite this as 
(H,; — H2)- ol; = 0, 


and this equation indicates that the components of H, and Hg in the direction of 
61; must be equal. Now this result must be true whatever direction parallel to the 
surface we choose for 6], and this means that the components of the H field 
parallel to the boundary, H;), and H>), must have the same magnitude and be in 
the same direction: 


Boundary condition for parallel field component 


The component of the H field parallel to the boundary remains the same 
across a boundary. 


It is worth reiterating the point that was made about the derivation of the boundary 
conditions for electrostatic fields. We have assumed a planar boundary, and 
uniform fields on either side of the boundary. However, whatever the shape of the 
boundary and whatever the form of the fields on either side of it, we can always 
make the pillbox in Figure 3.15 and the path in Figure 3.16 small enough so that 
the boundary enclosed is essentially plane and the fields within them are uniform. 
Thus the results that we obtained are local relations that apply at any point on any 
boundary between two magnetic materials. 


We have shown that the perpendicular components of B and the parallel 
components of H are continuous across a boundary. These conditions are 
consequences of the no-monopole law and Ampére’s law. To proceed further, we 
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need to assume a form for the relationship between B and H. As usual, we shall 
restrict our attention to LIH materials, for which B = juuoH, so B and H are in 
the same direction in each material. Using this relationship, we can determine the 
boundary conditions for the parallel components of B and the perpendicular 
components of H, and we can determine the relationship between the angles 6; 
and 65 that the fields make with the normal to the interface. The derivations are 
similar to those for dielectric boundaries in Section 2.5, and lead to the following 
results: 


tan@ 
—; pA, = peAe,; ie. (3.16) 


a i [2 tan@. ~— ja 


So the parallel components of B and the perpendicular component of H are 
discontinuous at surfaces separating media of different relative permeabilities. 
These discontinuities are very small at interfaces between diamagnetic or 
paramagnetic materials (j ~ 1), but large for ferromagnetic materials (4 >> 1). 


The boundary conditions for B and H find an immediate application in the design 
of magnetically shielded enclosures. Figure 3.17 shows the magnetic field lines 
for a spherical shell of iron that has been placed in an originally uniform magnetic 
field. The relative permeability of iron (~ ~ 1000) is much greater than that of air 
(uw ~ 1), so the field lines in the iron are at much larger angles to the normal to the 
surface than are the field lines in air, as indicated by Equation 3.16. The field lines 
are deflected away from the normal to the surface, leaving the central region 
almost free of field. Some alloys of nickel and iron have relative permeabilities as 
high as 10°. These materials are used to construct magnetically shielded rooms 
(Figure 3.18) in which the tiny magnetic fields due to brain activity can be 
measured, free from any outside disturbances. 


Worked Example 3.2 


A thin flat plate, with a large surface area and relative permeability jup, is 
oriented perpendicular to a uniform magnetic field. In the air surrounding 
the plate, the magnetic field is Bo. Derive expressions for By, H, and M, 
inside the plate but not close to its perimeter. 


Solution 


Outside the plate, the magnetic field is Bo and the magnetic intensity is 

Ho = Bo/wo (taking air = 1). To find the fields inside the plate, we use 
the fact that the perpendicular components of B and the parallel components 
of H are continuous across any boundary. 


For a point just inside the plate, continuity of B, means that 

Bo. = Bairs = Bo. Continuity of H) means that H,, = Air = 0, and 
hence By) = pop = 0. Thus By = Bo. The values of H,, and M, then 
follow from Equations 3.10 and 3.7: 


H, = Bo//ép/o; My = (Lp = 1)Bo/Lpbo.- 


Figure 3.17 Lines of 
magnetic field B in the vicinity 
of a spherical iron shell. 


Figure 3.18 A room 
constructed from several layers 
of mu-metal, a nickel-iron alloy, 
which screen the inside from 
unwanted fields. 


Essential skill 


Applying the boundary 
conditions for H and B 
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Figure 3.19 The world’s 
largest electromagnet at CERN 
has a similar mass to the Eiffel 
Tower, and can produce a 

field of 0.5 T. There are 168 
octagonal turns in the coils, 
which have an average radius of 
6.4m, carry a current of 30kA 
and dissipate over 4 MW of 
power. The magnet will produce 
a field around the detectors for 
an experiment that will study 
collisions between lead nuclei 
with energy of up to 1150 TeV. 
Scientists hope to recreate a state 
of matter thought to have existed 
in the first few microseconds 
after the Big Bang, and to find 
evidence for the existence of the 
Higgs boson, which theorists 
have postulated to account for 
the fact that particles have mass. 
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Exercise 3.7 A square plate measuring 1m x 1m x 1mm is made of 
mu-metal, a nickel-iron alloy. Assuming that the permeability of the mu-metal 
is 50 000 in this situation, show that the plate effectively shields the region 
immediately behind it from static magnetic fields that are at angles of more than 
about one degree to the normal to its surface. 


Exercise 3.8 A long thin cylinder, with relative permeability jc, is aligned 
with its axis parallel to a uniform magnetic field By. Estimate the values of Be, 
H, and M, at a point inside the cylinder, near its centre. 


Exercise 3.9 Why are the B field lines shown at the ends of the rods in 
Figures 3.5 and 3.6 apparently undeviated at the boundaries between a 
diamagnetic material and air, and between a paramagnetic material and air? © 


3.6 Electromagnets 


Current-carrying coils that are designed to produce magnetic fields are known as 
electromagnets (Figure 3.19). The H field produced by an electromagnet 
depends only on the free current in the coil, and is independent of any magnetic 
materials in the vicinity. However, inserting ferromagnetic material in a coil 
greatly enhances the B field, by a factor of 4, which may be 1000 or more. 

This is why many powerful electromagnets incorporate ferromagnetic material 
(Figure 3.1b). We shall consider a very simple electromagnet with a ferromagnetic 
core to illustrate some basic physical principles that arise in magnet design. 


Figure 3.20a shows a toroidal coil with N turns that are tightly-wound on 
magnetic material with relative permeability ~. We first apply Ampére’s law to 
the two circular paths indicated by broken lines, in order to show that the field H 
is restricted to the region inside the torus. By symmetry, the magnitude of H 

is constant along each of the circular paths, and its direction is everywhere 
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tangential to the paths. Thus for the path inside the torus, 
@H-dl=2nrH = NI, 


since the path encloses N turns of the coil, each carrying a (free) current J. So 
NE 
lar 
for the circular path within the torus. However, for the circular path outside the 
torus H = 0 because this path encloses no net current. Since B = oH, the B 
field inside the toroid is 
B- Luo NI 
2ar 
Thus H does not depend on what magnetic material fills the coil, but B is greatly 
enhanced if the coil is filled with ferromagnetic material. 


(3.17) 


relative 


Figure 3.20 (a) A toroidal 
current-carrying coil filled with 
magnetic material. (b) The same 
coil with a small air gap in the 
toroidal magnetic material. 


We now create a small gap of width w in the magnetic material (Figure 3.20b). To 
a first approximation we can assume that the H field remains tangential to the 
circular path shown in the figure, and has a constant magnitude, within the 
material. At the interfaces between the air gap and the material, the normal 
component of B must be continuous (Equation 3.14), and since there is no other 
component of B, we deduce that the magnitude B is the same in the material 

and in the gap. If the material has a relative permeability and we take the 
relative permeability of air to be unity, then the magnetic intensity inside the 
material, Hj, and in the gap, gap, are 


Ain = B/tpLo and gap = B/0. 
Then applying Ampére’s law to the circular path in Figure 3.20b, we find 


B B 
Hdl = (2nr w) +w— =NI, 
Mio HO 
and rearranging this leads to 
NI 
p= _. (3.18) 
2rr —w+wp 
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Figure 3.21 This electromagnet 
can lift several tonnes of 
ferromagnetic material. 
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For a ferromagnetic material with 41 ~ 1000 and w not too small, we need retain 
only the wy term in the denominator, so 


— HoONT 
~ 


B 


This shows that the field in the gap is significantly enhanced compared to its value 
in an empty coil, po NI/2ar. 


We conclude that when (almost) filled with a ferromagnetic material such as iron 
or steel, the toroidal coil gives a much larger magnetic field B than could be 
obtained from the same coil carrying the same current in the absence of the 
ferromagnetic core. Figure 3.21 shows an example of how this effect is put to use. 


Exercise 3.10 A ferromagnetic ring, mean radius 0.20 m, has a gap of width 
1.0 cm cut in it, and 400 turns of wire wound around it. Calculate the coil current 
required to produce a field B = 1T in the gap. Assume that H = 1000 Am"! 
when B = 1 T in this material. qo 


You can reinforce your understanding of electromagnets by viewing the 
video sequence A Grip of Iron on the course DVD. 


Summary of Chapter 3 


Section 3.1. A current J flowing in a loop with area AS has magnetic dipole 
moment m = |J| AS, where the direction of the oriented area AS is related to 
the current circulation by a right-hand grip rule. Magnetic fields tend to align 
permanent dipole moments that are present, and they induce dipole moments in 
all atoms in a sense that opposes the applied field. 


Section 3.2. The magnetization M is the net magnetic dipole moment per 

unit volume, and is related to the number density of dipoles n and the average 
magnetic moment per dipole (m) by M = n(m). Diamagnetism occurs in 
materials whose molecules have no permanent magnetic moments. In an applied 
field, these molecules acquire induced moments in the opposite direction to the 
applied field, so M is in the opposite direction to B. Paramagnetism occurs in 
materials whose molecules have permanent magnetic moments. Alignment of the 
magnetic dipoles with the field is frustrated by thermal motion and collisions, 
and the magnetization increases as the ratio of magnetic potential energy to 
thermal energy, mB/kpT, increases. The resulting magnetization is parallel 

to the applied field. In ferromagnetic materials, permanent magnetic dipoles 
spontaneously align in the same direction within small domains. Application of 
an increasing external field causes the magnetization of different domains to 
become progressively more aligned with the field. 


The magnetic susceptibility yg is defined by M = ygB/,u0, where yz is small 
and negative for diamagnetic materials, and small and positive for paramagnetic 
materials. For linear, isotropic, homogeneous (LIH) materials, which include 
most diamagnetic and paramagnetic substances, yp is independent of B, M is in 
the same direction as B, and yz is independent of position. For non-linear 
materials (e.g. ferromagnetic substances), x depends on B and on the past 
history of the specimen. 


Achievements from Chapter 3 


Section 3.3. The magnetization of the atoms or molecules in a material is 
equivalent to a bound current density J, = curl M, together with a bound surface 
current per unit length i, = M xX n, where n is the outward normal to the surface. 


Section 3.4 The magnetic intensity, H = B/ji — M, is related to the free 
current density J¢ by the versions of Ampére’s law used for materials: 


curl H = Jr and fu-al= [ 3,-a8= 4. 
Cc S 


The relative permeability ~. of a material is defined by B = ujoH. For LIH 
materials, js is independent of H and position. For ferromagnetic materials, 
pL depends on H. 


The Ampére—Maxwell law can also be expressed in terms of H: 


oD oD 


Section 3.5 At the interface between two materials, 1 and 2, the fields B and H 
satisfy the boundary conditions By, = Bo, and Ay = Ag). 


Section 3.6 In an electromagnet, an H field is generated by passing a current 
through a coil. The H field is concentrated in the region inside the coil. The 

B field is amplified by (almost) filling the coil with a ferromagnetic core. Since 
the normal component of B is continuous, a large B field is produced in the air 
outside the ends of the ferromagnetic material. 


Achievements from Chapter 3 


After studying this chapter you should be able to do the following. 


3.1 Explain the meanings of the newly defined (emboldened) terms and 
symbols, and use them appropriately. 


3.2 Describe the microscopic origins of diamagnetism, paramagnetism and 
ferromagnetism. 


3.3. Explain how the magnetization of a material can be represented by a surface 
current density and a volume current density, recall how these current 
densities are related to the magnetization, and calculate these current 
densities when the magnetization is specified. 


3.4 Recall the relationship between H, B and M, and make use of these 
relationships to solve problems. 


3.5 Derive, recall and apply the differential and integral versions of Ampere’s 
law that involve the field H. 


3.6 Derive and recall the boundary conditions on B and H at a boundary 
between two materials, and use these boundary conditions to solve problems. 


3.7 Recall the Ampére—Maxwell law for dielectric and magnetic materials. 


3.8 Explain how an electromagnet generates a large B field, and use 
relationships between B and other parameters for an electromagnet to solve 
problems. 
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Chapter 4 


Electrostatic field calculations 


Calculations of the electrostatic potential and electric field are of considerable 
practical importance. Engineers and scientists need to do such calculations when 
developing new silicon chips (Figures 2.2 and 2.15) or display panels for plasma 
screens (Figure 4.1a). On a somewhat larger scale, such calculations are done 
when designing the electron gun for an electron microscope (Figure 3 of the 
Introduction), or when investigating the possibility of electrical breakdown around 
high-voltage overhead power lines (Figure 4.1b). 
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Figure 4.1 (a) Plasma 
display panel, and cross-section 
through one cell of the display. 
A voltage difference between 
the two electrodes at the top 
causes breakdown of the gas in 
the cell. The resulting plasma 
emits ultraviolet photons, which 
strike the phosphor layer and 
cause emission of red, green or 
blue photons, depending on the 
cell. By computing the potential, 
the field between the electrodes 
can be determined, and the 
voltage difference required 

for breakdown calculated. 

(b) Engineers compute the 
potential and field around power 
lines to ensure that there is 
minimal risk of electrical 
discharges. 
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(b) 


You should already be familiar with a number of methods of determining 
electrostatic fields and potentials. One method is to use the Coulomb field of a 
point charge as a building block: the field produced by many point charges, or a 
continuous distribution of charge, is the vector sum of the fields due to each of the 
constituent point charges. However, it is often more straightforward to first 
determine the potential V due to the charges, again by adding the Coulomb 
potentials of the constituent point charges, and then calculating the field E using 
the relationship E = — grad V. The advantage of starting with the potential is 
that the summation involves scalar quantities, rather than the vector quantities 
involved when electric fields are added. Another familiar method for determining 
electric fields involves using the integral version of Gauss’s law, which relates the 
electric flux across a closed surface to the charge contained within that surface. 
However, you will be aware that this method is restricted to situations with high 
degrees of symmetry. We shall briefly review these methods in Section 4.1. 


Calculating electrostatic fields and potentials from their sources — electric 
charges — has a number of limitations. Consider, for example, the situation 
shown in Figure 4.2a, where two conducting spheres have net charges of +Q 
and —Q. If these charges were uniformly distributed over the surfaces of each 
sphere, then it would be possible to calculate the potential (or field) at any 
point P by subdividing the surfaces of the spheres into many small elements 
and adding the potentials (or fields) produced at P by each of the elements. 
However, the forces between the charges on the spheres lead to non-uniform 
surface distributions, as indicated in Figure 4.2a, and these distributions can be 


4.1 Coulomb’s law and Gauss’s law revisited 


determined only when the field or potential in the surrounding region is known. 
The potential cannot be calculated if only the net charge on each sphere is known. 


The more important limitation is that there are very many situations where known 
potentials are applied to conductors, and nothing is known about the charge on the 
conductors. For example, the electron gun in Figure 4.2b has three electrodes, 
each maintained at a different potential. Each electrode will have a net charge, but 
neither the net charges nor their distribution over the electrodes are known, so 
they cannot be used to determine the electric field in the region traversed by the 
electron beam. 


Clearly there is a need to be able to determine potentials and fields for situations 
like the electron gun, where it is the potentials of the conductors that are specified. 
Most of this chapter will discuss how this type of problem can be solved. In 
Section 4.2 we derive a second-order differential equation that is satisfied by the 
electrostatic potential, and in the remainder of the chapter we discuss a number of 
ways of finding solutions to this equation. Acceptable solutions must match 
appropriate boundary conditions for a particular situation, for example, the 
potential must match the known potentials on conducting surfaces, and you will 
see that there is always a unique solution that satisfies the differential equation for 
the potential and meets the specified boundary conditions. 


In a few cases with high symmetry it is possible to solve the differential equation 
satisfied by the potential by direct integration, and you will probably not be 
surprised that we illustrate this method with familiar examples involving spheres, 
coaxial cylinders and planes. We also discuss a couple of other methods of finding 
the potential and the field. However, most practical problems are not soluble 

by analytic methods, and it is necessary to use numerical methods to find the 
electrostatic potential, implemented on a computer. We shall conclude this 
chapter by outlining one method for doing this. 


Throughout this chapter we shall be assuming that the electrostatic field is 
conservative, so that the field and potential are related by E = — grad V. This is 
always true for electrostatic problems. Non-conservative fields produced by 
changing magnetic fields cannot be calculated by the methods described here. 


4.1 Coulomb’s law and Gauss’s law revisited 


4.1.1 Using Coulomb’s law to calculate electric fields 


Calculating the electric field for a known charge distribution is simple in principle. 
For a collection of point charges qi, g2,... at positions r;,rg,...in a vacuum, the 
field at position r is the superposition of the fields due to the individual charges, 
each given by Coulomb’s law: 


1 qi(r — 7r;) 


a 4.1 
Ameo |r —r;|° OD 


E(r) = 


This is a vector sum, so each term has to be decomposed into three components, 
then the contributions from each component are separately summed, and the three 
resultant components are recombined to obtain the resultant field. 
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Figure 4.2 (a) Conducting 
spheres with net charges +Q 
and —Q). (b) Electron gun for an 
electron microscope, showing 
three electrodes maintained at 
different potentials. 
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A more common situation is a continuous charge distribution described by a 
charge density p(r). Not surprisingly, the field in this situation is given by an 
expression analogous to Equation 4.1, but with the point charges g replaced by 
the charge distribution p(r) and the summation replaced by integration. If we 


We have denoted the volume subdivide the charge distribution into small volumes 67; within which the charge 
element by 67 here (rather density p(r;) is essentially constant, then the field due to all of the elements is 
than dV) to avoid any confusion l alts) 67s (t — 14) 

with the use of the symbol V for E(r) = S- at : = 

the electrostatic potential. are) i Jr — ri 


In the limit when the region where the charge exists is subdivided into an infinite 
number of infinitesimal volume elements, we can replace the summation by 
integration: 


Ea == ik A Gea (4.2) 


~ 4meo jr —r'|3 


Note that we use primes with the coordinates (and volumes) associated with the 
charge distribution to distinguish them from the coordinates of the points where 
the fields and potentials are measured. Thus in Equation 4.2, r’ (pronounced ‘are 
prime’) is the position of the volume element d7’ within which the charge density 
is p(r’), r is the position at which the field is evaluated, and (r — 1’) is a vector 
from the charge to the field point. Again, because the integrand is a vector, it must 
be decomposed into three components, which are each integrated separately and 
then recombined to obtain the resultant field. 


The complications associated with summing or integrating vectors mean that it is 
often more straightforward to calculate the electrostatic potential V. For a set of 
point charges, the potential V(r) is 


1 di 
V(r) = ) 4.3 
(r) 4neg |r —ri| , ae) 
and for a charge density p(r’) the potential is 
1 pr’) ay 
V(r) = d 4.4 
(r) Are / jr —r’| a oe) 


where the potential is usually taken to be zero at an infinite distance from the 
charges. In general, V is simpler to calculate than E because it involves a sum or 
integral of scalar terms. This means that if you want to calculate the electric field, 
it is often preferable to calculate the potential first and then calculate the field 
using the electrostatic relationship, 


E = ~— grad V, (4.5) 


rather than evaluating the field directly. 


4.1.2 Using Gauss’s law to calculate electric fields 


In Book 1, Gauss’s law was used to calculate the electric field due to various 
charge distributions that have a high degree of symmetry. Figure 4.3 shows how 
this is done for distributions with spherical, cylindrical and planar symmetry. In 
each case the symmetry of the electric field can be deduced from the symmetry of 


68 


4.1 Coulomb’s law and Gauss’s law revisited 


the charge distribution. A Gaussian surface can then be chosen such that the field 
has constant magnitude on the surface, and its direction is perpendicular to the 
surface everywhere, except possibly for some parts of the surface where the field 
is parallel to the surface. The integral version of Gauss’s law equates the electric 
flux through the Gaussian surface to the total charge enclosed divided by the 
permittivity of free space, and this allows the electric field to be determined. 


Gauss’s law: fe ‘ds = a di ptr’) dr 
od £0 af 


spherical charge distribution p(r’} 


spherical Gaussian surface 


charge enclosed = / ple’) 4ar!? dr’ 
0 


electric flux = E,(r} dar? 


lincar charge density A 


cylindrical Gaussian surface 
charge enclosed = AL 


nN electric flux = E,(r) 2arL 
tb) 2aeo0r 


surface charge density o 


Figure 4.3 Using Gauss’s 
law to determine the electric 
field produced by charge 
distributions with high 
symmetry: (a) spherical charge 
nee ie distribution, (b) cylindrical 
o charge distribution, (c) planar 
{c) £0 charge distribution. 


pillbox Gaussian surface 
charge enclosed = aA 
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V? is pronounced ‘del-squared’, 
or sometimes ‘nabla-squared’. 
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This form of Gauss’s law is not very useful in the presence of dielectric materials, 
because the charge density in the integral includes both the free charge and the 
bound polarization charge on dielectric materials that are present, and we cannot 
specify the polarization charges until we know the potential or the field. However, 
as you saw in Chapter 2, we can get around this problem by using the electric 
displacement D. 


Gauss’s law can be expressed in terms of D and the free charge density p, as 


[ous=/ pdr’, 
S veh 


where 7’ is the volume enclosed by the surface S. If we consider only LIH 
dielectric materials, then the electric field can be obtained from the relationship 


D = €e0H, 
where the relative permittivity € is a constant. 


For the Gauss’s law method to be feasible, you must be able to identify a Gaussian 
surface over which the field strength is constant and the field direction is 
everywhere perpendicular or parallel to the surface. This is a very restrictive 
condition, which limits the use of Gauss’s law for calculating electric fields to 
situations with symmetries similar to those shown in Figure 4.3. In the next 
section we shall show how the limitations of the methods of determining 
potentials and fields based on direct use of Coulomb’s law or Gauss’s law can be 
overcome. 


4.2 Poisson’s and Laplace’s equations 


The important equations for the electrostatic potential that we shall derive in this 
section involve an operator, the Laplacian V?, which appears in many branches of 
physics and mathematics. We shall explain the meaning of this operator before 
discussing its role in electrostatics. 


4.2.1 The Laplacian operator 


The Laplacian operator, V7’, is the name and notation given to the combination 
of operators div grad. Thus 
V? f = div(grad f). (4.6) 


If we use Cartesian coordinates, 


Vf = div(grad f) = 2 (grad f)y + ia ee fly t+ Sted ts 


Ox Oy Oz 
0 (0 0 (0 

_o (af) , 8 (af) , a (af 
Ox \ Ox Oy \ Oy Oz \ Oz 
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Ox? = Oy? Bi Oz? 


a? on oe 
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4.2 Poisson’s and Laplace’s equations 


So, in Cartesian coordinates, 

a? Oo? a? 
Ox? a” Oy? " Oz 
The symbol V? follows from the use of the V symbol (‘del’) as an alternative 
way to represent the div and grad operators. We have 


divF=V-F and grad f=Vf, 


Vv = diverad= (4.7) 


so. div(grad f) =V-Vf=V’f. 
We use div F, grad f and curl F in this book to represent the divergence, gradient 


and curl operators, rather than V - F, Vf and V X F, but we shall use the more 
compact V7? notation to represent the Laplacian. 


Just as the forms of the expressions for div, grad and curl are different for each 
coordinate system, the expressions for V? = div grad are different in Cartesian, 
spherical and cylindrical coordinates. We showed how the expression for V? in 
Cartesian coordinates (Equation 4.7) is derived, but we shall not attempt to derive 
the equivalent expressions for spherical and cylindrical coordinates. These 
expressions are listed inside the back cover; there is no need to remember them — 
you can look them up when you need to use them. For the symmetrical situations 
considered in this book, the expressions for V? often reduce to simpler forms. 
Thus for a problem with spherical symmetry, the Laplacian reduces to 


since there is no dependence on @ or @. 


The Laplacian operator can also be applied to a vector field. In Cartesian 
coordinates, its operation on a vector field is defined by 


V7F = V7 Free + V7 Fy ey + VF sez. 


The expressions for V?F in spherical and cylindrical coordinates are more 
complicated, and we shall not be concerned with them in this book. 


The Laplacian operator V? 


The Laplacian operator V? acting ona scalar field f is defined by 


VW? f = div(erad f). (Eqn 4.6) 
In Cartesian coordinates, 
0? 0? o? 
2 
> oat t oe tO DEY, 


4.2.2 Deriving Poisson’s and Laplace’s equations 
The differential version of Gauss’s law, 
1 
divE = — 
iv ae 


is a good starting point for tackling problems in which we want to determine the 
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electric field and there is not a high degree of symmetry. Since we are considering 
electrostatic problems, the field E and potential V are related by 


E = ~— grad V, (Eqn 4.5) 
and substituting this expression for E into the equation for Gauss’s law, we obtain 
1 
div E = — div(grad V) = =P (4.8) 
0 


We can use the V? operator to rewrite Equation 4.8 as 
1 
VV =——p, (4.9) 
0) 


and this is known as Poisson’s equation. To determine the electrostatic potential, 
we need to solve this second-order partial differential equation. Once we have a 
solution for V, we can use Equation 4.5 to find the electric field E. 


You have already met the general solution to Poisson’s equation: it is given by 
Equation 4.4. This solution is not usually very useful, however, because the charge 
density in the integral includes both the free charge and the polarization charge on 
dielectric materials that are present, and we cannot specify the polarization 
charges until we know the potential or the field. However, as you saw in 

Chapter 2, we can get around this problem by using the electric displacement D. 


Gauss’s law can be written in terms of D and the free charge density ; as 
div D = pr. 


For LIH dielectric materials, D = céoE, so 
1 
div E = —p,. (4.10) 
EE 


Substituting E = — grad V, and recalling that div grad = V?, we obtain the form 
of Poisson’s equation that relates the potential to the free charge: 


1 
EEQ 
In the absence of any free charge, Equation 4.11 reduces to 


V’V =0, (4.12) 


which is known as Laplace’s equation. 


Poisson’s and Laplace’s equations in electrostatics 


The electrostatic potential V satisfies Poisson’s equation, 


1 
WAV == py, (Eqn 4.11) 
EEO 


If the free charge density p¢ is zero, then this reduces to Laplace’s equation, 


V-V =0. (Eqn 4.12) 
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4.2 Poisson’s and Laplace’s equations 


Poisson’s equation and Laplace’s equation are valid for all coordinate systems. 
However, you must remember to use the appropriate form of the Laplacian 
operator V2, as listed inside the back cover for easy reference. 


Poisson’s equation can be used in two ways. If you know the form of the 
potential V(r), then you can use the equation to deduce the distribution of free 
charge p¢(r). Alternatively, and of more importance, if the distribution of free 
charge is known, and you also know the boundary conditions for the potential in 
the region of interest, then Poisson’s equation can be solved to obtain the potential 
function. In particular, in regions outside conductors where there is no free 
charge, Laplace’s equation can be solved without the need for any information 
about the distribution of free charge on the conductors. We give below an example 
of how pe(r) is calculated from V(r). In the following sections we shall discuss 
the reverse procedure. 


Worked Example 4.1 Essential skill 
The electrostatic potential in a dielectric material with relative permittivity ¢ Using Poisson’s equation to 
is given by determine the free charge 


densit 
V(a,y,z) = a(a? — 32y?), ike 


where a is a constant. What is the free charge density in this region? 


Solution 


The free charge density pr is related to the potential by Poisson’s equation, 
V2V = —p¢/e€o. Since V (a, y, z) = a(x® — 3xy*), we have 


— = a(x" — 37°), a = —6azy, = =(), 

and 
2 2 2 

— = Owe. “os = —6az, = a0 
Therefore 

a Ce ay aL oy = bar — bax +0 =0 

Ox2 Oy? — Oz? i 

so pp = —ee0V°V = 0, ie. there is no free charge in this region. 


Exercise 4.1 The electrostatic potential in a region is 
V(r) = AeW*/4, 


where r is the distance from the origin. What is the free charge density 
in this region, assuming that the space is filled with a material with relative 
permittivity €? qo 
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Essential skill 


Solving Laplace’s equation by 
direct integration 


Figure 4.4 Parallel plate 
capacitor. 
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4.2.3 Solving Laplace’s equation by direct integration 


In problems with high symmetry, Poisson’s equation and Laplace’s equation can 
be solved by direct integration. In other cases, numerical methods have to be 
adopted, and a suitable method will be outlined in Section 4.4. But in all cases, 
regardless of how we solve the differential equation in a given region, the values 
of V at the boundary of the region are of central importance. Indeed, we shall see 
in the next section that if V is specified at all points on the boundary, then there 
exists a unique value of V at each point in the region enclosed by the boundary. 
The following example shows the general approach to solving Laplace’s equation 
by direct integration. 


Worked Example 4.2 


A capacitor has two parallel plates, separation d, with a vacuum between 
them. One plate is at a potential Vo, the other at Vz. Find an expression for 
the electrostatic potential V (1) between the plates. 


Solution 


We shall assume that the linear dimensions of the plates are large compared 
with their spacing, so that we have planar symmetry, and we shall therefore 
use Cartesian coordinates. The charge density is zero between the plates of 
the capacitor, so the electrostatic potential V satisfies Laplace’s equation: 


OV oe OV fe 6°V Lh 
Ox? Oy2 zz 
We choose the z-axis to be perpendicular to the plates of the capacitor (see 
Figure 4.4), and the planar symmetry then means that the electrostatic 


potential has no x- or y-dependence, i.e. V = V(z). So, between the plates, 
Laplace’s equation simplifies to 


eS 
dee 
We can solve this equation by direct integration to give 
dV _ 
pee 
and 
V(z) = Az+B, (4.13) 


where A and B are constants of integration. This is the general solution of 
the differential equation. However, to determine V, we need to know the 
constants A and B, and these are determined by the boundary conditions 
on V. In this case, the boundaries of the region between the plates are the 
plates themselves at z = 0 and z = d, at which the potentials are V(0) = Yo 
and V (d) = Vg. 


Using the boundary condition V (0) = Vo in Equation 4.13, we have 


Vi=B. 
The second boundary condition, V(d) = Vg, gives 
Va = Ad+ B, 


4.2 Poisson’s and Laplace’s equations 


and substituting B = Vo in this equation leads to 


Va — Vo 
A = , 
d 
So the particular solution of Laplace’s equation for the region between the 
plates is 
Va — \ 
V(z)=Vot ( g 5 °) z. (4.14) 


Exercise 4.2 _ Find the electrostatic field E between the plates of a parallel 
plate capacitor, given that the electrostatic potential V(a) is given by Va 


Equation 4.14. a a ARTA AAA 7 


Using the simplifying assumption that the plates of the capacitor are (effectively) V 
infinite in extent, we have solved Laplace’s equation to show that the electrostatic (a) 
field lines are as shown in Figure 4.5a. These familiar results could have been 


obtained by more straightforward methods. The true power of Laplace’s equation CA AFA A AA) 
is revealed only in less simple cases. 


For finite plates, the field lines are as shown in Figure 4.5b. There are considerable —_—_{b) 
differences between the field lines in the neighbourhood of the edges of the plates, 


as you might expect. These differences are called edge effects, and in order to Figure 4.5 Electric field lines 
calculate the field in these regions you would need to use the numerical methods _ for a parallel plate capacitor 
developed later in this chapter. with (a) infinite width plates, 
(b) finite width plates. 
Worked Example 4.3 Essential skill 
A long coaxial cable has an inner conductor with radius r; and an outer Solving Laplace’s equation by 
conductor with internal radius r2, as shown in Figure 4.6. The region direct integration 


between the two conductors is filled with an LIH dielectric material of 
relative permittivity c«. The inner conductor is at potential V;, and the outer 
conductor is at potential Vo. 


relative permittivity ¢ 


radius 71 radius ra 
potential 4 potential V5 


Figure 4.6 A coaxial cable. 


(a) Find an expression for the electrostatic potential in the region between 
the two conductors. 


(b) Hence find the electric field in this region. 
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Solution 


(a) In the dielectric there is no free charge density, so the electrostatic 
potential V satisfies Laplace’s equation, 


vey 0 
Because of the cylindrical symmetry of the situation, we use cylindrical 
coordinates, with the z-axis along the axis of the cable. We therefore need to 
use the form of Laplace’s equation for cylindrical coordinates, and this is 
given for reference inside the back cover: 
of oy LOrVve 08 

iF ap = (0), 

rOr\ Or -100- Oo. - 
The cylindrical symmetry means that the electrostatic potential V has no 
dependence on ¢, and, assuming that the cable is infinitely long so that 


there are no end effects, the potential V also has no dependence on z. So 
V = V(r), and Laplace’s equation reduces to the differential equation 


Integrating once, we obtain 
dV dV A 
r—=A, or —=-—, 
dr iB 
where A is a constant of integration. Integrating again, we obtain the general 
solution 


V(r) = Alur+B, 
where B is a second constant of integration. The two constants are found by 
using the boundary conditions V(r,) = Vi and V(r2) = V2. Thus 
VY, =Alnr1 +B, 
Vo = Alnro + B. 
Solving these two simultaneous equations for A and B gives 
ee ea 
~ Inrg—Inry — In(r2/r1)’ 


V, Inre — Vo lnry 


B= 
In(r2/11) 
Hence 
Vie Vo -Vi a Vi Inrg — Voalnry 
In(r2/71) In(r2/1r1) 
_ Veln(r/r1) — Vi In(r/r2) 
In(r2/7r1) 7 


(b) We find the electrostatic field E by using E = — grad V. The 
expression for grad V in cylindrical coordinates (from the list inside the 
back cover) is 
E- OV ie 1 OV re OV 
"  r Ob $ az 


4.2 Poisson’s and Laplace’s equations 


and as V = V(r) has no dependence on ¢ or z, 


Substituting the expression for V(r) from part (a), we obtain 


Wo ay Al 
a 
In(r2/r1) 


Note that this result does not depend on the permittivity of the dielectric. 
This is because the boundary conditions fix the potentials of the two 
conductors, and therefore the field E(r) between them. If the charges on the 
conductors had been specified instead, then the field strength E(r) in the 
dielectric would be proportional to e~', as you saw in Chapter 2. 


Exercise 4.3 A capacitor consists of two concentric conducting spherical 
surfaces of radii r; and rg (where rz > r,). The inner sphere is maintained at a 
potential V;, and the outer sphere at a potential V2. There is a vacuum between the 
two spheres. 


(a) Find an expression for the electrostatic potential between the two surfaces. 


(b) Hence find the electric field in this region. o 


Boundary conditions revisited 


In all the worked examples and exercises that we have met so far in this chapter, 
the boundaries have been conductors. The potential is constant everywhere on 
the boundary of a conductor, and this means that there is no component of 
grad V parallel to the boundary, so the electric field is normal to the surface of a 
conductor. Sometimes the region of interest is not completely bounded by 
conductors, and for charge distributions that have finite extent, an appropriate 
boundary condition is that V — 0 as r — oo. 


Another commonly occurring situation is a boundary between two dielectrics. At 
such a boundary, the conditions derived in Chapter 2 apply: 


e The component of D perpendicular to a boundary remains the same across a 
boundary that carries no free charge: D, | = Do_. If there is free charge with 
surface density o¢ at the boundary, then Dz, — D1, = of. 


e The component of E parallel to a boundary remains the same across a 
boundary: Fi) _ F9}. 


When solving Laplace’s equation for the potential, we need to express the 
boundary conditions in terms of the potential. One condition is fairly obvious: the 
potential must be continuous across the boundary, since if it were not continuous, 
the relationship E = — grad V would predict an infinite field perpendicular to the 
boundary, which is not physically possible. The continuity of V across the 
boundary implies that £y = — [grad Vii must be the same on either side of the 
boundary, so this is not an independent boundary condition. 
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The boundary condition for D,; can also be expressed in terms of the potential. If 
we consider only LIH materials, then 


D = cegE = —e€9 grad V. 


So the condition that D; ; = D2, which applies when there is no free charge at 
the boundary, can be written in terms of the potentials either side of the boundary 
as 


€1(grad Vila = €9[grad Vol, (4.15) 


where [grad Vj]; is the component of the vector field grad V; in the direction 
perpendicular to the boundary. In summary, we have the following. 


Boundary conditions for V at the interface between dielectrics 


e V, = V2: the potential remains the same across the boundary. 


e <;[grad Vi] = eg[grad V2|,: the product of the perpendicular 
component of the potential and the relative permittivity remains the 
same across the boundary. 


Exercise 4.4 The parallel plate capacitor shown in Figure 4.7 has conducting 


“1 Oy plates at z = 0 and z = 2d, which are maintained at potentials zero and Vo, 
potential Vo(r) : : ; : . 
respectively. The space between the plates is filled with slabs of two dielectric 
V=Vo ; ; : ‘ eee 
2d- materials, with equal thicknesses d and relative permittivities ¢, and €9. There is 
£3 no free charge in the dielectrics. The dimensions of the plates are large compared 
d with their spacing, so edge effects can be ignored. 
o. = - (a) Write down the differential equations that are satisfied by the electrostatic 
ea potentials V; and V2 in materials | and 2. 
terial 1, 
Seance Vir} (b) Use the result from Worked Example 4.2 to write down the general solutions 
to these differential equations in the two materials. 
Figure 4.7 Parallel plate (c) Write down equations for the four boundary conditions satisfied by the 
capacitor filled with two potentials V; and V2 at the two plates and at the boundary between the dielectrics. 
dielectric slabs. (There is no need to wade through the algebra to solve these equations.) | 


4.3 The uniqueness theorem 


In the previous section we showed that solving problems in electrostatics can be 
reduced to finding the solution of Poisson’s equation or Laplace’s equation. 
However, so far our examples and exercises have all been situations with a high 
degree of symmetry, which could have been solved more easily by methods that 
we introduced earlier. Nevertheless, these examples and exercises have reinforced 
the importance of choosing the appropriate coordinate system and the importance 
of the boundary conditions! 


Unfortunately, direct integration of Poisson’s equation or Laplace’s equation is 
often impossible, and in this section and the next section we shall introduce 
several alternative techniques that can be used. However, we need to be sure that 
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the solution that we obtain to a particular problem not only satisfies the boundary 
conditions but also is the only possible solution. Fortunately, this is guaranteed by 
the uniqueness theorem, which is stated below. 


The uniqueness theorem 


Any solution of Poisson’s equation 
1 
VV == ale), (Eqn 4.11) 
cel) 


or Laplace’s equation 
V-V =0, (Eqn 4.12) 


that satisfies the boundary conditions for a particular problem is unique. 
There is only one possible potential function, V(r), that satisfies both the 
differential equation and the boundary conditions for the region of interest. 


Physically it is not surprising that the solution for the potential is unique. If we 
have a specified set of conductors surrounding a region of interest, and apply 
specified potentials to the conductors, then we would expect the potential at any 
point in the region to have the same value each time we apply the boundary 
potentials. More specifically, we would expect the same distribution of potential 
in a parallel plate capacitor each time we apply specified potentials to the two 
plates. The uniqueness theorem can be proved mathematically using some subtle 
vector calculus manipulations, but we shall not show this derivation here. We 
shall simply assume that it always applies. 


The uniqueness theorem has the following important consequence: if we find a 
solution to Laplace’s equation, say, and this solution satisfies all of the boundary 
conditions for the problem, then we need look no further — this is the only 
solution to the problem. This means that it doesn’t matter how you find a solution 
— and it may just be found by guesswork, inspired perhaps by some knowledge 
of electromagnetism — you can be confident that it is the unique solution. 


To show the power of the uniqueness theorem, the next exercise asks you to 
consider the example of a Faraday cage, a conducting enclosure surrounding a 
region of space. 


Exercise 4.5 Inside a conducting enclosure, the electrostatic potential V 
satisfies Laplace’s equation, V?7V = 0. On the surface of the enclosure, the 
electrostatic potential takes the constant value Vo. 


(a) Write down a solution for the potential inside the enclosure. (This is not a 
trick question!) 


(b) How do you know that your solution is the correct one? qo 


4.3.1 The method of images 


The uniqueness theorem provides the underpinning for the method of images, a 
technique that can be used to determine the electrostatic potential and field in 
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Figure 4.8 Point charge in 
front of a conducting plate. 


Figure 4.9 The plate CD 
in Figure 4.8 is replaced by a 
charge —q at B. 
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certain situations. When a conductor is placed in an electric field, induced charges 
appear on the surface of the conductor. The surface of the conductor is an 
equipotential surface, and the uniqueness theorem tells us that there is only one 
possible solution for the field outside the conductor. However, the potential is 
difficult to calculate since we don’t know how the charge is distributed over 

the surface. In certain cases, it is possible to replace the conductor by one or 
more point charges in such a way that the former position of the conducting 
surface remains an equipotential surface at the same potential. As the boundary 
conditions remain the same, the electric field for the two systems will be the same 
in the region outside the conductor. The benefit of making this replacement is that 
the potential can easily be calculated for this system of charges. We illustrate this 
by an example. 


Suppose that we wish to find the electric field of the system shown in Figure 4.8, 
which consists of a point charge q at a point A, which is a distance d from an 
infinite conducting plate CD. Without loss of generality, we assume that the 
conducting plate is at zero potential. The boundary conditions for the electrostatic 
potential for this system are: 


e V = 0 on the conducting plate CD; 
e V tends to zero at large distances; 


e V ~ q/4meor, in the immediate neighbourhood of the point charge at A, 
where 1; is the distance from the point A. 


Now imagine that we remove the conducting plate and replace it with a point 
charge —q at point B, which is at a distance d behind the original position of the 
plate, as shown in Figure 4.9. The electrostatic potential at a point P is given by 


ie q 1 
i AT E9 Fy ATE9 ra’ 


(4.16) 


where 7; and rg are the distances from P to the charges at points A and B, 
respectively. When point P is on the plane CD, 7; = rg, so V = O. For large 
values of r; and ra, the potential tends to zero. And for small values of 11, the 
potential is V ~ q/47eor,. Therefore the electrostatic potential in Equation 4.16 
satisfies all three of the boundary conditions listed above for our original problem. 


The uniqueness theorem tells us that Equation 4.16 must be the solution for the 
potential in the original problem — a point charge placed in front of an infinite 
conducting plate. The field lines and equipotential surfaces for the charges at 
points A and B are shown in Figure 4.10, and the uniqueness theorem tells us that 
the left half of this diagram represents the field lines and equipotentials for the 
original problem of the point charge and the conducting plate. 


In summary, the electrostatic potential due to a point charge gq placed at a point A 
in front of an infinite conducting plate CD at zero potential is the same as if the 
conducting plate were removed and replaced by a charge —q at B. This charge is 
called the image charge of the charge q in the plane. The image charge is only a 
calculational device and has no existence in reality, just as an optical image has 
no existence in reality. Of course, for the situation illustrated in Figure 4.8, 
Equation 4.16 only gives the potential to the left of the conducting plate. On the 
right of the plate, the potential is zero in the absence of other charges in this 
region. 


4.3. The uniqueness theorem 
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Figure 4.10 Field lines (orange) and equipotentials (black) for point charges 
+q and —q. 


A similar method can be used to solve problems involving line charges or 


cylinders that lie parallel to a conducting plate. Suppose that an infinite line ; 

charge, with linear charge density , is placed parallel to an infinite conducting eee ae 

plate and at distance d from it. The plate is at zero potential, and we want to om oe 

determine the potential in the region between the line and the plate. / ‘ 

The success of the method of images with the point charge and conducting plate s 

problem suggests that we try replacing the plate with an image line charge, with 

linear charge density — A, at distance d behind the position of the plate, as shown ri bs 

in Figure 4.11. If the potential due to the two line charges can match the boundary 

conditions for the line charge plus conducting plate problem, then we shall have Pp 

found the unique solution for the potential for this problem. 

The electrostatic potential at distance r from an isolated infinite line charge is Figure 4.11 Cross-section 

through line charge (+) and its 

V =—Alnr/2me9 + Vo, image line charge (—A). The 


broken line is the position of the 


where the constant Vo depends on the choice of location for the zero of potential. : 
conducting plate. 


(Since we have an infinite line charge, we cannot use the normal convention of 
letting V = 0 at infinity.) The potential at point P due to the line charge and the 
image charge is 


a ae i i (4.17) 
2TEQ 2TEQ 2TEQ TL 

where 1 is the distance from the original line charge and rp is the distance from 

its image, and Vp depends on the choice of location for the zero of potential. This 

potential satisfies Laplace’s equation and can match the boundary conditions, as 

you can verify in the next exercise. 


Exercise 4.6 (a) What property of Laplace’s equation allows the 
superposition of two separate solutions to obtain a new solution? 

(b) Verify that the potential in Equation 4.17 can satisfy the boundary conditions 
in the region of the plate and in the region close to the original line charge. Oo 
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The equipotentials and field lines derived from Equation 4.17 are shown 

in Figure 4.12. Note that all of the equipotentials are circles in the plane 
perpendicular to the line charge, so the equipotential surfaces are cylinders that lie 
parallel to the line charge. This means that if we replaced the line charge in this 
figure by a conducting cylinder whose position coincided with the equipotential 
labelled V., for example, and we maintained the cylinder at potential V., then the 
potential in the region between this cylinder and the plate would still be as shown 
in the figure. A range of problems involving charged cylinders and conducting 
planes, and pairs of charged cylinders, can be solved by calculating potentials 
produced by line charges: if the line charges give rise to potentials that match the 
boundary conditions at the conductors, then they provide the unique solution to 
the problem. 


a 
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Figure 4.12 Equipotentials and field lines for line charges + and —A. The left 
half of the diagram represents field lines (orange) and equipotentials (black) for 
the +. line charge and a conducting plate. 


Exercise 4.7. Charge q at point A in Figure 4.13 is near two semi-infinite 
perpendicular conducting plates, OX and OY, which are at zero potential. Use the 


Y method of images to write down an expression for the electrostatic potential in the 
region between the two plates. (Hint: If you stand in front of two mirrors that are 
eit perpendicular to each other, you will see three images of yourself. So in this case, 
you will need more than one image charge!) qo 
So far, our discussion of the method of images has been confined to charges 


O x. near conducting planes. However, the method of images can also be used for 
conducting cylinders and spheres. In these cases it is not so obvious where the 


Figure 4.13 A point charge image charges should be placed. 


in front of two perpendicular Consider the example shown in Figure 4.14, where charge gq is at a point A 

conducting plates. which is at a distance d from the centre O of a conducting sphere of radius R, 
which is at zero potential. We require an image charge (or charges) that in 
combination with the charge at A produces zero potential on the surface of the 
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sphere. By symmetry, any such charge must lie along the horizontal axis through 
O and A. In fact, it can be shown that a charge d = —qR/d at a point B which is 
a distance b = R?/d from the point O on the line OA (Figure 4.14) satisfies this 
requirement: the potentials due to q and q’ (with no conducting sphere present) 
are zero on the spherical surface. So the potential due to a point charge g outside a 
conducting sphere at zero potential is identical to that of the original point charge 
and an image point charge q/’, as described above. 


4.3.2 Fitting known solutions to the boundary conditions 


The importance of the uniqueness theorem is that as long as we can find a solution 
to Laplace’s equation that satisfies the boundary conditions, by whatever means, 
then we know that this is the one and only solution to the problem. In this 
subsection we shall see how this can be used in situations that have azimuthal 
symmetry, so that V is independent of ¢. The two problems that we shall tackle 
are a conducting sphere placed in a uniform electric field and a dielectric sphere 
placed in a uniform field. 


We shall use spherical coordinates, with their origin at the centre of the sphere and 
the polar (z) axis in the direction of the uniform applied field. The symmetry then 
indicates that the electric field and the potential are independent of @. The form of 
the Laplacian in spherical coordinates is given inside the back cover. If we 
ignore the term involving 0?V/0¢?, then Laplace’s equation for situations with 


azimuthal symmetry is 
OV ) 1 Oo 


10 1 : g OV 0 
= r sin = 0. 

¢ Or Or r? sin 6 00 00 
Deriving solutions to this differential equation would involve a diversion from the 
electromagnetism problems of interest, so we shall simply quote some of the 


results. The possibly solutions all involve the product of a term that depends on r 
and a term that depends on cos 0, and the simplest four solutions are: 


(4.18) 


B 
Aj (4.19) 
B 
(Aur + =) cos 0, (4.20) 
i 
B 29-1] 
( 40"? me ?) = MOE (4.21) 
r 2 
B Pom 
(aor + ?) 5 cos 3cos @ (4.22) 
- 2 


The general solution to a problem with azimuthal symmetry is a linear 
combination of the four solutions listed and the other higher-order solutions, with 
the constants A; and B; chosen to fit the boundary conditions. Fortunately, it is 
not necessary to go to such lengths for the problems that we shall tackle. We can 
make an educated guess at the simplest solution that appears consistent with the 
boundary conditions, and then check whether the constants A;, B; can be chosen 
to match the boundary conditions. 


conducting sphere 


Figure 4.14 A charge ¢ 
outside a conducting sphere, and 
the image charge q/’. 
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Eo 


conducting sphere, V = 0 
Figure 4.15 A conducting 


sphere in an initially uniform 
electric field. 
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Conducting sphere in a uniform field 


The first situation that we consider is shown in Figure 4.15 — a conducting 
sphere, radius R, placed in a uniform electric field Eg. The field within the sphere 
is zero, and this is achieved by an induced charge distribution on the surface 
which produces a field that cancels the applied field within the sphere. Outside the 
sphere, the surface charge distorts the initially uniform field in the neighbourhood 
of the sphere, but at large distances the effect of the sphere becomes negligible 
and the field has the uniform value Eg. Our aim is to find a solution for Laplace’s 
equation in the region outside the sphere, from which it should be possible to 
calculate the electric field. 


Outside the sphere, the potential must satisfy the form of Laplace’s equation given 
in Equation 4.18, and the solution for V must be some combination of terms like 
those in Equations 4.19—4.22 that satisfies the boundary conditions. What are the 
boundary conditions for this problem? The sphere is a conductor, so it must have 
a uniform potential, and we can take this to be zero. The symmetry then indicates 
that outside the sphere, the potential across the complete equatorial plane, 
6 = 7/2, must be zero. The potential corresponding to the uniform electric field 
Eo is 
V =—Eoz = —Eor cos. 

So the boundary conditions are: 
e V = 0 whenr = R for all values of 0 and ¢; 
e V ~ —E£orcosé for r > R. 
M@ Which of the expressions in Equations 4.19—4.22 can satisfy the second of 

these boundary conditions? 


LJ The expression in Equation 4.20, 


B 
(aur + =) cos 0, 
r 


varies as r cos 8 when r is large, which satisfies the second boundary 
condition. 


We require that 
B 
(Arr + “1 cos @ = —Eor cos 0 
r 


when r is large, which means that A; = — Eo. Our first boundary condition, that 
V =Oatr = R, requires 


R 
for all values of 6, so 


By = EoR’. 


B 
(-z0R + a) cos 6 = 0 


With these values of the constants A; and 8), the expression for the potential 
becomes 
ER? cos 0 
V =—Eprcosé + ee tory > R. (4.23) 
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This function is a solution of Laplace’s equation and satisfies the two boundary 
conditions. According to the uniqueness theorem, this must be the only solution 
to our problem. The equipotentials and field lines for the potential given by 
Equation 4.23 are shown in Figure 4.16. 


Figure 4.16 Equipotentials and field lines for a conducting sphere in a uniform 
field. 


The first term in Equation 4.23 represents the uniform field Ep, and the second 
term, Eo R? cos 6/r?, represents the field due to the induced surface charge on the 
conducting sphere. In Book 1 we showed that the potential of an electric dipole p 
is pcos 0/47egr?, so the sphere has the same effect as a dipole of moment 

p= Are R?Eo. 


Dielectric sphere in a uniform field 


We shall now consider the case where the conducting sphere is replaced by a : 
, : : : So ete : —_> potential 
dielectric sphere with relative permittivity « and no net charge (Figure 4.17). Ep Vi (1) 
There are two distinct regions to consider in this problem, outside and inside the 
sphere, and we shall denote the electrostatic potentials in these two regions by 
Vi(r) and V2(r), respectively. The potential in each region must satisfy Laplace’s 
equation, with the following boundary conditions: 
(i) Vi ~ —Eor cos 6 for large values of 1; 
(ii) Vj = Va forr = R; 
(iii) aa _ -0V2 forr = R: Figure 4.17 . A dielectric 
Or Or sphere in a uniform field. 
(iv) in addition, we require that V2 remains finite at r = 0. 


dielectric sphere 


Boundary condition (i) is the same as for the conducting sphere, so this suggests 
that outside the sphere we again try a potential of the form in Equation 4.20, 


By cos 6 


V, = Ayrcos@ + forr > R. 
r 
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Boundary condition (ii) indicates that we need to match the potentials Vj and V2 
at the surface of the sphere for all values of @. This suggests that V2 has the same 
dependence on cos @ as V,, so we try the function 


B 7) 
Vo = Apr cos 0 + forr < R. 
Tr 


If we can satisfy all four boundary conditions by appropriate choices of the four 
constants A,, B,, Ag and By, then the uniqueness theorem tells us that we have 
solved the problem. 


Exercise 4.8 (a) Use boundary condition (i) to deduce the value of A;, and 
condition (iv) to deduce the value of Bo. 


(b) Use conditions (ii) and (iii) to find values for Ay and Bo. o 


Using the values of the constants calculated in Exercise 4.8, the electrostatic 
potentials for a dielectric sphere in an initially uniform field are 


€—1 ER cos@ 


Vy oreo 5 2 Cater iP 


3 
b= ~ Fg Hor cos (es A), 


The equipotentials and field lines are shown in Figure 4.18. Note that the electric 
field is uniform inside the sphere, and is smaller than the external field because of 
the opposing field due to the polarization of the dielectric. 


Figure 4.18 Equipotentials and electric field lines for a dielectric sphere in an 
initially uniform electric field. 


4.4 Numerical solutions 


We can generally obtain solutions to Poisson’s equation or Laplace’s equation by 
direct integration, or by the other methods discussed earlier in this chapter, only in 
situations where there is a high degree of symmetry. But we may wish to know 
the electric field in the electron gun of an electron microscope (see Figure 4.2b), 


4.4 Numerical solutions 


given that the electrodes are at some specified potentials. The geometry here is so 
complicated that none of the methods previously discussed could be used. The 
situation is even worse if Poisson’s equation must be solved with a complicated 
charge density function. In such cases, numerical methods are used, almost always 
implemented on a computer. In this section we shall outline briefly the basis of 
numerical methods that are suitable for solving Laplace’s and Poisson’s equations. 


An important type of numerical method for the solution of boundary-value 
problems is the finite difference method. For simplicity, we shall show how the 
method can be applied to Laplace’s equation in two dimensions. 


We want to find the function V(x, y) that satisfies 

= OPV 
Ox? Oy? 

First, we divide up the xy-plane to obtain a rectangular grid, as shown in 

Figure 4.19. Each point of intersection on the grid is called (unsurprisingly) a grid 


point, and these points are spaced by Az in the x-direction and by Ay in the 
y-direction. It is usually the case that smaller values of Ax and Ay lead to a more 


VV 


0. (4.24) 


accurate solution. If the coordinates of a grid point are x; and y;, where 7 and 7 ae wie) 
are integers, then the value of V at that grid point is V (2, y;). 
Next, we write the derivatives in Equation 4.24 in an approximate form, known (1 ui) (Pint 1M) 
as the finite difference form. Consider 0?V/0x?. This can be rewritten as ‘(pe ol 
0(0V /Ox) /Ox, which is the rate of change of OV/Ozx with respect to x. To the (tis us) 
left of (x;, y;), OV/Ox can be approximated in finite difference form as ix 
OV Ps AV _ Vigewy) _ V (34-1,9/;) Ay (ri, 47-1) 
Of Jig AT Az Ss 
<—_> x 


This equation is the approximation to OV /Ox at the point midway between the oo 


grid points (x;_1, yj) and (xj, yj). 
Likewise, at the point midway between the grid points (a;, yj) and (x;+41, y;), the 
approximation to OV/Oz is 
(+) ~~ V (i411, 95) = V (ai, 9) 
OF } siete — Az 


Figure 4.19 A grid for the 
finite difference method. 


So, at the grid point (2;, yj), 
Vv 0 (av _ (OV/02)right — (OV/O2X)tett 
0x2 Ox \ Ox ] Ag 
 V(ri41, yj) — 2V (i, yj) + V(ai-1, ys) 
7 (Ax)? 


Similarly, at this grid point, 
OPV — V(ais ¥j41) — 2V(2i, ys) + V (wi, i-1) 
Oy? (Ay)? , 
Thus Equation 4.24 can now be written in finite difference form as 
V (wit1, ys) — 2V (wi, yj) + V(@i-1, ys) 
(Az 
V (oa wi) — 2V (eine) + V e974) 
(Ay)? 


VV = 


+ 


= 0. (4.25) 
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Figure 4.20 (a) Problem to 
be solved by the finite difference 
method. (b) Grid for the finite 
difference method. 
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An equation like this is written down for every grid point. Some of these grid 
points will be near, or at, the boundary. At such points, we know the boundary 
values of V, and we include these in the equations. We then end up with a large 
number of simultaneous equations, which we can solve to obtain V (aj, y;) at each 
point (2;, y;). This is usually done by an iterative method using a computer. 


We shall illustrate the type of method used by a simple example, with only a small 
number of grid points. Let us take the step lengths Az and Ay to be equal. Then 
Equation 4.25 reduces to 


V (xi41, 43) + V5, yj) — 4V (aa, yy) + Vu, yj-1) + V(ai-1, yj) = 9, 
which can be rewritten as 
V (ai, ys) = $V (wisn, ys) FV (2a, yp) $V (i, Yj-1) +V (ai-1, yj]. (4.26) 


Equation 4.26 says that the value of V at any grid point is the average of the 
values of V at the four closest neighbouring grid points (see Figure 4.19). This 
forms the basis of a simple, but reasonably efficient, iterative method of solution, 
known as the Jacobi relaxation method. 


This procedure is as follows. 
1. Draw a square grid covering the region. 


2. Use the boundary conditions to allocate values to V(;, y;) for all grid 
points on, or adjacent to, the boundary. 


3. Guess values for V(2;, y;) at all other points. 
4. Find a better guess View for V(x;, y;) at all the internal grid points, by using 
the equation 
Vnew (2:95) = gVora(ti41, yj) + Voia(2i, yj-41) 
+ Vota Gastig—1) + Voia eas 4); (4.27) 
where on the right-hand side we use the previous values Vojq. 


5. Repeat step 4 until View = Vola to the required accuracy. 


(b) 


To illustrate this procedure, consider a square region with V = 0 on three of the 
sides and V = 1 on the fourth, as shown in Figure 4.20a. We shall use a grid with 
four internal grid points, as shown in Figure 4.20b. We know the values of V at 
the grid points on the boundaries of the region, but to start the iterative process, 
we need to make guesses for the values of V at the internal grid points A, B, C, D. 


4.4 Numerical solutions 


Let us take Va = 0.5, Vg = 0.5, Vc = 0.5 and Vp = 0.5. These initial values are 
shown in Figure 4.21. We now use Equation 4.27 iteratively to improve on our 0 0 
estimates of V at the grid points. 


So our next estimates for the values of V are 0.5 0.5 i 
C DI 
Va = 4£(0.5 +0.5 +0 +0) = 0.25, 
0.5 0.5 
Va = 1(1+0.5+040.5) =05, Ayo oY 
1 


Ve = 7(0.5 +0+0.5 +0) = 0.25, 
Vp = 4(1+0+0.5+0.5) = 0.5. 0 0 


These values are shown in Figure 4.22. 


Figure 4.21 Starting values 


Exercise 4.9 Use Equation 4.27 and the values of V shown in Figure 4.22 a Pr fnitc aiieiones dietidd. 


find even better estimates for Va, Vg, Vc and Vp. 


The values of V from the second iteration are shown in Figure 4.23. We can 
continue this process until it converges. After a further five iterations, we arrive at 
values which are accurate to 3 significant figures, namely 


Va = 0.125, Vg =0.375, Ve=0.125, Vp = 0.375. 


In fact, these are the exact solutions of the simultaneous equations. In practice, we 
would use a finer grid and a more efficient iterative technique, but the simple 
example above illustrates the underlying technique. An example of computed 
equipotentials for a lens used to focus an ion beam is shown in Figure 4.24. 


ov 


Figure 4.22 First iteration of 
the finite difference method. 


ion trajectory 


i 


grid (OV) a (OV) 


beam axis 


40.1875 (0.4375 


Ci 2b : 
Figure 4.24 Part of an axially-symmetric electrostatic lens, designed to ieee Gee 
focus a beam of positive lead ions for the laser ion source for the LHC at a oe ee 


CERN. Grids of thin wires across the apertures, held at zero volts, restrict the 
field to the region between the electrodes. Note that the electric field, which is 
perpendicular to the equipotentials, always has a component directed towards 0 0 
the axis of the lens, acting to focus the beam. 


Figure 4.23 Second iteration 
of the finite difference method. 
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Summary of Chapter 4 


Section 4.1 Coulomb’s law can be used to calculate the electric field and 
electrostatic potential if the distribution of charge is known. It is often more 
straightforward to calculate the (scalar) electrostatic potential first, and then 
calculate the (vector) electric field using the relationship E = — grad V. For 
problems with high symmetry, the electric field can sometimes be calculated using 
the integral version of Gauss’s law. 


Section 4.2 In a region containing a linear isotropic homogeneous (LIH) 

dielectric, the electrostatic potential V satisfies Poisson’s equation, 

1 

Vy =——— 
ep PE; 


where pr is the free charge density and « is the relative permittivity. In any region 
where pr = 0, Poisson’s equation reduces to Laplace’s equation, 


V-V =0. 


The operator V? is known as the Laplacian, and is equivalent to the combined 
div grad operation. In Cartesian coordinates, 


OPV 4. OPV z OV 

Ox2 Oy? Oz? 

In systems with a high degree of symmetry, it may be possible to solve Poisson’s 
equation, or Laplace’s equation, by direct integration. At a boundary between two 


dielectric materials, the potential must remain the same across the boundary, and 
the perpendicular component of ¢ grad V must remain constant. 


V°V = div(gradV) = 


Section 4.3 Ifthe value of V is specified on the boundaries of a region, then the 
solution of Poisson’s equation, or Laplace’s equation, that matches the boundary 
conditions is the unique solution. This means that if a solution is found, by 
whatever means, we can be confident that it is the only solution. 


The method of images can sometimes be used to determine the electrostatic 
potential and field in a system consisting of point, or line, charges and conducting 
surfaces. The conducting surfaces are replaced by image charges in such a way 
that the potential and field match the boundary conditions for the original system. 
Another method is to use solutions to Laplace’s equation that have the appropriate 
symmetry to try to match the boundary conditions for a particular situation. 


Section 4.4 In many cases, Laplace’s and Poisson’s equations cannot be solved 
analytically, and numerical methods are used. An important type of numerical 
method for the solution of such differential equations is the finite difference 
method. The region of interest is divided up by a grid, and simultaneous equations 
are set up for the potential V at each grid point in terms of the potential at 
neighbouring points. These equations are solved iteratively, constrained by the 
values of V on the boundary grid points. 


Achievements from Chapter 4 


Achievements from Chapter 4 


After studying this chapter you should be able to do the following. 


4.1 Explain the meanings of the newly defined (emboldened) terms and 
symbols, and use them appropriately. 


4.2 State Poisson’s equation and Laplace’s equation for the electrostatic 
potential V, and use them in appropriate situations. 


4.3 Integrate Poisson’s and Laplace’s equations directly to find the electrostatic 
potential V and the electrostatic field E in simple systems with a high 
degree of symmetry. 


4.4 Describe the uniqueness theorem for Laplace’s equation and Poisson’s 
equation, and explain its relevance to the solution of electrostatic problems. 


4.5 Use the method of images in simple situations to find the electrostatic 
potential and field for a system consisting of charges and conducting 
surfaces. 


4.6 Given the general form of the solution, use the boundary conditions to find a 
particular solution for the potential and field in an electrostatic problem. 


4.7 Use the finite difference method to find a numerical solution of Laplace’s 
equation in simple cases. 
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Chapter 5 


Magnetostatic field calculations 


In Chapter 4 you saw how to calculate the electric field for a given distribution of 
stationary electric charges. In this chapter we shall explore ways of calculating the 
magnetic field for a given distribution of steady currents. You should already be 
familiar with the use of the integral version of Ampére’s law for magnetic field 
calculations (Section 1.5), but Ampére’s law can be applied usefully only to 
situations with high degrees of symmetry. The Biot—Savart law provides an 
alternative basis for magnetic field calculation. In this chapter, we shall discuss a 
number of examples of its use that go beyond the line current systems you 

have already met. Much of the emphasis will be on systems that are soluble 
analytically. However, in many cases analytic solutions are not possible, and 
brute-force computer calculations are employed. The systems that we discuss can 
provide the building blocks for such numerically-based calculations. 


The ability to calculate the magnetic field produced by a given configuration of 
currents, and to design a configuration of currents that will produce a required 
magnetic field, is important for many scientific and technological applications. 
The electromagnet, electron microscope, MRI scanner and particle accelerator 
shown in Figures 2, 3, 5 and 6 in the Introduction to this book all depend for their 
operation on magnetic fields produced by current-carrying coils. Current—field 
relationships are important too in the natural world. The Earth’s magnetic field is 
determined by currents in the molten core and by currents, like the so-called ring 
current, in regions high above the atmosphere, whilst electrical activity within the 
human body produces magnetic fields that can be used for diagnosis of various 
medical conditions. 


One of the pleasing aspects of electromagnetism is the similarity between the 
mathematics describing electric and magnetic phenomena. In this chapter we shall 
make use of these similarities to simplify the discussion. 


Most of this chapter is concerned with methods of calculating the magnetic fields 
produced by steady electric currents. But does it work the other way round? Can 
we measure the magnetic field and then work out the current distribution that 
gives rise to it? This is a so-called ‘inverse problem’, and you will see that, in this 
case, it cannot be solved fully. However, if there is additional information about 
the current distribution, it may be possible to find a solution that is consistent with 
both the magnetic field data and the additional information. These conditional 
solutions have a number of useful applications, including the determination of 
sites of electrical activity in the human brain from measurements of magnetic 
fields outside the skull (Figure 5.1). 


You should note that, strictly speaking, the results in this chapter apply to the 
fields from steady currents — currents that do not vary in time. This is because 
Ampeére’s law and the Biot—Savart law are only strictly true when there is no time 
dependence. However, in practice, currents and fields have to change very rapidly 
— at frequencies typical of electromagnetic waves — for any deviations from 
Ampeére’s law to be apparent, or we have to be interested in fields at very large 
distances from the currents. 


5.1 The relationship between magnetic field and current 


{b) 


Figure 5.1 (a) An ultrasensitive magnetometer with which the brain’s 
magnetic field can be measured continuously at many points on an 
external helmet-shaped surface. (b) An image of the electrical activity in 
the cortex superimposed on an anatomical magnetic resonance image. In 
o . this case, the main activity — indicated by the lightest colour — is in the 

left temporal lobe. Activity in this location is characteristic of ‘semantic 
processing’, through which language acquires meaning. 


(a) 


Thus, for example, the currents generated by the brain are certainly not steady, but 
we can regard them as being quasistatic since the results for magnetostatics apply 
with negligible error. To save repetition, in the rest of this chapter all references to 
fields and currents will mean fields and currents that vary slowly enough that the 
magnetostatic relationships between current and field can be used. 


5.1 The relationship between magnetic field 
and current 


In Section 1.5, the relationship between steady electric currents and magnetic 
fields was succinctly expressed by Ampére’s law, either in the integral version 


f B-dl=s [ 3-as, (5.1) 
Cc Ss 


where the line integral is taken around a closed loop C' that bounds an open 
surface S’, or in the differential version 


curl B = pigJ. (5.2) 


In Chapter 3 we showed that in the presence of magnetic materials these results 
could be written in the alternative forms 


f was [3.-as and curlH = Jr, 
Cc S 


where H is the magnetic intensity, J¢ is the free current density, and B = puoH 
for LIH materials. In the present chapter, we are concerned primarily with 
calculating the magnetic fields produced by currents, and we shall generally 
assume that there are no magnetic materials present. This is equivalent to 
assuming that the relative permeability jz is unity in the region of interest, which 
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Ampérc’s law: | B-dl= jy | J-d5 = pigl 
8 


Cc 


_----- eee J =, (r) e. 


ee B= Bylr) ep 
Cc [ B-a= By 2m Se | C [ B-a= By 2m 
@ G 
s [s-as=1 s [sas= | J. (9) 2ar’ de’ 
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B= By(r) ey 
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B= 6 Fe: 


[s-a=2. 
Cc 
[sas =n 
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i < Figure 5.2 Using the integral version of Ampére’s 
fe { 1 J-dS =i.l law to determine the magnetic fields produced by 
s : 


[ B-a= By 2m 
ce 


[sas 
$s 
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currents with high symmetry. (a) Long straight wire. 
(b) Cylindrical tube. (c) Long solenoid. (d) Toroidal 
B = +Hot e, coil. (e) Large thin plate carrying a uniform current 
a per unit length. 


(e) 
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5.1 The relationship between magnetic field and current 


means that there are no bound currents (so J = J) and that B = jioH. 
Consequently, we can use the forms of Ampére’s law in Equations 5.1 and 5.2. 


As you saw in Book 1, Ampére’s law can be used to calculate the field due 

to currents that have a high degree of symmetry. Figure 5.2 summarizes a 
number of important cases. Consider, for example, the long cylindrical tube in 
part (b) of the figure. Because steady currents only produce magnetic fields 
perpendicular to the current flow and, in this case, the flow has axial symmetry 
and translational symmetry in the z-direction, the field generated must be of the 
form B = Bg(r)eg. The field lines are circles centred on the axis of the tube. So 
the field at radius r is determined by evaluating the line integral of the field along 
a circular path of radius r centred on the axis of the tube (Bg x 277), and 
equating this to pio fj Jz(r")2mr’ dr’, which is the current flowing along the tube. 


In each of the cases shown in Figure 5.2, the symmetry of the magnetic field can 
be deduced from the symmetry of the current. This allows us to choose a path for 
the line integral along which the magnetic field is of simple form, e.g. is constant 
and directed along the path, or else constant for part of the path and zero for the 
remainder. The current passing through a surface bounded by the line integral is 
also easily calculated, either from the known currents in the wires that cross the 
surface or by integrating a specified current density across the surface. 


Most of the current distributions that are of practical importance for generating 
magnetic fields do not have the high symmetry that is required to use the integral 
version of Ampére’s law to calculate the magnetic field. For example, most 
solenoids used to generate magnetic fields are short and fat rather than long and 
thin, and many coils have a non-uniform number of turns per unit length or have 
complex shapes. Similarly, wires are rarely infinitely long, even to an acceptable 
degree of approximation. There is clearly a need for a more general method of 
calculating the magnetic fields due to, say, electromagnetic coils with arbitrary 
shapes or the electric currents that keep our hearts beating (Figure 5.3). 


{b) right ventricle — left ventricle 


Figure 5.3 (a) Installation of 
one of a number of coils used to 
generate a magnetic field in 
CERN’s LHCb apparatus, which 
will attempt to detect tiny 
differences between matter and 
antimatter. (b) The electrical 
activity of the heart is rhythmic 
and self-sustaining. A wave of 
electrical activity, indicated by 
the arrows, sweeps round the 
ventricles as part of the process 
of muscular contraction that 
pumps oxygen-rich blood 

(red) around the body and 
deoxygenated blood (blue) 

to the lungs. (c) A typical 
electrocardiogram recorded 
using electrodes on the skin of 
the chest. The signal is caused 
by the currents set up in the 
body by the synchronous 
excitation of the heart muscle 
cells. The large bipolar 
deflection corresponds to the 
contraction of the ventricles, the 
high-pressure parts of the heart 


pump. 
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Figure 5.4 The field 6B due 
to the current element J 61’ is 
perpendicular to both dl’ and 
(r—r’). 


You will see an example of how 
an integral like this can be 


evaluated in the next subsection. 
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5.2 Calculating magnetostatic fields 


The Biot—Savart law, which was introduced in Book 1, provides an alternative 
approach to determining the field produced by a distribution of current. According 
to this law, the field 6B produced by a steady current element J 51/ — that is, a 
steady current J flowing along an infinitesimal path element 61’ — is given by the 
following expression: 


Biot—Savart law for a current element 
_ pol ol X (r —1') 
An |y—r'|> ? 


dB(r) (5.3) 


where r is the point at which the field is measured, and r’ is the position of the 
current element. Note that we use primes for the coordinates of current elements 
(for example, r’, x’, y', z’) to distinguish them from the coordinates of the point 
where the field is determined, which have no primes. The spatial relationship 
between the field 5B and the vectors I 6I' and (r — r’) is given by the right-hand 
rule for vector products and is shown in Figure 5.4. Note that J 6! and (r — r’) lie 
in the plane of the figure, and 6B is perpendicular to this plane, pointing away 
from you. 


Exercise 5.1 Describe in words the overall form (i.e. the direction and 
strength) of the magnetic field 6B generated by the current element J oY in 
Figure 5.4. qo 


We are normally interested in the magnetic field produced by a current J that 
flows in an extended circuit, such as a coil of arbitrary shape, and this is found by 
integrating Equation 5.3 along a path that corresponds to the circuit. 


Biot—Savart law for an extended circuit 


ol dl’ x (r —1r’) 
B(r) = — —______—., 4 
(") Ar i |r =a t : 


This integral version of the Biot-Savart law needs tweaking slightly if we want to 
calculate the field produced by a volume current density J(r’) — for example, the 
field produced by a human heart. We simply replace the linear current element 

I oY by a volume current element J(r’) dr’: 


Biot—Savart law for a continuous current distribution 
I(r’) x Se de 
Bay i (OES a icles (5.5) 


An jr — x’ |? 


In Book 1 we showed a couple of examples of the use of the Biot—Savart law. We 
calculated the field at the centre of a circular loop and the field along its axis. 
These two examples were fairly straightforward because in both cases each 
element 61’ around the loop made the same contribution to the total magnetic field 
as made by each of the other elements. 


5.2 Calculating magnetostatic fields 


We now look at some other examples, starting with the field due to a straight wire 
of finite length. The result we obtain can be applied to a variety of situations, 
since many current-carrying circuits can be modelled as the sum of a number of 
straight lines. A square loop is one example that we shall consider in detail. 


5.2.1 The magnetic field of a straight line current 


The magnetic field of an infinite straight-line current can be calculated using 
Ampére’s law (Figure 5.2a). Here we shall derive an expression for the field of a 
finite-length current-carrying wire by doing the integration in Equation 5.4. 


We use cylindrical coordinates, with the z-axis aligned with the current, as shown 
in Figure 5.5. We shall integrate over a finite length of current, between zy 
and zp. 


Figure 5.5 Using the Biot—Savart law to calculate the field produced by a 
straight-line current. 


From Equation 5.4, 


bol dl’ x (r—-1r’) 
B = — ———_—_,—-. : 
(") dn a AB lr = e/ ° 7 


This integral does not look very promising, but actually it is not too difficult. The 


easiest approach is to establish the field direction by inspection of Equation 5.6 
and then do the integration to calculate the magnitude. 


® What is the direction of the vector product of dl and (r — r’) for point P in 
Figure 5.5? 


“1 dl’ is in the positive z-direction. Applying the right-hand rule, you should find 
that the direction of dl’ x (r — r’) is perpendicular to the page, away from 
you, which is the direction of eg. 


This is true for all current elements of the wire, so it must also be true for the 
integral along the line AB. 

Now for the magnitude. The vector product dl’ x (r — r’) in Equation 5.6 can be 
rewritten as (dz’e,) X (r —r’) = dz’ |r — r’|sin # eg, where 0 is the angle 
between the direction of the current element and the vector from the element to 
the point P. So the field strength at P is 


IT at $ / 
pale / B sind dz (5.7) 


7 An / jr — x’ |? 
A 
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Note the use of italic d for a 
distance, and roman d for 
differentials in dz’ and da. 


Figure 5.6 The magnetic 
fields of line current segments. 
(a) Integration limits in terms of 
a for the segment in Figure 5.5. 
(b) An example with a, and 
Qp On opposite sides of the 
perpendicular line to the current 
path. 


98 


This integral can be evaluated quite easily if we express everything in terms of the 
angle a in Figure 5.5. We have 


sind=cosa and |r—r'| =d/cosa. 


Also, since 2’ — z = d x tana, 


d 
dz’ = d x sec* ada = —— da. 
cos? @ 
The integration limits of z/, and 2, for 2’ correspond to limits of aq and ag for a, 
as shown in Figure 5.6a. Substituting these expressions in Equation 5.7 gives 


I fos 
ls cos ada, 
Ard Jay 
which leads to 
If 
= — [sinap —sinaa]. (5.8) 


Applying this equation requires a little care with the signs of the angles. In 
Figure 5.6a, both aa and ap are measured in the same direction from the 
perpendicular between P and the line of the current, so both angles are positive. 
However, in the situation shown in Figure 5.6b, angle aa, is on the other side of 
the perpendicular and therefore has a negative value. So with the values shown, 


[sin ap — sin aa] = [sin 60° — sin(—30°)] = [sin 60° + sin 30°] . 


B (into page) 


(a) (b) 


The form of Equation 5.8 tells us that the only pieces of information that we need 
to calculate the magnetic field strength produced by a line segment are the length 

d of the perpendicular from the observation point P to the line of the segment, and 
the angles between this perpendicular line and the lines joining P to the ends of the 
segment, as shown in Figure 5.6b. The direction of the field is given by the vector 
product dl’ X (r — r’), i.e. the field lines are rings around the line of the segment. 


@ Is the expression in Equation 5.8 consistent with the expression that you have 
already met for the field of an infinite line current? 


Q For an infinite line current, z — 00, 2, — —oo. Sosinag — 1, 
sina, — —1l, and 
Lol 
B= — 5.9 
ond’ (5.9) 
which is equivalent to the expression obtained from Ampére’s law in 
Figure 5.2a. 


5.2 Calculating magnetostatic fields 


Exercise 5.2 What is the magnetic field B at point P in Figure 5.7 due to a 
30 A current flowing in the segment of wire between R and S? qo 


In practice, the line segment in Figure 5.6 must be connected in a complete circuit 
if a steady current is to be maintained, and the field at P will have contributions 
from all parts of the circuit. However, the expression in Equation 5.8 is useful 
because we can approximate many circuits by combining straight-line segments. 
Calculating the field from each segment and then adding the contributions 
vectorially is often much easier than evaluating the integral in the Biot—Savart law 
for the path corresponding to the circuit. 


P 
—— 
5.2.2 Axial field for a square current loop ‘ 
One of the simplest shapes we can make from line segments is a square current Figure 5.7 What is the 
loop. We can use Equation 5.8 to calculate the field anywhere, but to simplify the Magnetic field at P due to the 
algebra we shall calculate only the field at a point P on the axis of the loop, as current in RS? 
illustrated in Figure 5.8a. 
Worked Example 5.1 Essential skill 
Derive an expression for the field on the axis of a square current loop. Calculating the field of a loop 
composed of straight-line 
Solution segments 


The square loop ABCD in Figure 5.8a has sides of length 2a. We shall find 
the field at point P on the axis of the loop, at a distance z from the centre. As 
usual, it is a good idea to see if symmetry arguments can simplify the 


calculation. 
A Ex a =f} 
a 
/ | 
5 O G 
if 
Zz 
a7 
B iS 
P 
z-axis 
(a) 


Figure 5.8 (a) A point P on the axis of a square coil. (b) The fields Bap 
and Bcp at point P due to sides AB and CD. 


The four line segments of the square are symmetrically arranged about P, 

so the magnitudes of the fields they produce at P must be identical; i.e. 

Bap = Bac = Bep = Bpa = B. The fields at P due to the current in sides 
AB and CD are shown in Figure 5.8b: each contribution is perpendicular to 
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the plane containing the line segment and the line between the centre of 

the segment and point P, and in a direction given by the right-hand grip 

rule. This direction is at an angle y to the axis of the coil system. If we 
decompose these field contributions Bap and Bep into components 

along the axis of the loop and perpendicular to the axis, we find that the 
perpendicular components cancel, while the axial components reinforce each 
other. A similar result applies for the fields produced by sides BC and DA. 


Thus we conclude that the resultant field is directed along the coil axis, and 
its magnitude is four times the axial component of the field due to an 
individual segment, i.e. B, = 4B cosy. So we need to derive an expression 
for the axial component for one segment. 


Consider the segment DA. The pieces of information that we need in order 
to calculate the magnitude of the field it produces at P are the length d of the 
perpendicular from P to AD (PE in Figure 5.8a), and the angles between the 
lines PE and PA and between PE and PD. From the symmetry, we deduce 
that E must be the mid-point of DA, so the angles between PE and PA and 
between PE and PD have the same magnitude a. From the geometry of 
Figure 5.8a, the perpendicular distance d from P to DA is d = Vz? + a?. 
Also, 


a a a 
V@+a V24+e+a2 V22+202 

The angles a between the lines PE and PA and the lines PE and PD are on 
opposite sides of PE, so the term involving the two sines in Equation 5.8 


sinq = 


gives 
: mila) oe 2a 
Sim C7 — shal —@) = 2 sia @ = a, 
V2? + 2a? 


Substituting this information into Equation 5.8, the magnitude of the 
magnetic field for segment DA is then 


ae [sin a — sin(—a)] = Hol a 
4nd An 22 + a2 V2? + 2a? 
The axial component is B, = Bcos7, and from Figure 5.8b, 
a a 
cosy = = = ———.. 5.10 
a Vere ce 


So the axial field due to one segment is 


B= piola® 
On (22 + a2) V2? + 202’ 


and the axial component for the complete square loop is just four times this: 


Qpuola? 
Be, = : 5.11 
‘ 1(z2 + a?) V2? + 2a? a 


M Write down an expression for the magnitude of the magnetic field on the axis 
of a square coil when the distance from the coil to the measurement point is 
very much greater than the coil width (z >> 2a). 
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LJ For z >> 2a, Equation 5.11 becomes 
. Qpola? _ 2p La? 


oe 
Tze 22 ne? 


This result shows that at large distances, the axial field of a square loop with sides 


of length 2a is given by 
- 
B,= Bur ay A, where A = 4a? = area of loop. 
Qrz3 


A similar result was obtained in Book 1 for a circular loop with radius a: 


B= fiola® — polma? pol 
223 Oz Az 

In fact, this result applies for all loop shapes at axial distances much greater than 
the loop dimensions. In Section 3.1 we defined the magnetic dipole moment m of 


a current loop by 


m = |i| AS, 


x A, where A = 1a? = area of loop. 


where AS is a vector with magnitude equal to the area of the loop and pointing in 
a direction that is related to the direction of current flow by the right-hand grip 
tule. So the field Baxja) on the axis of a small current loop with magnetic dipole 
moment m at a distance z is 

Hom 

Qr23 

The approach that we used to calculate the axial field for the square loop could be 
applied to the calculation of the field on the axis of any coil that is a regular 
polygon. The calculation is greatly simplified by the fact that the contribution 
from each side of the polygon is the same. We could use a similar procedure to 
calculate the field at any point in the vicinity of a loop of any shape that we can 
break down into line segments. The only problem is that the computation of 
angles and distances must be carried out individually for each segment, and this 
would be repetitive and rather tedious! 


B axial — 


Now, repetitive, tedious calculations are just what computers are good at, and is 2.0m = 
once a computer program has been written, the calculations can be performed in a 

fraction of a second. A current loop with an arbitrary shape can be approximated 

with a large number of very short straight segments. The magnetic field can then 

be calculated at any point within the vicinity of the loop for all the segments. The 

resultant field at that point is the vector sum of the fields produced by all of the 

segments. The power of a computer program based on line current segments is 


that, once written, it will work for all current loops. f1.0em 
10A i 

Exercise 5.3 The square loop in Figure 5.9 has side length 2.0 m and carries a 1.0cm 

current of 10 A. Determine approximately the field at point P, which is in the 

plane of the loop and a distance 1.0 cm from the two closer sides. O Figure 5.9 What is the 


magnetic field at point P? 


5.2.3 Axial field for a short solenoid 


You have seen how the field due to a circuit made up from straight-line segments 
can be determined by adding the contributions from each of the segments. This 
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method of superposition is not limited to straight line segments, however. It 

is often possible to break down a circuit into components whose fields are 
known, and the resultant field is then the superposition of the fields due to the 
component parts. As an example, we shall calculate the field on the axis of a short 
closely-wound solenoid. 


In Figure 5.2 we showed how the field near the centre of a very long solenoid is 
determined using Ampére’s law. This method works because we can assume that 
the field is uniform and parallel to the solenoid’s axis. For a short solenoid, the 
field lines spread out towards the ends of the solenoid, as shown in Figure 5.10, so 
we need an alternative method. We could use the Biot—Savart law and integrate 
along a path that followed all of the turns of the solenoid, but we can take a 
short-cut and use the result for the field on the axis of a circular loop, which was 
derived in Book 1 using the Biot—Savart law: 
pola? 

B= a2 + 2232 e. (5.12) 
In this expression, a is the radius of a loop, which has its axis aligned with the 
z-axis, z is the distance between the measurement point and the centre of the loop, 
and a positive current J flows in the eg-direction. The field due to the solenoid is 
the superposition of terms like Equation 5.12, one for each turn and each with a 
different value of z, and this can be expressed as an integral. 


néz' turns 


uy 


Figure 5.10 Calculating the field on the axis of a short solenoid. 


To simplify the mathematics, we shall locate the point P at which the field is 
measured at the origin, with the ends of the solenoid located at Ze and ee as 
shown in Figure 5.10. If the number of turns per unit length is n, then there are 
n6z’ turns in the range 62’, and the field on the axis of the solenoid due to all of 
the turns is 


B= pola? in ndz! ‘ 
“== 9 a (a2 + 2!2)3/2 - 
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5.2 Calculating magnetostatic fields 


Using one of the standard integrals listed inside the back cover, we obtain 


_ pola? nz *B 
— a2Va2 + 2/2 


Now 2p /,/a? + 2,” = sin ap, where ag is defined in Figure 5.10, and there is a 
similar relationship between z/, and aq. We therefore obtain the following 


B 


e.. 
if 
Za 


expression for the axial field: Note that n is the number of 
pion turns per unit length; this gives 
B= |sinag — sina] ez. (5.13) the right-hand side of the 
equation the same dimensions 
This is valid for points anywhere on the axis of the solenoid, both inside and as B, namely the dimensions 
outside. However, you should note that if cn and/or 2a are negative, then sin aa of jig /(length), as in 
and/or sin ap are negative too. Equations 5.8 and 5.12. 


® Is Equation 5.13 consistent with the expression for the field inside a very long 
solenoid (given in Figure 5.2c)? 


L} Fora long solenoid, ag and a, are approximately +90°, so 
[sin ap — sin aa] = 2, and Equation 5.13 reduces to B = pugnJe-, which is 
the expression that you met earlier for the field inside a very long solenoid. 


Exercise 5.4 A solenoid has its length equal to its diameter. What is the ratio 
of the fields on the axis at the ends of the solenoid and at its centre? 


Exercise 5.5 Obtain an expression for the magnetic field at the origin due to 
current I flowing in the loop shown in Figure 5.11. (The field due to a semicircle 
is straightforward to calculate if you consider the magnitude and direction of the 
contribution from each current element.) Ol Figure 5.11 Calculating the 
field of a current-carrying loop. 


5.2.4 The magnetic vector potential — an aside 


In electrostatics, given a particular change distribution, it is sometimes easier to 
calculate the electric field from the electrostatic potential than to do so directly. 
Because electrostatic potential is a scalar, the potential contributions from the 
various charges can be added algebraically and the electric field calculated as the 
gradient of the potential, 


E = — grad V. (5.14) 


Unfortunately, the same tactics are not as helpful in magnetostatics, and as an 
aside we shall explain why this is so. The explanation will reveal the mathematical 
similarities between the equations of electrostatics and magnetostatics, and will 
allow us to introduce the concept of the magnetic vector potential. The discussion 
will make use of two of the vector identities given inside the back cover. These 
can be proved by expanding the vector operators, but we shall simply apply them 
without proof: 


curl(grad f) =O where f is any scalar field; (5.15) 
div(curlF) =0 where F is any vector field. (5.16) 
The relationship between the electric field and the electrostatic potential in 
Equation 5.14 is a reflection of the fact that the electrostatic field is a conservative 
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field. For any conservative field, the curl of the field is zero everywhere, and this 
allows the field to be expressed as the gradient of a scalar function. Thus since E 
is conservative, curl E = 0 everywhere, and this allows us to express the electric 
field as the gradient of a scalar potential, E = — grad V. This relationship is 
clearly consistent with the irrotational nature of the conservative electrostatic 
field, since Equation 5.15 shows that curl(grad V) must be zero. 


This electrostatic potential has a simple relationship with the charge distribution: 


res [es (5.17) 


 Aneg Jp [r—r|’ 


where r’ represents the position of a small volume d7’ within the charge 
distribution p(r’), 7’ is the volume containing the charge distribution, and r is the 
point at which the electrostatic potential is evaluated. 


Now for the magnetostatic case. Here, the crucial property of magnetic fields is 
encapsulated in the no-monopole law, that is, div B = 0 everywhere. Any 
divergence-free field can be expressed as the curl of a vector field, and this means 
that the magnetic field can be written as 


B=curlA. (5.18) 


The vector field A defined by Equation 5.18 is known as the magnetic vector 
potential, or vector potential for short. This relationship is clearly consistent 
with the divergence-free nature of the magnetic field, since Equation 5.16 shows 
that div(curl A.) must be zero. 


The magnetic vector potential too has a fairly simple relationship with its source 
distribution, in this case the current density in the system: 


At = 2 / ayer (5.19) 


~ an Jy ror]? 


where J(r’) is the source current density within the volume 7’, and r is the 
measurement point. The similarity between Equations 5.17 and 5.19 is clear. In 
both cases, the potential field is proportional to source strength and inversely 
proportional to the distance from the source. 


Unfortunately, the similarity between the electrostatic potential and the magnetic 
vector potential does not extend to the latter being useful for calculating magnetic 
fields. Because A is a vector, the contributions from its source currents must be 
added vectorially, which is inherently more difficult than algebraic addition of the 
contributions to the scalar electrostatic potential. So, little use is made of the 
magnetic vector potential in magnetostatic calculations. 


Given its limited value in magnetostatic calculations, you might be wondering 
whether the magnetic vector potential is anything more than a mathematical 
construct. What is the point of introducing it? 


There are several answers. First, and most importantly, A is far more than a 
mathematical construct. It comes into its own when dealing with dynamic fields 
and in relativistic analyses, and it is arguably a more fundamental physical 
quantity than the magnetic field (Figure 5.12). This means that you may encounter 
the magnetic vector potential in the wider literature, and this brief introduction 
should help to put it into context. Secondly, the mathematical arguments that 


5.2 Calculating magnetostatic fields 


underpin the definitions of the electromagnetic fields have an intrinsic aesthetic 
elegance that can assist understanding of the subject. In particular, it may be 
helpful to see the similarities and differences between the definitions of, and the 
relationships between, E and V on the one hand, and B and A on the other. 
However, since the vector potential is not particularly useful for magnetostatic 
field calculations, we shall not pursue it further here. 
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Figure 5.12 The Aharonov-Bohm effect. An electron beam is passed through 
two slits and produces an interference pattern on a screen. When a current is 
passed through a long solenoid that is immediately behind the slits, the pattern 
shifts sideways. There is no magnetic field outside the solenoid, but there is a 
magnetic vector potential. This suggests that the magnetic vector potential causes 
real physical effects. It is not just a mathematical construct. 


5.2.5 The different methods for calculating magnetic fields 


You should now be familiar with three methods of calculating the magnetic field 
produced by a system of currents. You can 


e calculate the field directly from the integral version of Ampére’s law 
(Equation 5.1); 

e use the Biot—Savart law to find the total field by integrating the fields due to 
individual current elements (Equation 5.4); 


e model the current pattern with a set of line current segments, work out the field 
for each segment and then add the fields together. 


You often have a choice of which route to take (as you have seen for the infinite 
line current), and it may be a matter of trial and error to find which is the simplest 
in a given situation. 


In practice, there is only a limited number of circuits and systems for which any of 
these methods yields results simply. For example, it is relatively easy to calculate 
the field on the axis of a coil, but it is much more difficult to find the field off-axis. 
When the symmetry of the system is high, there is the possibility of an analytic 
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solution but, in general, this is not achievable. Instead, we use the analytic 
methods to establish expressions for the fields generated by building blocks of the 
system (e.g. the line current segments that can approximate a complicated circuit), 
and then program computers to perform numerical calculations that add the fields 
due to the building blocks to obtain the total field. This approach is not elegant but 
it is practically effective. And we can use the approximate analytic solutions to 
check the plausibility of the computer results. 


5.3 Magnetic fields from biological currents 


5.3.1 Electrical currents in the body 


Most of the examples discussed so far have involved currents passing through 
some configuration of thin wires. However, in the natural world we need to deal 
with magnetic fields generated by current sources that have much more complex 
distributions. One example is the magnetic fields generated by electric currents 
within biological organisms. 


As you read this page, a tremendous amount of electrical activity is going on 
within your body. Even if you are sitting still, your heart is beating and your eyes 
are flicking from side to side following the text. The muscles controlling these 
actions are governed by charged ions flooding in and out of the excitable cells 
that make up muscles. As you shift in your seat, the muscles themselves are 
responding to electrical signals from your brain travelling along nerve fibres. At 
the same time, the image of the page in front of you is focussed on the retinas in 
your eyes, and electrical signals from the retinas are transmitted to the visual 
cortex at the back of your brain where the decoding of the visual signals begins. 
This processing also manifests itself as electrical activity. Mapping the currents 
associated with electrical signals in the heart, brain or other parts of the body can 
give important insights into the physiological functioning of the body, and is a 
valuable diagnostic tool in medicine. 


The most frequently used method of monitoring electrical activity within the 
human body is to measure electrical potential differences on the skin close to the 
current source. The electrocardiogram (ecg) is used to measure heart function, 
and the electroencephalogram (eeg) is used to monitor brain activity. These 
measurements rely on the fact that the human body is permeated with ionic fluids, 
which provide a highly conducting medium. A small source of energy (for 
example, a nerve or muscle cell) acts analogously to a battery. It sets up charge 
flows within itself and through the conducting fluid in its immediate vicinity. The 
external flows are known as return currents. They are accompanied by small 
electric fields, given by J = cE. The associated potential differences can 

be detected with electrodes placed on the skin, as shown in Figure 5.13. The 
highly conducting brain is enclosed within the skull, which has about 80 times 
lower conductivity. A homogeneous conducting sphere provides a good first 
approximation to the volume within which return currents flow. However, skin 
electrode measurements on the scalp are largely detecting the currents that “leak 
out’ through the eye-sockets and the base of the brain. They provide very limited 
information about the sources of the underlying activity. 


5.3 Magnetic fields from biological currents 


(a) (b) 


Figure 5.13 (a) Location of eeg electrodes on one side of the head relative to 
the underlying brain. (b) Eeg traces from four different electrodes. 


One problem with these measurements is that the return current paths are distorted 
by the presence of bones, which are relatively poor conductors. This can make the 
signals measured at the surface difficult to interpret. A second problem is that 
reliable measurements are possible only if there is good electrical contact between 
the skin and the electrodes. This can cause considerable practical difficulty, 
particularly for measurements on the hairier parts of the body! 


Both of these difficulties can be avoided by measuring the magnetic field 
generated by the currents rather than the electrical potential differences. 
Biological tissues are paramagnetic or diamagnetic, with relative permeabilities 
close to unity. Therefore, the tissue has negligible effect on the magnetic fields 
generated within the body. In addition, the magnetic fields can be measured 
outside the body, so there need be no contact between the sensing device and the 
body. 


Given these advantages, are biomagnetic field measurements technically feasible? 
Biological currents are small (unless you are an electric eel), so there is a real 
question as to whether it is feasible to measure their associated magnetic fields 
with a sensor placed outside the body. To find the answer, we must estimate the 
magnetic fields associated with typical biological currents. 


5.3.2 Modelling the magnetic field of the human brain 


These linear current dipoles are 


As a specific example, we shall consider the current patterns associated with quite different from the small 
activity in the human brain. We shall not be too concerned with the physiology current loops that are often 
here. It is enough to know that this electrical activity is associated with cells referred to as magnetic dipoles 
called neurons (Figure 5.14a overleaf). The electrical signals can be represented (see Chapter 3), and both 

by tiny elements of current, which pass along the neuron (Figure 5.14b). These are clearly different from 
current elements are often referred to as current dipoles, and they can be electric dipoles (Chapter 2). The 


visualized as tubes of current which draw in charge at one end and expel it at the | meaning of the term ‘dipole’ 
other. This gives rise to return currents in the surrounding conducting fluid that should always be clear from the 
complete the circuit and maintain the flow of charge (Figure 5.14b). context. 
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Figure 5.14 (a) Idealized view of a small patch of cortex showing alignment 
of neurons perpendicular to the surface. Their horizontal spacing is greatly 
exaggerated for clarity. Each neuron can be regarded as a current dipole and 
because they are parallel, the fields they generate reinforce each other. Together 
they constitute an effective current dipole that reflects the activity in a small 
region. (b) Schematic representation of a current dipole with associated volume 
return currents. 


To calculate the magnetic field at some distance from the current dipole, we need 
to take account of the field due to the dipole itself and also the field due to the 
return currents. The field due to the dipole itself is easy to calculate from the 
Biot-Savart law (Equation 5.3), provided that we know the value of J dl’. The 
product of current and dipole length, J 6/, is the strength of the current dipole, and 
fortunately we can estimate it from other biological measurements. 


The field of the volume return current appears initially to be more difficult to 
calculate. However, in the simplest possible case, in which the surrounding 
conducting medium is homogeneous and infinite in extent, the return current 
pattern is the sum of a radial inflow of current at one end of the dipole and a radial 
outflow at the other end of the dipole, as shown in Figure 5.15. The symmetry of 
each of these radial current patterns dictates that the magnetic field produced by 
each pattern is zero, and therefore the field due to their sum must also be zero, as 
we shall now demonstrate. 


ee 
een 


Figure 5.15 Representation of volume return currents from a current dipole. 
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To see why a radial current flow does not generate a magnetic field, first assume 
that it did produce a magnetic field at a point P at distance r from the current 
source, as shown in Figure 5.16. The field at P could be decomposed into a radial 
component B, along the direction of current flow, and a tangential component B, 
that is perpendicular to the current flow. It should be immediately apparent from 
the spherical symmetry of the current that B, = 0, since a non-zero tangential 
component of the field could not satisfy spherical symmetry. Spherical symmetry 
also requires that the radial component 5, has the same magnitude at all points on 
a spherical surface centred on the end of the current dipole, and is directed 
outwards at all points or inwards at all points. 


® Which of Maxwell’s equations would be violated by such a field? 


L] The no-monopole equation, which in integral form states that J gB-dS=0. Figure 5.16 Radial current 
If this integral is evaluated over the surface of a sphere where the magnitude density J in an infinite 
of the radial field is constant and directed outwards at all points, then ithas a — conductor. What are B, and B,? 
non-zero value, unless B, = 0. 


If a radial current pattern produces no magnetic field, then the magnetic field of 
the volume return current in an infinite homogeneous conductor, which is the sum 
of the two radial patterns shown in Figure 5.15, must also be zero everywhere. 


Of course, the brain is not an infinite conductor, so we need to refine our model. 
A somewhat more realistic approach would be to represent the brain as a large, 
spherical conductor. The return current paths are then constrained to flow within 
the boundary of the conductor, so we can no longer think only in terms of radial 
current patterns. 


Although this complicates the mathematics considerably, some of the main 
characteristics of the fields produced within this model can be derived, with some 
ingenuity, from arguments already presented. The two most useful simplifying 
results are as follows. 


e A radially-oriented current dipole and its return current produce no magnetic 
fields outside the sphere. 


e Tangentially-oriented dipoles do produce magnetic fields outside the sphere. 
The radial component of such a magnetic field is produced by the current 
dipole itself; there is no contribution from the return currents. 


The first of these results is fairly easily derived. A radially-oriented current dipole 
and its return currents constitute an axially symmetric system (Figure 5.17). Any 
magnetic field generated must reflect that symmetry: it must be tangential to a 
circle centred on the cylindrical axis through the current dipole, and it must have 
constant magnitude at all points on any given circle. Using Ampére’s law, the 
integral of this tangential field around the circle is proportional to the total current 
though any surface bounded by the circle. But this is zero for all of these surfaces, 
and therefore the field must be zero. Figure 5.17 A radially-oriented 
current dipole in a conducting 
sphere. Symmetry arguments 
indicate B = 0 in this case. 


Proving the second result demands more ingenuity. We are interested in the 

fields generated by the return currents due to a tangentially-oriented dipole 
(Figure 5.18a). In considering this problem, it does not matter how those return 
currents were set up, so let us replace the tangential dipole by two radial line 
current segments joining the centre of the sphere to the positions of the ends of the 
tangential dipole (Figure 5.18b). Now, we know already that the external field 
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Figure 5.19 Idealized views 
of the head. The activity is 
modelled as a current dipole that 
is just to the right of the mid-line 
and points forward. 


RY 


Figure 5.20 What is the field 
at P due to the dipole at S? 
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due to a radial line segment plus its return currents is zero. So the sum of the 
external fields due to the two radial segments and their return currents must 

also be zero, which means that the external field of the return currents alone is 
equal but opposite to the external field of the two radial line current segments 
(Figure 5.18c). It follows that we can reduce the problem of finding the field due 
to the return currents to the simpler problem of calculating the field due to the two 
radial line current segments. 


(8) CW) . 
{c) 


(b) 


Figure 5.18 (a) A tangentially-oriented current dipole in a conducting sphere. 
(b) The return currents set up by a tangential current dipole are identical to those 
set up by two line current segments joining its ends to the centre of the sphere. 
(c) The total external field due to the two radial line current segments and their 
accompanying return currents is zero. 


Now the result we are looking for is nearly within our grasp. Using the axial 
symmetry arguments with which you should by now be familiar, each line current 
segment produces a field that is in azimuthal directions around the cylindrical axis 
along which it lies, and therefore this field is tangential to the sphere. So the 
return currents must also produce tangential fields. This means that the radial 
component of the field due to a tangential dipole depends on the original current 
dipole alone, and has no contribution from the return currents. 


As any current dipole can be decomposed into a radial and a tangential 
component, the net radial field that it produces at any point outside the conducting 
sphere can be calculated by applying the Biot—Savart law to the tangential 
component. 


Exercise 5.6 Ina psychology experiment, there is a response from a superficial 
part of the brain. Assuming that the activity can be modelled in terms of the 
current dipole shown in Figure 5.19, describe how the radial component of 

the accompanying magnetic field (that is, the component perpendicular to the 
spherical surface of the scalp) will vary with position over the scalp. 


Exercise 5.7 Calculate the radial component of magnetic field at the point P on 
the surface of a conducting sphere of radius 10cm shown in Figure 5.20. The 
source current dipole is at point S on the z-axis, at 7.1 cm from the origin. It is 
oriented in the positive y-direction, and has magnitude 1.0 x 10-9 Am. qo 


5.3 Magnetic fields from biological currents 


5.3.3 Medical applications of biomagnetic monitoring 


The strength of the current dipole associated with activity in a single neuron is 
typically of order 10~'° Am. Ignoring for the moment any physiological or 
measurement subtleties, is the field due to such a source detectable outside 
the head? Shorn of its geometrical factors, the Biot—Savart law tells us that 
the field due to a current dipole of magnitude J 6/ at a distance r is of order 
10-’TmA7! x I 6l/r?. Given the thickness of the skull and scalp, we might 
be able to make a measurement about 3cm away from a neuron, and at this 


distance, we might expect a field of 10~!” T. None of the existing instruments for B/TA 

measuring magnetic fields, which are called magnetometers, have sufficient 1 |—MRI magnct 
sensitivity to measure a field this small. However, this is where we get some help 

from physiology. am? 

In the previous paragraph we chose the phrase ‘activity in a single neuron’ 10-1 _ 

carefully. As you have seen in Figure 5.14, the brain is organized with some Saree cone field 
neurons that run parallel to each other and are massively connected. Activity in 16-2 

one neuron is accompanied by activity in others. Although they will not all fire at —laboratory noise 
the same time, they will continue to support longer-lasting background currents 10" 4 —atmospheric noise 


throughout the period of activity in that particular part of the brain. Typically, 
there might be 10 to 10° neurons with synchronous background activity in a few 
mm? of cortex. The situation is analogous to that found in the heart, where the 
strongest signal is caused by the synchronous contraction of the muscle cells that 


107 id | 
— human heart 

107'?1 — human brain rhythms 
—evoked cortical signal 


make up the ventricles (Figure 5.3). In the present case, the synchronous activity 19714] 
of the large number of neurons in a small area of cortex can give rise to signals —SQUID magnetometer 
that are many orders of magnitude greater than from one neuron alone. 107'®_|__ sensitivity 


—single neuron 


Figure 5.21 shows the magnetic field strengths generated outside the body by 

a number of biological sources. Also shown are some other natural or 
technologically relevant fields, and the sensitivity of some magnetometers. The 
most sensitive type of instrument — a SQUID magnetometer — is based on 
quantum properties of superconducting circuits that incorporate Superconducting 
Quantum Interference Devices, or SQUIDs. They provide the sensitive elements 
in the large scanner systems used in magnetoencephalography, or MEG, which 
is the term used for the study of magnetic fields produced by brain activity. In 
spite of their potential utility, SQUID magnetometers are not in common use in 
hospitals to measure human electrical activity. This is because mains electricity, 
small vibrations of nearby metal objects, and even variations in currents in the 
Earth’s ionosphere, all contribute to background fluctuations in the ambient fields. 
These fluctuations make it very difficult to detect the tiny magnetic fields from 
bioelectric sources. Sophisticated methods have to be employed to reduce 

this background ‘noise’, such as the magnetically screened room shown in 
Figure 5.22. Inside such rooms, the field noise is reduced typically by a factor 
of 10°. 


Nevertheless, the technical problems have been gradually overcome, and MEG 
investigations are now carried out within some large teaching hospitals and 
research facilities. Typical MEG instruments have several hundred SQUID 
sensors, enabling them to measure the field simultaneously at many points on a 
helmet-shaped surface round the head. Frequently, the instruments make use of 
sensors that are sensitive to the magnetic flux through a circuit that consists of 
more than one coil. One example is the figure-of-eight arrangement shown 
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Figure 5.21 Some 
characteristic magnetic field 
strengths and magnetometer 
sensitivities. 


Figure 5.22 A magnetically 
screened room. 
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Figure 5.23 A coil system 
that is most sensitive to directly 
underlying current in the 
direction shown. 


Figure 5.24 A current dipole 
at depth d below the surface of a 
conducting material. 
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schematically in Figure 5.23, in which the total magnetic flux through the circuit 
is the sum of the upward flux through the left half and the downward flux though 
the right half, because of the crossover of the connections in the middle. This 
arrangement has maximum flux coupling to a current dipole that is directly 
beneath it, and is oriented as shown in the figure. It is much less sensitive to more 
distant sources, for which the fluxes through the two halves of the circuit tend to 
cancel. 


One of the most developed uses of such instruments is in preparation for 
neurosurgery. Although all human brains are broadly similar, the differences are 
sufficient to create ambiguity about the functional significance of the various 
cortical folds exposed during surgery. A surgeon carrying out a procedure needs 
to be able to assess the damage they may cause to brain function, and this is 
difficult without a functional map. Function can be assessed during the operation 
by electrically stimulating the cortex, but MEG provides an alternative. By 
stimulating various parts of the body and observing the MEG signals, it is 
possible to identify cortical functionality prior to surgery. This technique can be 
further extended by feeding this coordinate information into ‘robotic’ systems that 
guide the surgeon during the operation. 


Such techniques are possible when the underlying neural generators can be 
localized precisely. This is the case for simple sensory and motor (i.e. movement) 
systems. However, for many brain functions, more sophisticated maps of the 
activity have to be calculated. This topic is considered further in the next section. 


5.4 The magnetic inverse problem 


The main focus of this chapter has been on methods of calculating the magnetic 
field produced by a specified current distribution. This is known as a ‘forward’ 
problem, because we are working from cause to effect. In many applications, we 
need to work in the other direction — given the effect (the magnetic field), can we 
find the cause (a current distribution)? This is known as an inverse problem, and 
it is very relevant to the biomagnetic measurements discussed in the previous 
section. Valuable knowledge of how the body is functioning can be obtained if 
we can use measurements of the magnetic field outside the body to deduce 
information about the currents within. 


A simple example will illustrate the inverse problem method. Suppose that a 
current dipole lies parallel to the surface of an infinitely wide conducting volume, 
as shown in Figure 5.24. This arrangement might provide a first approximation to 
a biological source in the chest. The task is to find that dipole by measuring the 
perpendicular component of the magnetic field just outside the surface of the 
conductor. 


We choose a Cartesian coordinate system with its origin at the dipole and with the 
y-axis oriented along the current dipole. You will probably not be too surprised 
that, by analogy with the conducting sphere discussion, the field component 
perpendicular to the surface depends only on the current dipole itself: it is not 
affected by the return currents in the conductor. 


5.4 The magnetic inverse problem 


Exercise 5.8 Figure 5.24 shows magnetic field lines in the 7z-plane 

associated with the current dipole. Sketch a graph showing qualitatively how the 
z-component of the field on the surface of the conductor (z = d) varies along the 
X-axis. Oo 


The next step is to find the x-values of the maximum and minimum. This involves 
applying the Biot-Savart law. With the geometry in Figure 5.24, Equation 5.3 
reduces to 

— pol OY X (r—r’) — pol dl’ey Xr 

Arr a ra Arr? 


B(r) 


This field is perpendicular to r and in the xz-plane, so the z-component of the 
field is simply 


pol ol —2£ —pol 6’ x 


a An (x? + 2?) . (a2 + 22)V/2  Ag(a? + 22)3/2 


To find the positions of the maximum and minimum values of Bz, we need to 
establish where the derivative of B, with respect to x is zero. Now 


dB, — —pol dl’ (x? + z2)8/2 — a3 Qa (a? + 2?)1/2 
dx 4r (a? + z2)8 
_ —pol 6 | (2? — 2a?)(a? + 2?)1/? 
An (a? + 27)8 
This expression is zero where (2 — 2a”) = 0. Since the surface is at z = d, the 
maximum and minimum values of B, at the surface are at « = +d/ /2, so they 
are separated by \/2 d. 


This simple result predicts the positions of the maximum 
and minimum values of the component of the field 
perpendicular to the surface from a knowledge of the 
current source, but it can be used the other way round. If we 
had measured the perpendicular component of the field and 
we knew that the source was a small current element, then 
we could determine its position from the positions of the 


maximum and minimum. It would lie halfway between 
these two turning points, at a depth equal to their separation 


divided by V2. <i 


This technique, with numerical modification that reflects the 

spherical geometry, is used to provide initial estimates of 

localized sources in the brain. Figure 5.25 shows an 

example of an MEG signal where the model might be used. 

In this case, the source was the result of a touch stimulus, 

and this field pattern was recorded 20 ms after the touch. Mae 
The red and blue lines are contours of constant field 

component perpendicular to the scalp. The field is outwards 

from the scalp where the lines are red, and inwards where 


they are blue. Figure 5.25 Anexample of a magnetic field 
whose source might be modelled by a current 
dipole. 
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Figure 5.26 These systems 
produce almost the same 
magnetic fields outside the 
spheres. 
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Although the example of an inverse problem presented above is oversimplified, it 
illustrates one of the most important features of all approaches. We have to make 
assumptions about the nature of the sources, because the inverse problem is 
formally insoluble without this additional information. Even if you could measure 
the field outside a known conductor with infinite accuracy at all points, you could 
not compute the current sources unambiguously. In fact, there are an infinite 
number of sources that produce the same external field! 


You might be able to suggest why. You have already seen several examples of 
current distributions that produce no external field, for example, a radial dipole in 
a conducting sphere. Such a current distribution could be added to any solution 
without changing the measured field. There are an infinite number of ways of 
adding radial current sources, so there are an infinite number of solutions. This 
result is quite general. The problem is further compounded by the existence of 
source distributions that are very different but produce almost identical external 
fields. For example, two large oppositely-oriented, but not quite identically 
located, current dipoles produce almost the same external field as the net current 
dipole placed at the mid-point between them (Figure 5.26). 


These problems can be overcome, or at least minimized, by making assumptions 
about the sources that are guided by physiological knowledge. For example, we 
can require the sources to consist of one or more localized current dipoles. This is 
likely to be appropriate when studying the early stages in the processing of 
sensory information. However, when more complex brain processing is involved, 
for example, memory retrieval, decision making, reading, etc., the activity is 
spread over large areas of the brain. For such situations, we might produce an 
image showing distributed activity and, in order to avoid the inverse problem 
ambiguities already discussed, we might choose the solution that corresponds to 
the lowest electrical power (i.e. with the minimum value of the square of the 
source current integrated over the conducting volume). This method is widely 
employed and, with appropriate mathematical implementation, is known to give 
robust results. 


Summary of Chapter 5 


Section 5.1 The relationship between steady currents and magnetic fields is 
described by Ampére’s law: 


¢ B-d=w [ 3-a8 and curlB = pioJ. 
Cc S 


The integral version of this law is useful for calculating magnetic fields produced 
by currents in situations with high symmetry. 


Section 5.2 The Biot—Savart law relates the magnetic field to a line integral over 
a current in a circuit (or a volume integral of a current density): 


Be Hol ol’ X (r—r’) 


7 dn circuit lr = 2 


This expression can be used to derive the field of a line current segment, and this 


is useful for calculating fields due to current loops of complex shapes, and 
particularly valuable for computer-based calculations. 


Achievements from Chapter 5 


The existence of a magnetic vector potential A is a consequence of the 
no-monopole equation. A is defined by the equation B = curl A. 


Analytic solutions for the field generated by current distributions are generally not 
possible, and computers are programmed to find solutions using numerical 
methods. 


Section 5.3. Cellular currents in biological organisms produce potential 
differences that are measured on the surface of the body and (bio)magnetic fields 
that are measured outside the body. Both provide useful clinical information, but 
biomagnetic measurements have the advantages that the field is not affected by 
intervening tissue and there need be no contact between sensing device and the 
body. The Biot—Savart equation can be used as a simple model of the field 
produced by intra-cellular currents. This has medical applications in imaging 
human heart and brain functions. 


Section 5.4 The calculation of currents from a knowledge of the associated 
magnetic fields is known as the magnetic inverse problem. In general, unique 
solutions to the magnetic inverse problem are not possible unless assumptions are 
made restricting possible current configurations. 


Achievements from Chapter 5 


After studying this chapter you should be able to do the following. 
5.1 Explain the meanings of the newly defined (emboldened) terms and 
symbols, and use them appropriately. 


5.2 State Ampére’s law, and use its integral version to determine magnetic fields 
in situations with high symmetry. 


5.3. Describe qualitatively the relationship between magnetic fields and steady 
electric currents for simple current patterns. 


5.4 State the Biot—Savart law, and use it to calculate the magnetic field for 
simple current configurations. 


5.5 Calculate the magnetic field for current configurations consisting of simple 
combinations of line current segments and circular loops. 


5.6 Recall that the magnetic vector potential A is defined by B = curl A. 


5.7 Describe qualitatively how magnetic fields are used in the investigation of 
bioelectric currents, and describe the fields produced by simple sources in a 
conducting material. 


5.8 Estimate the strength, location and direction of a magnetic dipole from its 
associated magnetic field in certain specific situations. 


Lys 
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(a) 


Figure 6.1 Three situations 
where charged particles interact 
with electric and/or magnetic 
fields. (a) The aurora borealis, 
viewed from space in false 
colour. (b) The Crab Nebula, 
imaged by a radio telescope. 
(c) Part of the Large Hadron 
Collider (LHC) at CERN, 
pictured during construction. 
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Forces on charged particles 


We have discussed in some detail how electric and magnetic fields can be 
calculated from knowledge of charges and currents. But the main reason that 
these fields are of interest is that they affect the charges and currents in the regions 
where they exist. The interaction of charges and currents with electric and 
magnetic fields gives rise to a wide range of natural phenomena and is the basis 
for many important technological devices. In this chapter we shall discuss some 
of these phenomena and devices and the physics necessary to understand them. 


In Figure 6.1a, the coloured ring around the north magnetic pole shows where 
charged particles trapped by the Earth’s magnetic field interact with molecules in 
the atmosphere. The Crab Nebula (Figure 6.1b) is the remnants of a supernova 
explosion which took place almost 1000 years ago. The radio waves that produced 
this image were emitted by energetic charged particles as they spiralled around the 
strong magnetic field associated with a pulsar at the centre of the nebula. In the 
LHC at CERN (Figure 6.1c), beams of lead nuclei (charge 82e, energy 575 TeV) 
will circulate in opposite directions in two concentric rings in the 27 km-long 
tunnel before they intersect and some of the nuclei collide. Vertical magnetic 
fields, magnitude 8.5 T and in opposite directions for the two rings, provide the 
necessary centripetal force. 


6.1 The Lorentz force law 


We shall first consider some important general properties of the Lorentz force, and The electronvolt, abbreviated 
then discuss situations that involve only a single uniform field. This will lead to to eV, is a conveniently-sized 
consideration of cases where both electric and magnetic fields are present, and we unit for expressing energies of 
shall conclude the chapter by looking at examples where particles are moving in __ electrons, protons, atoms and 
non-uniform magnetic fields. nuclei. It is the change in 
energy of an electron when 
displaced through a potential 


6.1 The Lorentz force law difference of 1 V. Thus 
1eV = 1.6 x 10719J and 
The interaction between charged particles and electric and magnetic fields is 1TeV = 10!2eV = 1.6x1077J. 


encapsulated in the following important law. 


Lorentz force law 


F =q(E+v X B). (6.1) 


This law specifies the electromagnetic force F that acts on a particle with charge q 
moving at velocity v at a point where there is an electric field E and a magnetic 
field B. If we know the electric and magnetic fields, together with the mass, 
charge and initial position and velocity of a particle, we can use the Lorentz force 
law to predict the subsequent motion of the particle. Conversely, it is possible to 
infer what electric and magnetic fields are present in a region by observing the 
motion of charged particles. 


6.1.1 General properties of the Lorentz force 


The Lorentz force law is a local relationship between the force on a charged 
particle and the electric field E and the magnetic field B at the point in space 
and time where the particle is located. The law applies to both uniform and 
spatially-varying fields, and to both static and time-dependent fields. 


There are several important points to remember about the Lorentz force that are 
implicit in Equation 6.1. The first is that the electric force gE is parallel to the 
electric field E and is independent of the particle’s velocity. Second, the magnetic 
force gv X B is perpendicular both to the particle’s velocity v and to the 
magnetic field B, with its direction given by the right-hand rule. The magnitude 
of the magnetic force is zero for a stationary particle. Generally, the direction of 
the total Lorentz force is not parallel to E, nor perpendicular to v and B. 


We can make another important general observation about the Lorentz force by 
considering its scalar product with the particle’s velocity, which is the rate at 
which energy is transferred to the particle: 
F-v=q(E+vxXB)-v 
= q(E-v+(v X B)-v) 
=gE-v. (6.2) 


The term (v X B) - v is zero because v X B is perpendicular to v. To 
demonstrate the significance of Equation 6.2, we use Newton’s second law to 
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rewrite the left-hand side as follows: 


dv 
F-v=m—-.- 
v ma v 
_ dvs a doy mn dvz 
de” dee? de 
_1, [due 4 du; 4 dv? 
“e dt dt dt 
d 
= gm (v") 
dio 
Comparing Equations 6.2 and 6.3, we obtain 
d 
F-v= er (4mv’) = qE-v. 


This indicates that the rate of change of the particle’s kinetic energy is due only to 
the electric field E, not to the magnetic field B. This is consistent with the fact 
that the magnetic force g(v X B) is always perpendicular to the velocity — it 
changes only the direction of motion, not the speed. Thus a static magnetic field 
cannot change the kinetic energy of a charged particle. We shall often make use of 
this fact in this chapter. However, remember that a time-dependent magnetic field 
gives rise to an electric field (Faraday’s law: curl E = —OB/0t), and this electric 
field will change a particle’s kinetic energy. 


Note that we have used the non-relativistic expression for the force, 
F = mdv/dt, in the analysis above. For particle speeds that approach the speed 
of light, we should use the more general expression 


_ dp 
ide? 
mv . bees . 
where p = ——————— js the relativistic momentum. However, this does not 


J1-@/2) 
affect the eee ae above. In this chapter we shall be concerned 
mainly with non-relativistic situations, though we shall point out a number of 
instances where relativistic effects come into play. Note that for v < c/10 = 
3 x 10’ ms~!, the relativistic correction to the force is less than 5%. 


6.2 The Lorentz force in uniform fields 


We now consider the Lorentz force acting on a particle moving through electric 


ib) and magnetic fields that are both uniform — that is, independent of position — 
and constant — that is, independent of time. We start by discussing simple 
Figure 6.2 Parabolic paths situations when either B or E is zero. 


followed by charged particles in 


a uniform electric field. . es 
6.2.1 Uniform electric field 


If a charged particle is moving at non-relativistic speeds through a region where E 
is uniform and B = 0, then the Lorentz force is simply 


dv 
F = m— = gE. 4 
ia q (6.4) 
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This equation is analogous to the equation of motion for a mass m in a uniform 
gravitational field g, namely F = mdv/dt = mg, and it has solutions, analogous 
to those for projectile motion, that can be derived from the constant acceleration 
equations: 


E E 
vay et and r=ro + vot + $e. 
m m 


Figure 6.2 shows the parabolic paths of positive and negative charges in a uniform 
vertical field. The particles have the same mass, the same charge magnitude and 
the same initial speed up, but the direction of the initial velocity vo is different 

in parts (a) and (b) of the figure. The horizontal components of velocity are 
unaffected by the vertical electric field, but the positively-charged particles 
accelerate in the direction of the electric field, and the negatively-charged particles 
accelerate in the opposite direction. 


6.2.2 Scanning electron microscope 


A scanning electron microscope, like the one shown in Figure 3 
of the Introduction to this book, uses a beam of electrons to L \ 4A} ——tlament 
produce images of the microscopic world that have a far higher mlecunan 

resolution than is possible with an optical microscope. The beam gun accelerating 
is controlled by electric and magnetic fields, which accelerate, — a cheetrode 
focus and steer the electrons between the electron source and the J 
specimen. Figure 6.3 shows some of the main components of a 

scanning electron microscope. y | 


At the top of the microscope is an electron gun, in which Aa 


electrons are emitted from a heated tungsten filament, the 
cathode, which is held at a large negative potential, and s 

accelerated towards a second electrode, the anode, which is at wee \\ 

earth potential and therefore at a high positive potential relative to eee electromagnetic 
the cathode. For typical scanning electron microscopes this 


lenses 


potential difference can be between 1 and 50 kV. The electrons [| 
then pass through a series of lenses, which control the brightness Scene Lt 
of the beam and focus it onto a small spot on the specimen. coils 

A proportion of the electrons that strike the specimen are q 
scattered back and are collected by the electron detector, and the 

resulting current is amplified and provides the input signal to a 


video monitor. The scanning coils produce magnetic fields 


in two perpendicular directions, both perpendicular to the display 
beam, and by varying the current in the coils, the beam is Alnetean 
scanned across the specimen in a raster pattern that sweeps detector 
sequentially along parallel lines to cover a small rectangular area, n\ 7 J eeareened 

in the same way that the image on a TV screen is built up aS As Nes Ea olectrons 


(see Figure 6.5 on page 121). The time dependence of the specimen 
rate at which back-scattered electrons are detected leads to a 
time-dependent signal at the video display which is converted to a 
two-dimensional image by synchronizing the raster patterns of 
the electron beam and the video display. The image magnification 
is simply the ratio of the width of the video display to the length 
of a raster line on the specimen. 


Figure 6.3 Main components of a scanning 
electron microscope. 
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In later sections we shall consider the magnetic fields required for the scanning 
coils, and the focusing effect of magnetic lenses, but the following exercise looks 
at the acceleration of electrons in the electron gun. 


Exercise 6.| | Assume that the cathode of the microscope depicted in 

Figure 6.3 emits electrons into a region where there is an accelerating electric 
field of 3.0 x 104 V m~!, which extends over a length of 5.0cm. What is the 
speed of the electrons as they leave this field? (Assume that the field is uniform 
and that the electrons’ initial speed is negligible.) qo 


6.2.3 Uniform magnetic field 


We now consider motion of a charged particle in a uniform magnetic field, but 
with E = 0. The equation of motion is 


dv 
F = m— = x B. 
at as 


If we choose the z-axis to be in the direction of B, i.e. B = Be., we can then 


In this case, write the components of the acceleration as 
wee ae 7 ml X Blam Sot 
0 0 B fy = Ly xB), =o, (6.5) 
du 
ae 


As you might have anticipated from the comments in Subsection 6.1.1, there is no 
acceleration in the direction of the magnetic field, the z-direction. 


The differential equations involving v, and v, in Equations 6.5 are coupled, but if 
we differentiate them with respect to time, then we obtain 


d*uz,  gBdvy _ ey avy qBduz _ (2) 
= = Vx = Vy. 


dt? m dt 
These differential equations have simple solutions. Both v, and v, vary 
sinusoidally with time with angular frequency ¢B/m, and the phases of the two 
sinusoidal functions are linked by Equations 6.5. The general solution is 


dt? m dt m - m 


B B 
v=v,sin (2 + 60) ez + V1 COS (ee + 60) ey + ujez, (6.6) 
m m 


as you can verify by substituting the velocity components into Equations 6.5. 
Note that v2 + vu, a v4, so Uv, represents a constant speed in a plane 
perpendicular to the field. Also, the velocity component parallel to the field, 

Vz = Yi, is constant, so v2 = ve + ve + v2 is also constant. Thus the particle’s 
kinetic energy remains constant, as required for a particle experiencing a magnetic 


force only. The constant @g is a phase that depends on the initial conditions. 


It is straightforward to integrate Equation 6.6 to give 


B 
r= [ro _ cos (: +00) |e 
qB m 
muy, . (qB 
sin {| —t+ ¢0}]ey+(zo+ utes. (6.7) 
qB m 


+ luo + 
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The x- and y-components of this solution represent uniform circular motion in a 
plane perpendicular to the field. This circular motion is centred on the point 

(xo, yo) and has an angular frequency gB/m. Superimposed on the circular 
motion is a drift at uniform velocity in the direction parallel to the field. Thus the 
path of the charged particle describes a helix in three dimensions, as shown in 
Figure 6.4. 


The angular frequency w, of a charged particle’s motion in a magnetic field is 
known as the (angular) cyclotron frequency uw: 


_ lB 
— 


(6.8) 


(e 


We shall explain the origin of the term cyclotron in the next subsection. The 
period corresponding to this frequency is often referred to as the cyclotron 
period Ti, 


and is simply 27/w. = 217m/|q|B. The radius of the particle’s circular orbit is 
known as its cyclotron radius 7,, 


and is given by the amplitude of the cosine and sine terms in Equation 6.7: 


MY. 
fs = : 
“ |qiB 


(6.9) 


Thus particles with greater charge to mass ratios and particles in stronger 
magnetic fields will have greater cyclotron frequencies (shorter periods). Also, for 
a given value of v,, greater charge to mass ratios and stronger magnetic fields 
lead to smaller cyclotron radii. However, note that the cyclotron frequency is 
independent of the particle’s speed when relativistic effects can be ignored, 
because any change in speed is balanced by a corresponding change in the 
cyclotron radius, so the time required to complete an orbit stays the same. When 
the particle’s speed approaches the speed of light, the m in Equation 6.8 must be 
replaced by m/\/1 — (v?/c?), which means that the cyclotron frequency then 
decreases. 


Positively-charged particles spiral around the field direction in the opposite sense 
to negatively-charged particles. 


Exercise 6.2 (a) Use the right-hand rule to determine the sign of the charge 
of a particle that follows the path shown in Figure 6.4. 


(b) By evaluating the x- and y-components of position and velocity when 

wet = 0 and w,.t = 1/2, show that the solution represented by Equations 6.6 
and 6.7 for the case where x9 = 0, yo = 0 and ¢9 = 0 corresponds to a 
positively-charged particle travelling anticlockwise around the positive z-axis, in 
the same direction as shown in Figure 6.4. 


Exercise 6.3 A scanning electron microscope uses magnetic fields to scan the 
electron beam in a raster pattern, as discussed in Subsection 6.2.2 and shown in 
Figure 6.5. The speed of the electrons is 2.3 x 10’ms~!, as calculated in 
Exercise 6.1. What are the direction and strength of the magnetic field required to 
deflect the scanning beam a distance of 7; = 5.0 jum in the +-direction? 

You should assume that the coils produce a constant magnetic field over a 
distance z = 1mm along the beam path, and that the specimen is at a distance 
Zs = 10cm below the scanning coils. o 


Figure 6.4 (a) With a uniform 
magnetic field in the z-direction, 
a charged particle travels in a 
helical path, with the helix axis 
in the z-direction. (b) Viewed 
along the z-direction, the path 
appears circular. 


‘a 
UV yz 


: yu =2.3x 107 ms? 
scanning 
coils = ie 
z; = 10cm 
specimen 
plane | 


<——>/ 
ts = 5.0 em 


Figure 6.5 Using a magnetic 
field to scan an electron beam 
across a specimen in a scanning 
electron microscope. The 
parameters are for use in 
Exercise 6.3. 
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The direction of deflection of charged particles by a magnetic field can always be 
determined by using the right-hand rule. However, it is also helpful to remember 
the following. 


When viewed along the direction that the field vector points, 
positively-charged particles are always deflected in an anticlockwise 
direction, whereas negatively-charged particles are always deflected in a 
clockwise direction. 


6.2.4 The cyclotron 


The word ‘cyclotron’ comes from one of the oldest types of particle accelerator, 
which uses electric fields to accelerate charged particles while they are travelling 
in circular orbits perpendicular to a magnetic field. The layout of a cyclotron is 
shown schematically in Figure 6.6a. It is composed of two D-shaped hollow metal 
sections (dees), with a magnetic field perpendicular to the plane of the dees. 
Charged particles are injected horizontally near the centre of the cyclotron, and 
travel in circles with the cyclotron radius r, = mv_/|q|B at the cyclotron 
frequency w. = |q|B/m. 


—___ alternating 
voltage 
B ALAA 


hollow one pale of 
metal dees electromagnet 
beam of high-energy particles 
(a) (b) 


Figure 6.6 (a) The particles in a cyclotron follow a spiral path between the 
injection point, near to the centre, and the exit point. An alternating voltage 
difference between the dees accelerates the particles each time they cross the gap. 
(The top pole of the magnet has been omitted for clarity.) (b) A hospital cyclotron. 


To accelerate the particles, a large voltage difference is applied between the two 
dees, so that the electric field produced in the gap between the dees is in the 
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appropriate direction to accelerate the particles at they cross the gap. Within the 
hollow metal dees there is no electric field, so the particles travel at constant speed 
in a circular orbit. When the particles are halfway round the dee, the potential 
difference is reversed, so when the particles cross the gap again, the electric field 
accelerates them further. By alternating the potential difference at the cyclotron 
frequency, the energy of the particles is boosted each time they cross the gap. As 
the energy of the particles increases, the radius of their orbit increases, but the 
cyclotron frequency remains the same. When the orbit reaches the maximum 
radius, the particles can be deflected out of the cyclotron by a large electrostatic 
field. 


Cyclotrons are still used to accelerate particles that are then injected into much 
more powerful particle accelerators. However, they are also increasingly used in 
hospitals to prepare short-lived radioactive samples. A typical hospital cyclotron 
(Figure 6.6b) produces 30 MeV protons that strike selected targets to generate 
radioactive isotopes for use in medical imaging. 


Worked Example 6.1 Essential skill 


The cyclotron in Figure 6.6b has an outer radius of 1.1m and produces Using the Lorentz force law 
30 MeV protons. Calculate 


(a) the magnetic field required (assumed uniform), 


(b) the angular frequency of the alternating voltage difference applied to 
the dees, 


(c) the time taken to accelerate a proton from 10 keV to 30 MeV, if the 
alternating voltage difference has an amplitude of 500 V. 


Solution 


(a) For a uniform magnetic field, the radius of the cyclotron orbit increases 
with the speed and energy of the proton, so the maximum kinetic energy of 
30 MeV corresponds to the outer radius of 1.1 m. The orbit radius is 

re = mv_/|q|B, and using the relationship between speed and kinetic 
energy (Vv, = \/2Ekin/m) to eliminate v,, we can obtain an expression for 
the field needed to maintain an orbit, in terms of the orbit radius and kinetic 
energy: 


muy Jf 2m Ekin 


(dire —lalre 


Substituting the values of the maximum energy and the outer radius, we find 


(2 * 1.67 x 10-*" ke x 3.0 x 10" eV x 1.60 10 “levy! 
1.6 x 10-19C x 1.1m 


= 0,721. 


Note that we have used the relationship 1 eV = 1.6 x 10~!°J to convert the 
proton energy to joules, the SI unit for energy. 


(b) The voltage must alternate at the cyclotron frequency; this will ensure 
that the electric field is in opposite directions for alternate crossings of the 
gap between the dees, but is always in the direction that accelerates the 
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proton. The angular frequency required is 


Igbo L605 26> 0.727 
ia = 


= 6.9 x 10" rads—!. 
oe 1.67 x 10-27 kg es 


(c) In each complete orbit, the proton crosses the gap twice, and on each 
crossing its energy increases by g AV = 500keV, i.e. 1 keV per orbit. For 
the energy to increase from 10 keV to 30 MeV, a difference of 29 990 keV, 
requires 29 990 orbits. Since the period of the orbit is 27 /u,, the time 
required is 


2 2 
29990 x ~~ = 29990 x eS = ile 


We 6.9 x 10’ rad s—! 


Exercise 6.4 Suppose that the cyclotron magnet described in Worked 
Example 6.1 is to be used to accelerate negatively-charged deuterium ions, D, 
which have mass twice that of a proton and the same net charge as an electron. 
What modifications will be required to the frequency of the oscillator, and to the 
injection and extraction arrangements, and what will be the maximum energy of 
the emerging ions? Oo 


Relativistic effects limit the maximum energy of the protons delivered by a 
cyclotron to about 30 MeV. As the protons speed up, their inertia increases by a 
factor (1 — v2/c?)—!/?, and their cyclotron frequency therefore decreases. This 
means that their orbits will not be synchronized with the alternating field, so no 
further acceleration can occur. This limitation is overcome in the synchrotron, a 
type of cyclotron in which the frequency of the alternating field is reduced as the 
proton’s energy increases. The Tevatron, at Fermilab in the USA, can accelerate 
protons to 1 TeV, that is, 10!” eV. 


6.2.5 Magnetic field parallel to electric field 


We now consider the case where both E and B are uniform and parallel to the 
z-axis. Since the electric and magnetic fields are parallel, the forces due to these 
fields must be perpendicular. The electric force acts in the z-direction, so changes 
only vz, and the magnetic force is perpendicular to the z-axis, so changes only vu, 
and v,. Therefore, the xy part of the solution obtained for a uniform B field and 
E = 0 is also the solution for the present case. Likewise, the solution for a 
uniform E field and B = 0 is applicable to the motion in the z-direction in this 
case. Combining the two solutions, the velocity is 


B B 
v=v,sin (Se + éo Jes + vu, cos (Se ai 60) €y 
m m ; 


EB 
+ (+o 2 ,) a (6.10) 
mm 


where v, is the (constant) speed in the plane perpendicular to B, and vp) is the 
velocity component parallel to B (the z-direction) at time t = 0. 


™@ How does the path traversed by a particle in this situation differ from the 
helical path for the E = 0 case shown in Figure 6.4? 


6.2 The Lorentz force in uniform fields 


LJ Motion in the xy-plane is unaffected by the field He,, so viewed along the 
z-axis the path will still appear circular. However, Equation 6.10 indicates 
that there is a uniform acceleration gE’/m in the z-direction, and this means 
that the spacing between successive turns of the spiral increases. 


Collimating a particle beam 


Using a uniform electric field to accelerate electrons emitted from a heated 

cathode source will not produce a very narrow beam. The electrons will be 

emitted in all directions, and will have typical speeds in the plane perpendicular to 

the electric field of vy ~ \/2kpT'/m, where kg is Boltzmann’s constant and Tis Thermal energy of the 

the absolute temperature of the cathode. The motion perpendicular to the electric emitted electrons is 

field will not be affected by the electric field. So the beam will continue to diverge sm(v2 + vu, +u2)~0 3kpT , 
after the electrons have been accelerated. or for motion in the 

plane perpendicular 

to the electric field, 


ee eee, ee 
gM(uz + vy) = amv ~ kT. 


We can estimate the divergence of the beam by comparing an electron’s velocity 
components in the directions parallel and perpendicular to the axis of the beam. If 
we ignore the initial velocity component parallel to the field direction, then after 
being accelerated through a voltage V, the electron’s component of velocity 
parallel to the beam is given by zmuyp = eV, or vj = /2eV/m, which is about 


3 x 10’ms~! for V = 2.5kV. The typical speed in the plane perpendicular to the 
beam is uv, ~ \/2kgT/m ~ 3 x 10°ms7!, assuming a source temperature of 
2700 K. Thus the ratio vj : v, is about 100 : 1, and after the electrons have 
travelled 50cm, the beam radius will be about 5 mm. 


One way to reduce the divergence of the beam is to apply a magnetic field parallel 
to the beam. 


® What effect will this magnetic field have on the trajectories of 
electrons initially travelling (a) along the beam axis, and 
(b) at a small angle to the beam axis? 


_] The magnetic field parallel to the axis will have no effect on 
electrons travelling along the axis, since v X B = 0 for 
parallel vectors. Electrons travelling at an angle to the axis 
will follow a clockwise helical path parallel to the field 
direction, with a radius r, = mv /eB, and an angular 
frequency w, = eB/m. 


If we used a long solenoid to produce a field of 3 x 10-3 T 
parallel to the beam, then the cyclotron radius for electrons with 
v, ~3 x 10°ms—! would be re ~ 0.2mm. The radius of the 
beam would be twice this value, that is, about 0.4 mm, since the 
orbits all pass through the beam axis rather than being centred on 
it. Note that this beam radius is a factor of about ten smaller than 
the beam radius after 50 cm that we calculated above with no 
magnetic field. Figure 6.7 compares an electron’s helical path in a 
magnetic field with its linear trajectory in the absence of the field. 
The field clearly converts the diverging beam of electrons to a 
parallel beam, a process known as collimation. What is more, if 
we had a sufficiently long solenoid, we could confine the beam 
within this 0.4mm radius over any distance required. clarity.) 


Figure 6.7 Helical path followed by an 
electron emerging from an electron gun at 
point A. In the absence of the field B, the 
electron would follow the linear path shown by 
the broken line. (wv, / v|, is exaggerated for 
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Essential skill Worked Example 6.2 


Using the Lorentz force law Electrons emerge through a small hole in the anode of an electron gun after 
being accelerated through a potential difference of 1.5 kV. They form a 
diverging beam, spread over a range of about 7 from the beam’s axis. The 
beam must be focused onto a point 0.25 m away on the axis of the gun. 
What uniform magnetic field B would do this? 


Solution 


The discussion above indicates that a magnetic field parallel to the beam axis 
is likely to do the job. 


The velocity component Yl of the electrons parallel to the axis of the gun 
obeys eV = gmp SO vy = \/2eV/m. All of the electrons have essentially 
the same value of vy since they have been accelerated by the same electric 
field, and all of them have the same cyclotron frequency uw. = eB/m and 
therefore the same cyclotron period T, = 27/we = 21m/eB. This means 
that all of the electrons that emerge from the anode will complete one 
cyclotron orbit in time 7¢, all will travel an axial distance of yj Te in that 
time, and all will return to the beam’s axis at the same point, irrespective of 
their value of v,. We require that point to be a distance d = 0.25 m from the 
anode, where 


a 2eV 2 onm — Qn 2mnV ne 
le ae fF 


The field strength B needed is therefore 


pat eo 
d e 


m e€ 


ae (2x 9.11 x 10-8 kg x 1.5 x 108)? 
~ 0.25m eo <10-?e 


=3.3x10-°T. 


Exercise 6.5 What magnetic field strength is required to collimate electrons 
from a small source within a beam of radius 5mm, given that the electrons were 
generated from a source at a temperature of 10° K? qo 


You can reinforce your understanding of the Lorentz force law by viewing 
the video sequence Bending magnets on the course DVD, which shows how 
charged particles were accelerated, steered and focused at the Nuclear 
Structure Facility at Daresbury. 


6.3 Dynamics in non-uniform magnetic fields 


Coils and magnets are often designed to produce uniform fields in a particular 
region. However, there are many situations where magnetic fields are required 
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with specific forms of non-uniformity, for example, to contain charged particles 
for nuclear fusion experiments. So we now consider some aspects of the dynamics 
of charged particles in non-uniform magnetic fields. Note that a magnetic field 
can be non-uniform in strength or in direction, or non-uniform in both strength 
and direction. 


In Subsection 6.3.1 we consider a case where the direction of the field varies but 
its strength is essentially constant, and in Subsection 6.3.2 we consider a field that 
is uniform in direction but varies in strength. In both cases we assume that 

the magnetic field has a relatively small spatial gradient, so the field does not 
change significantly on the scale of a cyclotron radius. You will see that particles 
still follow spiralling paths, but rather than a path remaining centred around a 
particular field line, the spiral path drifts slowly in a direction perpendicular to the 
field lines. Finally, in Subsection 6.3.3, we shall show how non-uniform magnetic 
fields can be used to produce a ‘magnetic bottle’ to contain charged particles. 


Figure 6.8 Three types of motion of charged particles in the Earth’s field: 
(a) cyclotron motion, (b) transverse drift, (c) bouncing between poles. 


All of these effects are illustrated by the motion of charged particles in the 
magnetic field surrounding the Earth, as shown schematically in Figure 6.8. 
Electrons and ions spiral around field lines (Figure 6.8a), and because the field 
lines are curved and the strength depends on position, the helical paths are 
displaced transversely (Figure 6.8b). In addition, the increase in field strength Az 


towards the poles causes the particles to bounce back and forth between the poles ” 

(Figure 6.8c). We shall discuss all of these effects in this section. . e 
Re 

6.3.1 Magnetic fields with varying direction B eC, 


We first consider a magnetic field where the field strength is constant along each 
field line but the direction of the field varies. Specifically, we shall consider Figure 6.9 A circular field 
the case of a circular field line, radius Rg, centred on the z-axis, as shown in 
Figure 6.9. Using cylindrical coordinates, the magnetic field vector can be written 
as B = Beg. We assume that hz > rc, so the field does not vary appreciably 
over a distance of a cyclotron radius. 


line of radius Rp centred on the 
z-axis. The local unit vectors 
(e;, €g, ez) of a cylindrical 
coordinate system are shown. 
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We shall seek a solution that corresponds to a particle spiralling around this 
circular magnetic field line. Since the directions of e, and eg depend on the 
particle’s position, the equation of motion is 


dv _ dvr. ay 4 Ws, 4g Oh ny dey 
dt dt” dt °' dt *' "dt | °d¢ 
=e eB 
m 


A (eer + Ugeg + Uzez) X Beg 
“ * (-u-Ber + v,Bez). (6.11) 


Initially, we shall ignore the time dependence of the unit vectors, and this allows 
us to write the components of Equation 6.11 as 

a - ve. “ve =0, we - ey. (6.12) 
These equations have a similar form to Equations 6.5, so describe a spiral motion 
at the cyclotron frequency, w, = |q|B/m, about the magnetic field direction. The 
particle has a constant speed vg = vj, along the field line, and a constant speed v, 
in the plane perpendicular to the field line. However, we need to take into account 
the corrections to this motion which arise because of the time dependence of the 
unit vectors e, and eg. Solving the full equations from scratch is rather laborious, 
so we shall present a simple physical argument. 


For the particle to move around a circular path of radius Rg with velocity 
component vg, it must have an additional acceleration, a centripetal acceleration, 
equal to —(v3/Rp)er. This requires a force —m(v3/Rp)er in addition to the 
force responsible for the cyclotron motion. 


M@ Suppose that a positively-charged particle spiralling around the field line 
shown in Figure 6.9 has a slow drift in the + z-direction, velocity v,ge., 
superimposed on its cyclotron motion. What is the magnetic force that acts on 
the particle as a consequence of this drift? 


L] The magnetic force due to the drift is 
F = q(v,4ez) X Beg = —quzqBe,. 


This has a constant magnitude and is directed towards the axis on which the 
circular field line is centred. 


So the centripetal force required for the particle to follow an orbit around the 
z-axis, radius Rp, can be generated if the particle drifts at an appropriate velocity 
in the + z-direction. The required velocity component, vzq, is found by equating 
the centripetal force to the magnetic force: 

—m(v3/Rp)er = —quzqBe,, 


SO 


The effect of the field lines being circular rather than linear is to superimpose a 
steady drift in the z-direction onto the spiral motion around the field direction, 
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with the drift velocity vq given by 


2 
Mug 


qBRe 


The curvature of the field lines means that the particle drifts in a direction that is 
perpendicular to the direction of the field and perpendicular to a vector drawn to 
the field line from its centre of curvature, as shown in Figure 6.10. The centre of 
the cyclotron orbit does not follow the field line, but has a component that follows 
the circular field line and another component corresponding to the drift. For the 
field shown in Figure 6.9, Equation 6.13 indicates that positively-charged particles 
drift in the + z-direction, and negatively-charged particles drift in the opposite 
direction. Note that in deriving this result we assumed that the radius of curvature, 
Rp, of the path is much larger than the particle’s cyclotron radius, so the change 
in field over a cyclotron radius is small. 


ez. (6.13) 


Ved = 


Figure 6.10 The path of a charged particle in a field B = Beg is the 
superposition of cyclotron motion about a circular field line and a steady drift 
motion perpendicular to both B and Rp. 


We can generalize Equation 6.13 to cover fields and curvatures in any direction. If 
Raz is a vector drawn to a point on a field line from the centre of curvature of the 
line at that point, then the drift velocity vq is 


mvj mvj 


Rp X B= Rp x B, (6.14) 


Vd ~ GB? Ry, gBRp 
where vj is the particle’s velocity component in the direction of the magnetic field. 
You should check for yourself that this predicts the same magnitude and direction 
for the drift velocity as does Equation 6.13 for the situation shown in Figure 6.9. 


We have considered the drift of the cyclotron orbits due to the curvature of 
circular field lines, but Equation 6.14 is a local relation that applies to any ‘shape’ 
of the magnetic field lines. Any field line can be broken down into a series of 
small circular elements, each with its own radius of curvature, and the derivation 
above can be applied to each element. So at each point in the magnetic field, the 
motion is a superposition of a spiralling cyclotron orbit with its axis along the 
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field direction and a drift in the direction perpendicular to both the field and its 
radius of curvature at that point. 


The discussion in this subsection has assumed that the change in field over a 
cyclotron radius is small; we have assumed a constant field strength B over the 
orbit. In Subsection 6.3.2 we shall see what happens to the cyclotron motion when 
the field strength depends on position. 


Motion of charged particles in the Van Allen belts 


The Earth is surrounded by regions containing energetic charged particles, mainly 
electrons and protons. The regions where these particles are most concentrated 
form two belts around the Equator, known as the Van Allen belts (Figure 6.11). 


Figure 6.11 The Van Allen radiation belts are high above the Earth’s 
atmosphere, and contain high densities of energetic electrons and protons. 


The particles within these belts spiral around the curved field lines of the Earth’s 
magnetic field, as shown in Figure 6.12. To give some idea of the scale of these 
orbits, the cyclotron radius for 1 MeV protons 3000 km above the Equator, where 
the field strength is about 10~° T, is about 15 km, and their cyclotron frequency is 
10° rad s~!. For 1 MeV electrons, which travel at a speed close to that of light, a 
relativistic correction must be made to Equations 6.9 and 6.8; the radius and 
frequency of their orbits are about 500 m and 6 x 10° rad s~', respectively. 


proton 


Figure 6.12 Electrons and 
protons spiral around the 
curved magnetic field lines in 
the Van Allen belts. Note the 
opposite directions of the 
spirals — clockwise for 
electrons, anticlockwise for 
protons, when viewed in the 
direction of the field. 
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Exercise 6.6 A proton in the outer Van Allen belt has vy = 2.0 x 10°ms7! 
and is at a point above the Equator where the field strength is 4.7 x 10-’ T and 
the radius of curvature of the field lines is 8.4 x 10° m. What is the drift velocity 
of this particle caused by the changing direction of the field? Oo 


Motion of charged particles in the Sun’s atmosphere 


A more dramatic example of motion of charged particles in magnetic fields can be 
observed in the coronal region around the Sun. Figure 6.13 is an ultraviolet 
image of the solar corona, showing lots of loop structures. These loops trace out 
magnetic field lines that protrude above the surface of the Sun. The gas in the 
region of these loops is at a temperature above 10° K, sufficient to ensure that its 
constituent atoms are ionized, and the ions and electrons travel along spiral paths 
around the field lines. The characteristic frequencies of the spectral lines emitted 
by the energetic ions depend on their degree of ionization (that is, the number of 
electrons stripped off), which in turn depends on the temperature. The intensity of 
the spectral lines depends on the number density of the ions. Thus, as well as 
showing the magnetic field pattern, these images provide astronomers with a 
wealth of information about the temperature and composition of the corona. 


Figure 6.13 Magnetic field loops in the lower atmosphere 
of the Sun. This ultraviolet image taken by the TRACE 
satellite shows the paths of high-energy electrons that spiral 
around the magnetic field lines. The superimposed image of 
the Earth indicates the immense scale of these field lines. 


Exercise 6.7 Our analysis of the motion of charged particles in non-uniform 
fields assumes that the magnetic field does not vary significantly over length 
scales comparable with a cyclotron radius. The magnetic field loop structures 
observed in the solar atmosphere are thousands, or even hundreds of thousands, of 
kilometres across. The typical field strength in these loops is 1.0 x 10~° T, and 
the particles have typical kinetic energies, Exin, of 500 eV (corresponding to a 
temperature of several million kelvin). How do the cyclotron radii of electrons and 
protons with these typical energies compare with the size of these loops? qo 


The solar wind 


The fact that energetic charged particles spiral around field lines is crucial for the 
existence of life on the Earth. The Sun ejects vast numbers of charged particles, 
mostly protons and electrons, representing a mass loss of about one million tonnes 
per second. These ejected particles are accelerated by the electric and magnetic 
fields in the atmosphere of the Sun, often in violent events such as solar flares, by 
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processes that are as yet only barely understood. The particles form what is 
known as the solar wind (Figure 6.14). In the region of the Earth’s orbit there are 
about 5 x 10° particles per cubic metre, and the average wind speed is about 
400 km s~!. 


The interaction between the solar wind and the Earth’s magnetic field has major 
effects on both of them, as shown in Figure 6.14. As the charged particles 
approach the Earth, they reach a region where the Earth’s field has a significant 
effect on their motion. This region is known as the bow shock, because of its 
similarity to the bow wave of a moving ship. The magnetic field presents an 
obstacle to the flow of the solar wind, since the charged particles cannot travel 
transverse to the field. Most of the solar wind is therefore diverted through a 
region called the magnetosheath around the boundary of the Earth’s field, so life 
on the ground is protected from the potentially harmful effects of the energetic 
charged particles. 


The interaction of the solar wind with the Earth’s field distorts it from the dipolar 
form that it has close to the Earth. On the day side of the Earth, the dipolar 
magnetic field is compressed, as shown in Figure 6.14, and on the night side it is 
stretched out into an extended tail. The region in which the Earth’s field has a 
significant effect on the solar wind is known as the magnetosphere. Though most 
of the solar wind continues to travel further out into the solar system, small 
proportions of the particles enter the Van Allen belts and a region within the 
equatorial plane of the tail, known as the plasma sheet, and then contribute to the 
Earth’s ring current and to auroras, which are discussed later in this chapter. 


Van Allen radiation belts 


wind 


plasma sheet 


Figure 6.14 The Earth’s magnetic field effectively diverts most of the solar 
wind around the Earth. 
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6.3.2 Magnetic fields with varying strength 


We shall now discuss the motion of charged particles in a magnetic field that has 
the same direction everywhere, but with strength depending on position. Consider *t Au 
the magnetic field depicted in Figure 6.15, which is in the z-direction everywhere, 


but its strength depends on the xz-coordinate, that is, B = B(x)e,. (Note that we = 3 
cannot choose a field of the form B = B(z)e., because this does not satisfy the iL 1 
no-monopole equation, div B = 0.) + t iE 


| 

He 

We shall investigate the motion of a particle that is initially spiralling around a / Tem CANS on ae 
field line passing through x = 0, y = 0. The equations to be solved are similar to t: t i ‘ 
Equations 6.5, but with B = B(x): 


doz _ gB(x) ty dvy _ _ gB(a) dv, _ 0. (6.15) Figure 6.15 A magnetic 

dt m dt m dt field in the z-direction, with a 
If we assume that the magnetic field varies only slightly on the spatial scale of the gradient of the field strength in 
particle’s cyclotron radius, then we can perform a first-order Taylor expansion of the x-direction. 


B(x) about x = 0: 
B(x) ~ B(O) + B’(0)z, 


where B’(0) is the value of dB/dz evaluated at x = 0. Using this expansion, the 
equations of motion can be rewritten as 


dv;  qB(0) ici gB'(0)ar 


y y> 
dt m m (6.16) 
duy qB(0) qB'(0)x 
— Ur Ur. 
dt m m 


We shall assume again that the field changes slowly with position, so B’(0)zx is 
small compared with B(0). Since the terms involving B’(0)x are small, it 

is areasonable approximation to substitute the solutions we obtained for a 
uniform magnetic field (Equations 6.6 and 6.7) for x, v, and v, in these terms in 
Equation 6.16. In this case, x9 = 0 and yo = O since we are considering a particle 
spiralling around a field line with these coordinates, and we shall choose the 
origin of the time scale so that ¢9 = 0. We then obtain 


dv, qB(0) qB'(0) MUL qB(0) qB(0) 

a ee == x F(a 7 t} xX | vy cos = ty}, 
du B(O B'(0 mv B(O . gB(0 
a P),, ee x ( rs cos Os) x (vs sin Oe) |, 
If we now average these equations over a cyclotron period, then (cos? Wet) = 5: 


and (sin wt cos wt) = 0, and we find 


dv, \ _ qB(0) qB'(0) mv? 
( dt ) m (vy) m 2B)’ cO.27) 
(SY) - v0) (vp). (6.18) 


Now the kinetic energy of a particle remains constant in a magnetic field, so 
the quantities on the left-hand sides of Equations 6.17 and 6.18, the averaged 
components of the acceleration, must be zero. From Equation 6.18, we deduce 
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that (v,) = 0, so there is no drift in the x-direction. However, from Equation 6.17, 


mv* B'(0) 
(vy) _ 2qB?(0) ° 
This means that the orbit of a positively-charged particle will drift in the 
y-direction, since B’(0) is positive in Figure 6.15. Note that the drift is 
perpendicular to the direction of the field, and also perpendicular to the direction 
of the gradient of the field. 


(6.19) 


We derived this expression for the drift velocity for specific directions of field and 

field gradient, but it can be generalized to give a vector equation that is valid for 

all fields and field gradients. The general relationship for the drift velocity vq is 
mus 


Va = DBS B X grad B. (6.20) 


You should check for yourself that this expression predicts the same direction and 
magnitude for the drift velocity of a positively-charged particle in the magnetic 
field of Figure 6.15 as does Equation 6.19. 


So in a non-uniform magnetic field of constant direction, a particle spirals around 
the field lines much like it does in a uniform field, but in addition it drifts in the 
direction perpendicular to both the magnetic field direction and the gradient of the 
magnetic field’s magnitude. Notice that because the drift is perpendicular to the 
gradient of the field strength, the average field strength experienced by the 
particle remains constant. This means that the frequency and the average radius of 
the particle’s orbit, and the drift speed itself, are constant. 


When there is only a small change in magnetic field over the cyclotron radius, the 
drift transverse to the orbit has the form shown in Figure 6.16a. If the field 
strength changes much more rapidly with position, so that grad B is larger, then 
the orbit could have the form shown in Figure 6.16b. Since re = mv _/|q|B, a 
visual comparison of the radii of the loops at the top and bottom of this figure 
suggests that the field varies by a factor of 10 over the path in Figure 6.16b. 
Positively-charged particles drift in the opposite direction to negatively-charged 
particles, so they would drift from right to left in the fields shown in Figure 6.16. 


stronger field 


{ grad B 


weaker field 


lirecti f drift 
(a) ee Figure 6.16 Paths 


followed by negatively-charged 

particles in the plane 

perpendicular to a B field 

directed out of the page for 

(a) small and (b) large 

(b) variations in field over the 
orbit. 


grad B 
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This is a second contribution to the drift of charged particles in non-uniform 
magnetic fields. In most non-uniform fields, both the magnitude and the direction 


of the field vary, so the contributions represented by Equations 6.14 and 6.20 must 


be added to obtain the total drift velocity. 


Exercise 6.8 Figure 6.17 shows the circular orbit of a positively-charged 
particle in a uniform B field in the z-direction, which is directed perpendicularly 
out of the plane of the page. Suppose that a field gradient is superimposed in the 
z-direction, so that the field remains in the same direction but its strength is 
slightly weaker at A, and slightly stronger at C, than the strength of the initial, 
uniform field shown in this figure. By considering the effect of these differences 
in the field on the cyclotron radii at A and C, explain why the orbit drifts, and 
deduce the direction of the drift. 


Exercise 6.9 Determine the drift velocity due to the gradient in field 
strength experienced by the proton described in Exercise 6.6. Assume that 

VL = vy = 2.0 x 10° ms~! (corresponding to energy 40 keV), that the proton is 
2.6 x 10’ m from the Earth’s centre, above the magnetic equator, where the field 
strength is 4.7 x 10~" T, and that the field in the equatorial plane has a dipolar 
form, given in spherical coordinates by B(r) = —(C/r*)eg, where C is a 
constant. 


Exercise 6.10 
or in opposite directions in non-uniform fields? 


(b) To what directions is the drift always perpendicular? 


(c) For a given kinetic energy and magnetic field configuration, do electrons or 
protons have the greater drift speed? Oo 


The Earth’s ring current 


You have seen that the charged particles in the Van Allen belts drift transversely 
as they spiral around the Earth’s magnetic field lines. The gradient in field 
strength and the curvature of the field lines cause positively-charged particles to 
drift from east to west, and negatively-charged particles to drift in the opposite 
direction. Thus particles with both signs of charge contribute to a current in the 
east-west direction, and this current is known as the Earth’s ring current. 


Figure 6.18 shows part of the Earth’s field in a plane through the magnetic 
equator, as it would appear from high above the northern hemisphere. The green 
dots represent the field lines emerging perpendicularly out of the page, and they 


are more closely packed nearer the Earth to indicate that the field is stronger there. 


The cyclotron radius is therefore smaller closer to the Earth, and this leads to a 
transverse drift of the orbits, shown here for particles with uj = 0. By using the 
right-hand rule, you should be able to convince yourself that protons would 
traverse the path shown in Figure 6.18 from left to right (east to west), while 
electrons would traverse it from right to left (west to east). 


(a) Do particles with opposite charge drift in the same direction 


Figure 6.17 Circular orbit of 
a charged particle in a uniform 
field (represented by a uniform 
array of green dots) directed 
perpendicularly out of the page. 


electron 


magnetic . 'B 
northpale . 


Figure 6.18 Viewed from 
above the magnetic north pole, 
which was at 83° N, 114° W in 
2005, the transverse drift of 
charged particles in the Van 
Allen belts generates a current 
flowing from east to west. 
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® What effect will the ring current have at the Earth’s surface? 


L] The ring current is a large current loop and will generate a magnetic field at 
the Earth’s surface. Application of the right-hand rule indicates that this field 
points towards the south — the opposite direction to the Earth’s internally 
generated field — so the measured field at the Earth’s surface is smaller than 
it would be in the absence of the ring current. 


If the ring current were constant, its contribution to the field would be of little 
importance. However, during periods of intense solar activity, when the solar 
wind carries greater numbers of charged particles towards the Earth, the number 
density of particles in the Van Allen belts is enhanced. The ring current therefore 
increases, and this leads to a measurable decrease in the magnetic field strength at 
the Earth’s surface. Such decreases in the field are referred to as magnetic 
storms. A typical storm might reduce the Earth’s field by 100 nT, and reductions 
can be as large as 600 nT, which is about 2% of the field strength at the Equator. 
The field returns to its ‘normal’ value after about a day. Magnetic storms can also 
cause major disruption to electrical distribution systems and communications, 
and space scientists are using instruments on satellites in various regions of 

the magnetosphere to try to understand the mechanisms responsible for these 
disruptive events. 


Exercise 6.1! Spacecraft measurements indicate that the ring current is carried 
mainly by charged ions, with energies from a few keV to a few hundred keV, 
which spiral round field lines that pass over the Equator between about 2.5Rp and 
7Rg from the Earth’s centre, where Rp is the Earth’s radius. Estimate the current 
required to reduce the field at a point near the Equator by 100nT. You may 
assume that the ring current can be modelled by a simple loop in the equatorial 
plane with radius 4p, that the field this generates at the Earth’s surface is 
approximately the same as the field it generates at the centre of the Earth, and that 
Ry =6 x 10°m. qo 


6.3.3 Magnetic bottles 


You have seen in Subsection 6.2.5 that a uniform magnetic field can be used to 
guide a beam of particles. We shall now look at how particles can be trapped, or 
‘bottled’, by a magnetic field. This is relevant to the containment of particles in 
the Van Allen belts, and to the containment of plasmas in prototypes of fusion 
reactors. 


One of the simplest magnetic field patterns that can be used to trap charged 
particles is shown in Figure 6.19. This field is produced by a cylindrical coil that 
has more windings at the ends than at the centre. In the central region, a particle 
follows a helical path, but as it approaches one of the ends, its component of 
velocity parallel to the axis decreases and eventually reverses. The particle is 
reflected, and the point at which it is reflected is known as the mirror point. It then 
accelerates back towards the other end of the coil, where it is again slowed down 
and reflected. The particle is trapped by these repeated reflections, and the field 
responsible for trapping the particle is called a magnetic bottle. 
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point Figure 6.19 A magnetic 
bottle with a magnetic field 
strength that is least in the 
middle (Bo) and greatest at the 
ends. 
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It is straightforward to explain the reflection process qualitatively. At point P in 
Figure 6.19, the velocity has a component in the azimuthal direction, and the field 
has a radial component towards the axis. The right-hand rule indicates that these 
velocity and field components produce a component of the Lorentz force in the 
—z-direction. This force will reduce the velocity component in the z-direction to 
zero, then increase the velocity in the opposite direction, and this accounts for the 
reflection of the particle. 


We shall now make this argument more precise. We shall use cylindrical 
coordinates, with the z-axis along the axis of the bottle. At point P in Figure 6.19, 
we can write the particle’s velocity as v = vgeg + vz€;, and write the field as 
B= B,e, + B-e,. The Lorentz force on the particle is then 


F = q(vgeg + vzez) X (Bre, + Bez) = q(vgBzer + vz Beg — vgBrez). 


When the positive charge shown in Figure 6.19 passes through point P, the 
components of velocity and field have the following signs: ug negative, 

vz positive, B, negative, B, positive. So the radial component of the force, 
u¢Bzer, 18 negative and therefore directed towards the axis; this is the centripetal 
force required to maintain the (approximately) circular orbit. The azimuthal 
component of the force, v,B,eg, is negative and therefore in the same direction as 
ugeg; this force acts to increase the magnitude of the azimuthal velocity. The 
z-component of the force, —vgB,e,z, is negative, and this is the component that 
we referred to in the earlier qualitative discussion that reduces the z-component of 
velocity to zero and then accelerates the particle in the — z-direction. 


As with all examples of motion of charged particles in magnetic fields, the speed 
and kinetic energy of the particle must remain constant. So the reduction of the 
z-component of velocity, vz, is accompanied by an increase in the azimuthal 
component, vg, with v= v5 + v? remaining constant. 


It is possible to prove that the magnetic moment associated with a charged particle 
in an orbit remains constant as long as the field changes slowly over a cyclotron 
radius. Deriving this result would be too much of a detour, and we shall simply 
make use of it here to explore further the properties of magnetic bottles. Recalling 
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Figure 6.20 Definition of the 
pitch angle a at a point ona 
helical trajectory, shown here as 
a projection onto a plane. 
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the definition of magnetic moment — its magnitude is the product of the current 
and the area of the current loop — we can write the magnitude of the magnetic 
moment of an orbiting particle as 


2 muv2 
In — a TO aa 6.21 
a Ot Jw \q|B 2B’ eh) 


where we have substituted vg for v, in the usual expression for r,. So constancy 
of the magnetic moment means that U5 /B must remain constant as the particle 
travels along the path shown in Figure 6.19. 


Now, rather than describing a particle’s motion in terms of v, and vg, it is helpful 
to use its speed v, which remains constant in the magnetic bottle, and the angle a 
between the velocity v and the magnetic field direction, as defined in Figure 6.20. 
The angle a is known as the pitch angle of the motion, and is constant for a 

uniform helical trajectory. The two descriptions are related by the transformations 


v= +3, tana = vg/Vz, 


and all four of these parameters remain constant for motion in a uniform magnetic 
field. Since vg = vsin a, the condition in Equation 6.21 for the magnetic moment 
to remain constant, v3 /B = constant, is equivalent to 


sin? a 


B 
We now apply this condition to a particle that has pitch angle ag while in the 
middle of the bottle shown in Figure 6.19, where the magnetic field strength is Bp. 
The pitch angle a at some point where the field strength is B > Bo is given by 


= constant. 


2 


sin” a sin? ao 
B Bo - 


As the particle travels into the region of increasing field strength, sin? a becomes 
larger, which means that the pitch angle increases. This continues until the 
particle has a 90° pitch angle and consequently v, = 0. At this point, sina = 1, 
so the required field strength is B = Bo/ sin? ag, and vz switches sign. The 
particle is therefore reflected, and travels back towards the region of weaker field 
strength. The particle will bounce back and forth between the two magnetic 
mirrors at the ends of the magnetic bottle. 


Note that the mirror point is where B = Bo/ sin? ao, so particles with small pitch 
angles in the middle of the bottle require a larger field for reflection to occur. In 
fact, if the field reaches a maximum B = Byax at the ends of the bottle, then 
particles with pitch angles such that sin? ag < Bo/Bmax see no mirror. Such 
particles are not reflected and so are not trapped. This means that magnetic bottles 
always leak. In reality, magnetic bottles leak for a variety of other reasons too, 
and can contain charged particles for only a limited time. 


Exercise 6.12 A magnetic bottle like the one in Figure 6.19 has Bnax = 20.Bo. 


(a) What is the minimum value of the pitch angle ap at the centre of the bottle for 
particles that are trapped? 


(b) Explain qualitatively why particles that have pitch angles in the middle of the 
bottle smaller than this minimum value cannot be trapped. qo 


6.3. Dynamics in non-uniform magnetic fields 


Table 6.1 shows the minimum pitch angle at the centre of a bottle for trapped Table 6.1 Minimum pitch 
particles as a function of Bnax/Bo. It also shows the proportion of particles that angle Qmin of particles trapped 
leak out of the ends, assuming that the distribution of velocities at the centre is by magnetic bottles for various 
initially isotropic. ratios of maximum field Bmax 
to central field Bo, and the 
Trapping of particles by the Earth’s field corresponding percentage of 


particles leaking. 


The Earth’s magnetic field provides an example of a magnetic bottle. You have 


seen that electrons and protons in the radiation belts spiral around the Earth’s Bmax/Bo min Leak 
magnetic field lines. The field lines intersect the Earth’s surface at high latitudes, 3 35° «18% 
and without the magnetic mirror effect, the particles would hit the ground after a 10 18° 5% 
single passage along a field line. However, the field gets stronger closer to the 30 10° 2% 
Earth, as shown by the increased density of field lines close to the Earth in 100 6° 0.5% 


Figure 6.21. This gathering of field lines creates a magnetic mirror. When a 
charged particle spiralling around a field line approaches the Earth near one of the 
poles, it encounters an increasingly strong magnetic field. If its pitch angle over 
the Equator is not too small, the particle will eventually reach its mirror point and 
be reflected back towards the other pole, where the same process is repeated. 
Particles are caught in a magnetic trap, and bounce back and forth between the 
mirror points until liberated by some sort of collision. 


Figure 6.21 Trapping of charged particles between magnetic mirrors formed 
by bunching of field lines near the magnetic poles. 


For particles that cross the Equator at a distance of 4A from the Earth’s centre, 
the field lines that they follow intersect the Earth’s surface about 25° from the 
magnetic poles. However, at a height of 1000 km above the surface, the field 
strength along these lines is a factor of almost 100 greater than the field strength 
over the Equator, so the vast majority of particles will be reflected before they get 
down to this height. Particles with very small values of the pitch angle ag will 
spiral down into the atmosphere, and can then excite molecules of nitrogen and 
oxygen in the air. The excited molecules emit light, thus contributing to the 
beautiful auroral displays (see cover picture) that occur between 80 km and 

300 km above the Earth. However, the majority of the particles responsible for 
auroras come not from the Van Allen belts but from the plasma sheet in the tail of 
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the Earth’s magnetosphere. Changes to the magnetic field in this region of the 
magnetosphere, generated by changes to the solar wind, cause charged particles to 
follow field lines down into the atmosphere. The unusual view of an aurora in 
Figure 6.la shows a ring pattern of auroral illumination, about 5000 km across, 
around the north magnetic pole. The ring indicates where the field lines around 
which the charged particles spiral enter the atmosphere, at about 25° from the 
pole. 


Summary of Chapter 6 


Section 6.1 The Lorentz force on a particle with charge g moving at velocity v 
in an electric field E and a magnetic field B is given by F = q(/E+ v X B). 
Only the electric field part of the Lorentz force, gE, can change the kinetic energy 
of a charged particle; the magnetic part, gv X B, is perpendicular to the velocity 
and therefore cannot affect the speed or the kinetic energy of the particle. 


Section 6.2 In an electric field, a charged particle with mass m has an 
acceleration gE/m. In uniform electric fields, a particle’s motion can be 
determined by using the constant acceleration equations. Electric fields are used 
to accelerate and steer electrons in many important devices, such as the scanning 
electron microscope. 


In a uniform magnetic field, a charged particle has an acceleration perpendicular 
to the field and to its velocity, and it therefore travels in a circular orbit in a plane 
perpendicular to the field, or follows a helical path around a field line. The 
angular frequency and radius of the orbit are known as the cyclotron frequency, 
We = |q|B/m, and the cyclotron radius, r, = mv_/|q|B. The particle’s motion 
can be described by a velocity component parallel to the magnetic field uy; and a 
perpendicular speed v,, and in a uniform magnetic field both v, and vy remain 
constant. Combinations of electric and magnetic fields can be used to focus beams 
of charged particles. 


Section 6.3. Where the direction of a magnetic field changes, a transverse drift is 
superimposed on the spiralling motion of charged particles. The direction of drift 
is perpendicular to the field direction and to a vector drawn to the field line from 
its centre of curvature. When the field strength depends on position, the orbit 
drifts perpendicular to the field direction and to the direction of the gradient of the 
field magnitude. 


A magnetic bottle is a region of non-uniform field that can be used to trap charged 
particles. The Earth’s magnetic field acts as a magnetic bottle for electrons and 
protons in the Van Allen belts. Transverse drift of these particles produces the 
Earth’s ring current. 


Achievements from Chapter 6 


Achievements from Chapter 6 


After studying this chapter you should be able to do the following. 


6.1 Explain the meanings of the newly defined (emboldened) terms and 
symbols, and use them appropriately. 


6.2 State the Lorentz force law, and use it to calculate forces on charged 
particles in electric and magnetic fields. 


6.3. Use the Lorentz force law to explain why an electric field changes a charged 
particle’s kinetic energy but a magnetic field does not. 


6.4 Explain why a particle spirals around a magnetic field line in a uniform 
magnetic field, derive expressions for the cyclotron frequency and cyclotron 
radius, and use these expressions to solve problems. 


6.5 Use standard results to determine a particle’s motion in specified uniform 
and non-uniform magnetic fields, both with and without electric fields. 


6.6 Explain why a particle drifts in a non-uniform magnetic field, explain the 
direction of drift, and calculate the drift velocity. 


6.7 Explain how a magnetic bottle traps charged particles. 
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Table 7.1 


The conductivity of 


various materials at 0°C. 


Conductivity o 


,O- m-! 
silver 6.8 x 10° 
copper 6.5 x 10° 
tungsten 2.0 « 10° 
iron 1.1 x 107 
lead 5.2 x 106 
silicon 0.02-10 
glass 10-"10-* 
polythene 10 40-* 
distilled water  10~°-107? 
silicone oil io-* 


142 


Chapter 7 Resistance and inductance 


The previous chapter was concerned with ways that electric and magnetic fields 
affect the motion of charged particles in free space. Examples ranged from beams 
of electrons in electron microscopes to the motion of the charged particles that 
cause auroras. In this chapter we consider the motion of charged particles that 
gives rise to electric currents in conducting materials, and this motion is again 
caused by electromagnetic fields. 


We shall be concerned with two main aspects of the current flow in electrical 
circuits. The first is the resistance of conducting components, which determines 
how much current flows in response to an applied field, and we shall present 
various methods of calculating electrical resistance. The potential differences 
associated with current flow provide information about the underlying material, 
and this is the basis of techniques used by archaeologists to search for buried 
structures. The second half of the chapter looks at another factor that affects 
current flow in circuits, namely inductance. Mutual inductance gives rise to 
current in one circuit when the current changes in a second circuit, whereas the 
self-inductance of a circuit acts to limit the rate of change of current in that 
circuit. Both forms of inductance are of immense practical importance for 
electronics and electrical engineering, and both are based on the phenomenon of 
electromagnetic induction. We therefore preface the discussion of inductance by a 
brief review of the important aspects of electromagnetic induction. 


7.1 


In most conducting materials, an electric field E produces a current density J that 
is proportional to the field, that is, 


J) = ol, 


Current flow in conducting materials 


(7.1) 


where the constant of proportionality, o, is known as the electrical conductivity 
of the material. The SI unit of conductivity is Am~?/Vm~! = Q-!m~!. The 
reciprocal of the conductivity is known as the resistivity, p, giving the relation 

1 

p=-. 

or 
We shall use conductivity rather than resistivity in this book in order to avoid 
confusion with our use of p to represent charge density. Table 7.1 shows values of 
the conductivity of some common materials. 


(7.2) 


When a conducting material moves with velocity v in a magnetic field B, there 
will be a magnetic force gv X B acting on the charge carriers as well as the 
electric force gE, and Equation 7.1 is extended to the more general expression for 
the current density: 


J=o(E+v XB). (7.3) 


In the discussion of conductivity and resistance in the first half of this chapter, we 
shall be concerned only with stationary conductors, so Equation 7.1 will suffice. 
However, even for a conductor moving in the Earth’s magnetic field (~10~° T) at 
103 ms~! the (v X B) term is only about 10-7 Vm“, which is small compared 
with electric field strengths encountered in most applications. 


7.1 Current flow in conducting materials 


7.1.1. Ohmic materials and Ohm’s law 


Materials in which Equation 7.1 is obeyed are said to be ohmic, and this equation 
is often referred to as Ohm’s law. This is the /ocal form of the law — it relates J 
and E at a point in the material — whereas the form of Ohm’s law that we 
introduced in Book 1 and with which most people are familiar, namely V = JR, 
applies to a discrete object. In the following exercise you can demonstrate the 
equivalence of the two forms of Ohm’s law for a conductor with a simple shape. 


Exercise 7.1 The conducting rod in Figure 7.1 has uniform cross-sectional 
area A and length /, and the current density and field are uniform along its length. 
By expressing the electric field and current density in terms of the current J and 
voltage drop V along the rod, show that if J = oE, then V = IR, where the 
resistance R is a constant, and obtain an expression for R. qo 


Ohm’s law is not a fundamental law of physics, in the sense of Gauss’s law, and 
there are materials for which it is not valid. For example, in semiconducting 
devices, the relationship between V and J is generally highly non-linear. Even for 
ohmic materials, the conductivity depends on temperature, and this is particularly 
true for semiconductors. However, when Ohm’s law is not valid, the resistance is 
still defined to be V/I, even though the resistance then depends on the voltage 
drop. 


At this point it is worth briefly contrasting the current that flows in a solid with 
the beam current in an electron microscope.In the microscope, the current is 
determined by the rate at which electrons are emitted from a heated filament, and 
this depends on the filament temperature. The anode voltage accelerates the 
electrons, and all of the electrons in the beam then travel with essentially the same 
velocity. For example, Exercise 6.1 showed that electrons accelerated through 

1.5 keV travelled at a speed of about 2 x 10’ms~! towards the specimen. 

In contrast, in a metallic conductor , the current is carried by the conduction 
electrons — those electrons that are free to move throughout the material. In the 
absence of an electric field, quantum theory indicates that these electrons have 
typical speeds of 10° ms~!, they are travelling in random directions, and they are 
frequently scattered by thermal vibrations of the lattice and by impurities and 
defects in the structure. When an electric field is applied, the conduction electrons 
will accelerate in the opposite direction to the field. However, frequent scattering 
greatly restricts the velocity change, and the net effect of acceleration and 
scattering is to add a small drift velocity to the random thermal motion of the 
electrons. For a current of 1 A flowing in a copper wire with cross-sectional 

area 1 mm?, the drift speed is about 10-4 ms~!, which is about ten orders of 
magnitude less than the typical speed of the conduction electrons. 


It is the scattering of the conduction electrons that gives rise to electrical 
resistance and to dissipation of power in a conductor. To determine the power 
dissipated, consider the electrons contained in a small volume 67 within a 
conductor, shown in Figure 7.2 overleaf. The electrons are drifting with velocity 
Vq in the opposite direction to E and J, so in time dt they will be displaced 
through distance vg dt. The change in electrostatic potential over this distance is 
0V = —E- vg ot = + Fug ot. Since the charge within the displaced volume is 
d@ = —en or, where n is the number density of conduction electrons, the change 


area A 


Figure 7.1 Conducting rod in 
which the electric field E and 
current density J are uniform. 


We use 7 rather than V to 
denote volume in this chapter, in 
order to avoid a clash with the 
use of V for potential, potential 
difference and voltage drop. 


143 


Chapter 7 Resistance and inductance 


volume dr 
contains 6Q = —ne ér 


Figure 7.2 In time dt, the 
electrons in volume 6T move a 
distance vg dt, and each loses 
electrical energy eEug 6t. 
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in electric energy is 
6Q 6V = (—endrT) x (Fug ot) = —nevgE 67 6t = —JE br ot. 


This energy is converted to thermal energy of the material, and the power 6P 
dissipated is therefore 


6P = JE or. 


For a macroscopic object, the total power dissipated is found by integrating over 
the total volume 7: 


p= | JEdr. (7.4) 


M@ Starting from Equation 7.4, use the geometry of the conductor in Figure 7.1 to 
derive expressions for power dissipated in terms of J, V and R. 


L) Since J = I/A and E = V/l, and both are constant in the rod, the power 
dissipated is P = (IV/Al) x volume. But in this case, the volume is Al, so 
P =IV, which may be a more familiar expression than P = ie JE dr. 
Assuming that Ohm’s law, V = IR, is valid, we can write this in the 
equivalent forms 


P=I1V=V'/REIPR 


Electrostatic potential and voltage drop 


In Book 1 a careful distinction was drawn between the terms electrostatic 
potential (and the associated potential differences and potential drops) and 
voltage drop. So which of these terms is appropriate for the V that appears in the 
non-local form of Ohm’s law? The answer is that it depends on the situation! 


We showed above that the general expression for the current density is given by 

J=o(E+v XB). (Eqn 7.3) 
This expression leads to V = IR, where V is the voltage drop along the resistor, 
given by 

V=Varop = f (E+v X B)-dl. 

resistor 

Thus it is always correct to refer to a voltage drop V, or Varop, in the context of 
V=TIR. 


Of course, in many situations the circuit is stationary and/or the magnetic field is 
zero or negligibly small, and then 


V=Varop = f E-dl. (7.5) 
resistor 


So it is still appropriate to use the term voltage drop, though the definition of the 
term is now slightly simpler. A special case is when we have an electrostatic field, 
since we can then define an electrostatic potential V at a point r by 


va)=- [ Bea, 


0 
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where rg is a reference point from which the potential is measured, often an 
infinite distance from the region of interest. The potential drop, or potential 
difference, across a resistor is then given by the integral in Equation 7.5, and in 
this situation the terms voltage drop and potential drop mean the same thing. The 
first half of this chapter is concerned with situations where the electric field is 
conservative and where the conductors are stationary, so we shall generally refer 
to electrostatic potentials and potential drops or potential differences. However, 
you must remember that when dealing with electromagnetic induction, which 
involves non-conservative electric fields and/or time-dependent magnetic fields, 
voltage drop is the appropriate term to use. 


7.1.2 Resistance of symmetrical conducting objects 


When a conducting object has a high degree of symmetry it may be possible to 
deduce the symmetry of the electric field and the current density, and to use this 
information to determine the resistance. This was done in Exercise 7.1. The 
following example shows how the resistance between the centre and surface of a 
sphere of conducting material can be calculated. 


Worked Example 7.1 Essential skill 
Determine the electric field and the electrostatic potential within the Determining the resistance of a 
poorly-conducting sphere shown in Figure 7.3 when a current I flows symmetrical conductor 


between a small metallic sphere at the centre, radius r,, and a metallic 
coating on the outer surface, radius r2. Hence determine the resistance of the 
sphere. 


Solution me sphere 
: ¢ S : 2 racius 7 
The spherical symmetry indicates that the current density and electric field : 


must be in the radial direction and can depend only on r, the distance from 
the centre. In the steady state there is no build up of charge, so the same 
current J crosses any spherical surface with its centre at the centre of the 
sphere, and this current is given by 


I= J,(r) x 4nr?. 


So Ohm’s law tells us that 
ue If 


LE, =—= Be 
oa Anor ee 
; : 2 : 3 E conductivity 7 metallic 
Since there are no changing magnetic fields, the electric field is conservative, coating 
and an electrostatic potential exists. To find the potential drop AV between 
the centre and the surface of the sphere, we integrate the field along a radial Figure 7.3 Sphere of 
path from r, to ra: poorly-conducting material. 


MY = V( (71) — V(r) 


-[" me i [s- ‘ian 
~ Ano r2 Ano To 11) 


The resistance R of the sphere is therefore 


AV 1 1 1 
i— — : 
if Ato (< ~) 
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Note that as the radius r2 of the outer sphere tends to infinity, the resistance 
tends to the limiting value of 1/47or,. Also, the potential in the region 
around the small sphere becomes V(r) = I/4aor (assuming V (oo) = 0). 
We shall make use of these important results in the next subsection. 


Exercise 7.2 The long coaxial cable shown in Figure 7.4 has 
an inner conducting wire with radius 7; and an outer sheath with 
radius rg, separated by a dielectric material that is a very poor 
conductor with conductivity a. Since both the wire and the sheath 
have a high conductivity, they are each at a uniform potential, but 
there is a potential drop AV between them. Derive an expression 
relating the potential drop AV to the current J that flows between 
radius 7. radiusr2 the wire and sheath in a length / of the cable, and hence calculate 
potential 4 potential V2 ; : : 
the resistance between the inner and outer conductors for this 
length of cable. (You should ignore any effects of the currents 
Figure 7.4 Coaxial cable. flowing along the wire and along the sheath.) qo 


conductivity 


For a coaxial cable with r2/r; = 5 and a polythene dielectric with 

o =10-'407! m“!, the resistance per metre is over 10'? Q m~!. So even with 
1kV between the inner and outer conductors, the current across the dielectric 
material would be less than 10-19 A per metre. 


It is worth noting that the calculation of the resistance of the coaxial cable in this 
exercise is very similar to the calculation of the capacitance in Exercise 2.6. In 
both cases we found an expression for the electrostatic field between the inner and 
outer conductors, and we integrated this field to determine the potential difference 
between the conductors. But to find the resistance, we used the local form of 
Ohm’s law, J = cE, to relate the magnitudes of the field and current density at a 
cylindrical surface coaxial within the cable. To find the capacitance, we used 
Gauss’s law to relate the magnitude of the field on the surface of a cylinder 
coaxial with the cable to the charge on the inner conductor. A fixed potential drop 
AV between the two conductors gives rise to charges on them of +Q per unit 
length, where Q = C AV, and current J per unit length between them, where 
f=HAV IR, 


7.1.3 Conductivity of the Earth 


The electrical conductivities of materials cover a wide range of values, from 
~10°Q-!m~! for silver to as low as ~10-!8 Q~!m~! for a very good insulator 
(Table 7.1). Even if we restrict ourselves to soils, minerals and rocks, the range 
is over seven orders of magnitude. A knowledge of the conductivity of the 
Earth’s constituent materials is important for understanding how the Earth 
interacts with terrestrial and extraterrestrial magnetic and electric fields. For 
example, the way in which energy is dissipated in a lightning strike depends on 
the conductivity of the ground in the region of the strike. Also, measurements of 
conductivity and resistance can be used to provide information about subsurface 
structures that could be of interest to mineral prospectors, archaeologists or 
forensic scientists. Understanding these applications requires concepts introduced 
in this and previous chapters. 


146 


7.1 Current flow in conducting materials 


A lightning strike 


Consider the situation shown in Figure 7.5, where lightning strikes a point on the 
Earth’s surface. A current flows from this point to the thunder clouds above, and 
the same current must be supplied to the strike point by a current flow through the 
surrounding ground. We shall model this situation by assuming that the ground in 
the region of the strike has a uniform conductivity o, and that away from the path 
of the lightning strike, the air is an insulator with zero conductivity. We shall 
also assume that though the current lasts for only a few milliseconds, the time 
dependence is still slow enough that we can use the results of electrostatics. Our 
aim is to determine the potential V on the Earth’s surface at a distance r from the 
strike. 


air,g = 0) rf 
> < 


ground conductivity o 


(a) (b) 


Figure 7.5 (a) A lightning strike. (b) Current flow and electric field in the 
region of the strike point. 


The symmetry of this problem means that we can use a method similar to that 
used in Worked Example 7.1. If we use spherical coordinates, with their origin at 
the strike point, then the symmetry indicates that the current density and the 
electric field within the ground are radial, and their magnitudes depend on r only: 


1 
E(r) = E,(r)e, = —ZJ,(r)e, within the ground. 
o 


We are assuming a steady state, so the current J flowing across the surface of a 
hemisphere of radius r centred on the strike point at the origin is independent of r, 
and 


I 
Qrr2 


Assuming that the potential is zero at large distances from the strike, the potential 
at a radius r is given by 


V(r) =- i E,(r’) dr! 


If" dr’ r yay I 
= = = : 7.7 
one i ce 2ro =| 2nor we?) 


(oe) 


If) = = 7 Ep(f). (7.6) 
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power 
supply 


Figure 7.6 Current source 
at A and current sink at B. 


ra 


Last 


ms) 


Figure 7.7 An array of four 
electrodes in a straight line used 
for geophysical measurements. 
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Exercise 7.3 A stroke of lightning carries a charge of 20 C and lasts 

2.0 x 10~%s. If the ground where the strike occurs has a conductivity of 
0.010Q-'m~!, at what distance from the strike does the field strength within the 
ground drop to 100 V m~!? What is the potential at this point relative to a zero of 
potential a large distance from the strike? (Make the simplifying assumption that 
the current is constant for the 2 ms duration of the strike.) Oo 


A geophysical survey 


Geophysicists and archaeologists use measurements of potential drops associated 
with currents flowing through the ground to obtain information about subsurface 
structures, such as mineral deposits or buried building work. However, instead of 
using a single point source of current as in Figure 7.5, a pair of electrodes is used 
(Figure 7.6), with current flowing into the ground at point A and flowing back to 
the power supply through point B. If we assume that the current density is linearly 
related to the electric field, then the superposition laws for potential and field 
mean that the current density in the region around the two electrodes is also the 
superposition of the current densities from a positive point current source at A and 
a negative point current source — a current sink — at B. The potential at point P, 
which is at a distance ra from A and rpg from B, is simply the superposition of the 
potentials due to these two sources. Each of these potentials is given by an 
expression like that in Equation 7.7, so 


Note that we are assuming initially that the conductivity is uniform in the region 
through which the current flows. 


The potential differences associated with the current flow are measured with two 
additional electrodes, M and N in Figure 7.7, which are located on a straight line 
between current electrodes A and B, with equal spacing a between neighbouring 
electrodes. The use of these additional electrodes means that any high contact 
resistance between the current probes and the ground does not affect the measured 
potential difference; a similar four-electrode technique is widely used to measure 
the conductivity of semiconductors. The potentials at M and N due to the current 
flow are 


ra 1 1 vi 2 1 1 I 
Vv 270 ( sa) 4nca Yn 210 & =) A4noa 
The potential difference Vin is 
I 


2roa’ 


Van = Vu — Vn = 


so the conductivity o is 


I 
= 7.8 
- 27aV\N ie) 


This result is based on the assumption that the ground in the path of the current 
has uniform conductivity. 


The current density decreases with the inverse square of the distance from 
the source, and this means that the path of the current from A to B is mainly 
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confined to depths less than the spacing between the current electrodes. So if 
archaeologists were looking for building foundations or rubbish pits that might be 
a few metres below the surface, they would use a spacing of a few metres between 
the current electrodes, and make measurements with the electrode array located at 
different positions over the area of interest. 


Figure 7.8 shows results from a survey carried out at a former monastic site in 
Ireland. The figure shows the resistivity (that is, the reciprocal of the conductivity) 
of the ground for a horizontal section and for a vertical section through the 

site. The high resistivity regions — shown as red — indicate buried walls and 
foundations of a small chapel. No evidence for these walls is visible at the 
surface. The survey was done with neighbouring electrodes spaced by 0.8 m in the 
y-direction and scanned along a 25 m line in that direction; successive scans were 
carried out along lines displaced by 1.5m in the x-direction. Computation of the 
resistivity as a function of position from the measurements of voltage difference 
between the electrodes is an example of an inverse problem. In Chapter 5 we 
discussed a different inverse problem — using measured values of the magnetic 
field outside a person’s head to compute the current sources within the brain 
responsible for generating those magnetic fields. 


(a) 
es Ss Oe ee ee ee ee ee ee Figure 7.8 Results of a 
65 120 170 280 470 800 1500 resistivity survey of a monastic 

y resistivity /Qm site in County Meath, Ireland. 
(a) Plan view of resistivity 
computed for a depth range of 
0.40—0.86 m. (b) Section 
showing the resistivity in a 
vertical plane below the broken 
line in (a). 
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Increasing the electrode spacing means that the current passes deeper below the 
surface, and this may mean that the current traverses several subsurface layers 
with different conductivities. The value of o determined from Equation 7.8 is then 
an effective conductivity for the multiple layers. When the electrodes are close 
together, with a spacing much less than the depth of the first subsurface boundary, 
a is mainly determined by the surface layer. As the spacing of the electrodes is 
increased, changes in the effective conductivity are recorded when the current 
penetrates into a deeper layer with a different conductivity. Such changes are 
particularly apparent where the current starts to flow through a waterlogged lower 
layer that is overlaid by a dry surface layer, or conversely when the current starts 
to flow through an impermeable rock layer overlaid by wet soil. 


7.1.4 Laplace’s equation and current flow 


The calculation of resistance of an irregularly shaped conductor is not 
straightforward, even if the material is homogeneous and obeys the local form of 
Ohm’s law, J = cE. However, when the electric field is conservative, the 
electrostatic potential associated with a steady current within such a conducting 
material obeys Laplace’s equation, as we shall now demonstrate. This means that 
we can use any of the methods for solving this equation that were discussed in 
Chapter 4. 


For a conservative field, EF = — grad V. Consequently, the current density is 
J = —o grad V. 


If we consider a steady current, then the charge density at any point within the 
material is independent of time. The equation of continuity, div J = —dp/dt, 
therefore indicates that the divergence of J is zero. For a homogeneous material, 
a is independent of position, and this means that 


div J = —div(o grad V) = —odiv(grad V) = 0. 


But div(grad V) = V2V — this is one of the standard vector identities listed 
inside the back cover — so at all points within the conducting material, 


V-V =0. (7.9) 


Equation 7.9 is Laplace’s equation for the electrostatic potential. You met it in 
Chapter 4, where you saw that the electrostatic potential in a dielectric material 
obeys this equation if the charge density is zero. Here we have shown that the 
same equation is obeyed by the electrostatic potential within an ohmic conducting 
material when a steady current flows through it. 


Determining resistance by solving Laplace’s equation 


All of the techniques used to solve Laplace’s equation for the electrostatic 
potential in dielectrics can be used to determine the potential in a conducting 
material, and hence determine the current flowing and the resistance. Of course, to 
solve any differential equation we need boundary conditions, and the appropriate 
boundary conditions for conduction problems involve specification of either the 
potential V or the current density J (or equivalently E, since J = cE) on the 
boundaries of the material. If we find a solution that satisfies the boundary 
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conditions (by any method — even guesswork) then the uniqueness theorem 
(Section 4.3) tells us that it is the only solution. 


So the general technique for determining the resistance R for a homogeneous 
conductor is as follows. 


1. Determine V(r) by solving Laplace’s equation with appropriate boundary 
conditions. 


2. Determine the current density using J = —o grad V. 
3. Integrate the current density over an appropriate surface to find the current [. 
4. Determine the resistance as the ratio of the potential drop to the current. 


In practice, these steps generally require numerical methods, implemented on a 
computer. 


Boundary conditions 


Let us consider the appropriate boundary conditions for conducting materials. In 
Chapter 2 we derived boundary conditions for the interface between two dielectric 
materials. 


e The perpendicular component of D is continuous at an interface where there is 
no free charge, that is, Dj; = Do. 


e The parallel component of E is continuous, that is, £) = Fy. 


However, for current flow in conducting materials, it is more useful to express the 
boundary conditions in terms of the current density. One condition can be derived 
from the equation of continuity, div J = Op/0t. In a steady state, the charge 
density » must be independent of time, so div J = 0. Then the divergence theorem 
indicates that | gJ-dS = 0 for any closed surface S. If we apply this result to a 
thin pillbox straddling the interface, then we find that the normal component of 
the current density must be the same either side of the boundary, Jj, = Jo). You 
might like to refer back to Section 2.5, where we derived the boundary condition 
for the normal component of D at a dielectric interface using a similar method. 


The parallel component of E is continuous across a boundary, just as with 
dielectrics. If the local form of Ohm’s law is true on both sides of the boundary, 
then the ratio of the parallel component of current density to conductivity, -Jj /o, 
must be continuous across the boundary. 


In summary: 


Boundary conditions for current density in conducting materials 


Ji = Jai, (7.10) 
J J. 
eee CAM) 
O71 02 


® What can you deduce from these boundary conditions about the directions of 
the current density and electric field just inside the surface of a good 
conductor if there is an insulator outside the surface? 
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|) The current density in an insulator is zero (or negligibly small), so the 
continuity of the normal component, J, means that J, = 0 in the conductor 
near the surface. The current density must therefore be parallel to the surface. 
Since J = oF, the electric field within the conductor must be in the same 
direction as J; therefore E is parallel to the surface. 


® What can you deduce from these boundary conditions about the directions of 
the current density and electric field just inside the surface of a poor conductor 
if there is a material with very high conductivity outside the surface? 


“1 The boundary condition for Jj indicates that the parallel component of the 
current density in the poor conductor is smaller by a factor of Opoor/Chigh 
than in the high-conductivity material. This ratio is likely to be much smaller 
than 10~?, so the parallel component of current density in the poor conductor 
is negligible. This means that the current density in the poor conductor is 
essentially perpendicular to the boundary near to the boundary. 


Method of images 


As an example of how techniques from electrostatics can be applied to 
current-flow problems, we shall consider how the method of images can be used 
to calculate the resistance between a point electrode inside a very large block of a 
poorly-conducting material and a metal coating on one face of the block, as 
shown in Figure 7.9a. The current flow is difficult to specify, but we can specify 
some boundary conditions. Close to the point source, the steady current flow 
will not be influenced by the metallic boundary; it will spread out radially, 

with J, = I/4mr?, and the equipotential surfaces will be spheres centred on 

the source. The electric field within the highly-conducting metal layer at the 
boundary will be small, so the parallel component of the electric field near to the 
surface of the block is also small, and this means that the field and current density 
near the surface are perpendicular to the surface, and the equipotentials are 
parallel to the surface, as shown in Figure 7.9b. 


current source 


metal 
coating 


iy 


conductivity o 


(a) (b) 


Figure 7.9 (a) A point source of current within a poor conductor with a metal 
coating on one face. (b) Boundary conditions near the two electrodes; the vectors 
represent J and E, and the black lines are equipotentials. 
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@ Can you suggest a configuration of current sources in an infinite conducting 
medium that would replicate the potential distribution around the point 
electrode and near the metallic boundary layer shown in Figure 7.9b? (You 
may wish to refer back to the discussion of the method of images in 
Subsection 4.3.1.) 


LJ By analogy with the situation shown in Figures 4.8-4.10, you might expect 
that two current sources with opposite signs and with separation 2d would be 
appropriate. 


The field and potential for the combination of two sources are simply the 
superpositions of those for the individual sources, as you saw in Subsection 4.3.1. 
The superposed fields are shown in Figure 7.10; they are identical to the field for 
two point charges with equal magnitudes but opposite signs, shown in 

Figure 4.10. Since this field satisfies the boundary conditions for the original 
problem, the uniqueness theorem tells us that the solution of this new problem 
will be a solution of the original problem in the region of the block. Now we can 
write down an expression for the electrostatic potential at any point along the line 
between the real and image sources in terms of the distance z from the real source: 


or I 
 Anoz 4na(2d—z) 


V(z) 


By integrating this expression between the real source and the metal boundary, we 
could obtain an expression for the potential drop AV, and dividing this by the 
current would give the resistance. 


SAO 
SAROOTTIK 
ESTP IS 

SEAN 


Figure 7.10 Electric field E and equipotentials for two current sources with 
opposite signs in a poorly-conducting material of infinite extent. 


The number of problems that are soluble using the method of images is very 
small, and the other analytic methods of calculating resistance are also limited to a 
small number of situations with reasonably high symmetry. But once again the 
power of computers comes to the rescue. The numerical techniques described in 
Chapter 4 for solving Laplace’s equation in dielectrics can equally well be used to 
determine the potential, field, current and hence resistance for a conducting object. 
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7.2 Electromagnetic induction and inductance 


Resistance in electrical circuits leads to the dissipation of energy, so a source of 
energy is required to maintain a steady current flow. Electric batteries (Book 1, 
Chapter 6) are one such source of energy, and electrical power supplies that 
convert mains electricity (240 V, 50 Hz) to a steady voltage are another. These 
sources each provide an emf that drives current through a circuit, and in Book 1 
you saw that the emf in a circuit is defined as the energy input per unit charge 
transferred around the circuit. Alternatively, the emf, Va, can be expressed as 


1 
Vont =< p Fal 
d/o 


where F is the force acting on a charge q that drives it round the circuit, and the 
path C' is a complete loop around the circuit. 


In the remainder of this chapter we shall be concerned with emfs that arise from 
electromagnetic induction, another topic that was introduced in Book 1. We shall 
briefly review the two main types of induction, but the main focus will be on the 
emfs induced in circuits due to changing currents. 


7.2.1 Emfs produced by induction 


Faraday’s induction experiments in the early 19th century were of revolutionary 
significance for their time because they generated currents in closed circuits 

that did not contain a battery. His results can be encapsulated in the following 
relationship, known as the generalized Faraday law, which was derived in Book 1: 


d 
Vont = $ (B+ ¥ x B)-dl=-5 B-dsS, (Al) 
C dt Js 
Remember that the positive where v is the velocity of an element dl of a circuit defined by path C, and S is 


sense of progression around C’ any open surface bounded by this path. 
and the orientation of S are 
related by the right-hand grip 
rule. 


This indicates that the induced emf Vame in a circuit that follows a path C' is equal 
to the path integral around this circuit of the Lorentz force per unit charge, 

(E+ v X B), and it is also equal to the rate of change of the magnetic flux 
through the circuit, f, g B-dS. This result is valid for all types of electromagnetic 
induction, whether due to time-dependent magnetic fields, or due to motion of 
circuits in steady magnetic fields, or due to a combination of both of these effects. 


Magnetic flux plays an important role in the rest of this chapter, and for 
convenience it will be denoted by the symbol ®, the Greek capital letter phi 
(pronounced ‘fie’, as in pie). Thus 


v= | Beas 
s 


is the flux through a surface S',, and the induced emf is 


d® 


ae (7.13) 


Vemt = 
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Induction in a circuit moving through a steady non-uniform field 


This type of induction involves a conducting circuit moving through a steady 
magnetic field that varies with position. An example of this situation is shown in 
Figure 7.11: a coil connected to a current meter moves towards a stationary 
magnet. The magnetic field does not depend on time, so from the differential 
version of Faraday’s law (curl E = —0B/0t) we deduce that curl E = 0. This 
means that any electric field present is conservative, to E- dl = 0, and so 
cannot make a contribution to the emf in the circuit. In this situation, where the 
conducting circuit is moving in the magnetic field, the emf is generated by the 
magnetic forces on the conduction electrons, and Equation 7.12 becomes 


Induced emf in a moving circuit 
d® 


vee ¢ @ soba ==, (7.14) 
Cc 


dt Figure 7.11 Induction ina 


moving coil. 


Note that ® is the flux through the surface defined by all the turns of the coil, not 
the flux through a single turn. For a coil with N turns, each of area A, in a uniform 
field B that is normal to the plane of the coil, the magnitude of the flux through a 
single turn is B.A, but the magnitude of the total flux through the coil is NBA. 


In the following worked example and exercise we shall consider induction in 
a simple ac-generator, and demonstrate that the two approaches implicit in 
Equation 7.14 for determining the emf lead to the same result. 


Worked Example 7.2 Essential skill 
The small rectangular loop shown in Figure 7.12 is an alternating current Deriving an expression for an 
generator. It rotates about a vertical axis through its centre at angular emf 


frequency w in a uniform horizontal magnetic field. The rings at the top 
allow contact to be maintained between the two leads from the rotating 
coil and the external circuit. By considering the magnetic forces on the 
electrons in the loop, derive an expression for the emf induced in the circuit 
containing the rotating loop. 


Solution 
We have already established that to E- dl = 0 in this case, so the emf is the 
path integral of the magnetic force per unit charge around the circuit ; 


containing the loop. Since the external circuit is stationary we need only 
integrate around the rotating loop. From the right-hand rule, the magnetic 
forces, —e(v X B), on electrons in the top and bottom sections of the loop 
are perpendicular to the conductor, and so perpendicular to dl, and therefore 
make no contribution to the path integral around the loop used to determine 
the emf. However, the right-hand rule indicates that the forces on electrons 
in the two side sections are parallel to the conductor — downwards for the 
side on the left, and upwards for the side on the right. When the normal to 
the plane of the coil is at an angle a to the magnetic field direction, the 
magnitude of the force on each electron in the side sections is 


F =evBsina = e(wa/2)Bsina. Figure 7.12 A simple 
ac-generator. 
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Figure 7.13 A homopolar 
generator. 


Figure 7.14 The moving 
magnet induces an emf in the 
circuit, and an induced current is 
indicated by the meter. 
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Integrating the force per unit charge around the loop gives 
Vemt = 2b x (wa/2)Bsina, 

and if we set a = 0 at t = 0, so that a = wt, then 
Vent = abw B sin wt. 


The emf varies sinusoidally, and its amplitude is the product of the area of 
the loop, ab, the angular frequency and the field strength. 


Exercise 7.4 Verify that the rate of change of flux through the loop in 
Figure 7.12 is equal in magnitude but opposite in sign to the emf calculated in 
Worked Example 7.2. 


Exercise 7.5 Figure 7.13 shows a homopolar generator, which is a metal disc, 
radius a, rotating at angular speed w in a uniform magnetic field B, which is 
perpendicular to the plane of the disc. A resistive load R is connected between the 
axle and the rim of the disc. By considering the Lorentz force on the electrons 
along a path that includes a line between the axle and the rim of the disc, derive an 
expression for the emf of this generator. qo 


The generators in power stations are unlike either of the systems shown in 
Figures 7.12 and 7.13. Instead, they use a rotating electromagnet, driven by a 
steam turbine, to produce a time-dependent magnetic field in coils that surround 
the rotating magnet. This avoids the problems associated with passing huge 
currents through rotating contacts. The electromagnetic induction responsible for 
generating the emf in this case is associated not with a moving conductor, but with 
a time-dependent magnetic field. 


Induction by time-dependent field 


A second type of induction involves stationary circuits and magnetic fields that are 
time dependent. As an example, consider the simple circuit shown in Figure 7.14, 
which consists of a coil and a meter with which to detect current. If the magnetic 
field in the region where the coil is located varies with time, for example because 
the magnet moves towards the coil, then an electric field is generated that satisfies 
Faraday’s law, curl E = —0B/O0t. This is a non-conservative electric field (that 
is, curl E ¥ 0), and it exists at all points where the magnetic field is changing, 
including points within the conducting material from which the coil is made. The 
induced emf is again given by Equation 7.12, but this time there is no contribution 
to the emf from magnetic forces. This is because the circuit is stationary, so the 
drift velocity of the charge carriers associated with any current flow must be 
parallel or antiparallel to the integration path. The vector product v X B is 
therefore perpendicular to the integration path, so [, c(v X B)-dl= 0. Therefore 
in a stationary circuit, the induced emf is given by 


Induced emf in a stationary circuit 


Wie = ¢ E-dl= Bt (7.15) 
a dt 
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where the path C is taken around the circuit containing the coil, and ©® is the flux 
through any surface bounded by this path. 


The emf produces an induced current J = Vam¢/R, where R is the total resistance 
in the circuit. A positive value for the current means that it circulates in the same 
sense as the path C' in Figure 7.14. The minus sign that accompanies the d®/dt 
term is consistent with Lenz’s law, which states that the direction of the induced 
emf is such that any induced current would produce a magnetic flux that opposes 
the original change of flux. 


@ Verify that the prediction of Equation 7.15 for the situation shown in ue 


Figure 7.14 is consistent with Lenz’s law. 


_] The directions of path C and the vector S representing the oriented area 
enclosed by C are related by a right-hand grip rule. Positive emfs and positive 
currents are in the direction of path C,, and positive flux is in the direction of 
the vector S. So when the north pole of the magnet approaches the coil, the 
flux linking the coil increases, so d® /dt is positive. From Equation 7.15, the 
induced emf and the induced current are therefore negative, which means the 
current flows in the opposite direction to path C’. This current will generate a 
magnetic field towards the left, in the opposite direction to the field of the 
magnet. So the flux due to the induced current is in the opposite direction to 
the change of flux due to the movement of the magnet, as required by Lenz’s 


battery 


law. iron core 


Exercise 7.6 The iron-cored solenoid in Figure 7.15 has an aluminium ring on Figure 7.15 Why does the 
the top face. When the switch is closed, the aluminium ring jumps upwards. aluminium ring fly upwards 
Explain why. 1 ~~ when the switch is closed? 


You can reinforce your understanding of induction by a time-dependent field 
by using the software simulation Faraday’s law on the course DVD. 


Potentials for conservative and non-conservative electric fields 


Many electrostatics problems are solved most easily by first calculating the 
electrostatic potential field V, and then determining the electric field using 

the relationship E = — grad V. However, this relationship is valid only for 
conservative electric fields. For time-dependent fields, Faraday’s law indicates 
that curl E = —0B/0t, and the electric field is not conservative. In this situation 
it is not possible to define an electrostatic potential field. The question that can be 
asked is whether there is an alternative expression for a potential, from which the 
non-conservative electric field can be determined. The answer to this question is 
‘yes’, and the appropriate expression involves the magnetic vector potential A 
that was introduced briefly in Subsection 5.2.4. 


To derive the appropriate expression, we start from the definition of the vector 
potential, 


B=curlA. 


We can use this to rewrite Faraday’s law: 


cul E = OB Z O(curlA) | curl (Fr) . 


ot ot ot 
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SO 


curl (e + =) =0. (7.16) 


This shows that the field (E + 0A./0t) is irrotational. It follows that this field can 
be written as 


OA 
E+ — =~ ger 
aa Bt grad V, 
or 
OA 
E=—cradV = =— Wold 
gra AL’ (7.17) 


where V is a scalar potential field. This equation is a general expression that 
applies to both conservative and non-conservative electric fields. Clearly, for static 
fields, this expression reduces to the familiar relationship E = — grad V, and 
the potential in this expression is then the electrostatic potential. Also, when 
there is no conservative component to the electric field, such as the situation in 
Figure 7.14, it reduces to 
OA 

E= aE (7.18) 
This is an alternative way of expressing Faraday’s law, as can easily be 
demonstrated. If we take the line integral of Equation 7.18 around a loop, then 


JA d 
gu-a--$ (3) dl=-5 gp Ad 
d 


d 
pe jAcdsta—— | Bs 
ahem ds a. ds, 


which is the integral version of Faraday’s law. It is interesting to note that 
Maxwell himself expressed Faraday’s law in the alternative form shown in 
Equation 7.18. In some respects, this is the simplest way of representing 
Faraday’s law, because the relationship between E and 0A /0t is a local 
relationship. Where 0A /Ot = 0, there can be no induced electric field. The same 
cannot be said about the relationship between E and 0B /0t; for example, the 
induced electric field outside a long solenoid can be non-zero, even though the 
magnetic field is constant there. 


In Subsection 5.2.4 we noted that the magnetic vector potential A was not 
particularly useful for calculating magnetostatic fields because of its vector nature. 
For the same reason, A is rarely used for determining induced electric fields, so 
we Shall not discuss it further in this book. However, the vector potential is 
helpful in situations involving rapid changes of currents and charge distributions. 


7.2.2. Mutual inductance 


In the previous subsection we discussed emfs induced by changing magnetic 
fields, and we shall now look more closely at the induced emfs generated in a 
circuit when the changing magnetic field is caused by a changing current in a 
second circuit that is in proximity to the first. This type of induced emf is the basis 
of the operation of transformers that are widely used to step up or step down the 


7.2 Electromagnetic induction and inductance 


voltage of the 50 Hz mains electricity supply. Such transformers are wound on iron 
ferromagnetic cores, like that shown in Figure 7.16, and the high-permeability 
material ensures very effective coupling of the flux between the two coils. In the 
absence of such a core, the coupling of two circuits would be much weaker. This 
coupling between different circuits is known as mutual inductance. 


primary 4g 


eal = g 
Figure 7.17 shows two circuits, labelled 1 and 2. Changes in the current > 
in coil 1 cause changes to the magnetic field B;, and Faraday’s law, D Ty 
curl E; = —0B,/0t, indicates that the changing magnetic field generates an B 
electric field in the region of circuit 2. This electric field gives rise to an emf in 
circuit 2: Figure 7.16 A transformer. 
An alternating current in the 
Vemf2 = f Ej « dle primary coil generates an 
2 


aR do induced emf in the secondary 
= | curl Ey + dS: = | (-=) -dS,=-—, (7.19) coil. 
So So 


where ®2; is the total flux through circuit 2 due to the field B; produced by a 
current in circuit 1. Note that if the path C2 is in the direction shown, then the 
flux @9; through surface Sz is positive. Thus if this flux is increasing, i.e. 


d®,/dt > 0, then the induced emf Von is negative, which means that it 
generates a current in the opposite direction to Cy. This current gives rise to a circnit 1 : | 
magnetic field directed upwards in Figure 7.17, and the flux of this through C} is 
negative — it opposes the increase in flux through C» due to the current in coil 1, Gaia 
as expected from Lenz’s law. ‘ 

1 


Now, since the flux ®2; is generated by the current J; in coil 1, we can express the 
rate of change of flux as 


Bi 


‘ircuit 2 
d®5, _ dB, di; circuit 
dt dh dt’ 
Equation 7.19 can therefore be written in the form Ce 
Ss. 
d®o; di, di, / : 
ve a = —M. 
emf2 di dé 21 de ) 
where Figure 7.17 Current J; in 
d®o, circuit | produces a magnetic 
Mp = ae (7.20) field B,, which intersects 
: circuit 2. 


The quantity M2; is known as the mutual inductance between the two circuits. 
Its SI unit is Tm? A~', but this unit is sufficiently important to be given the name 
henry and the symbol H. 


This general definition of mutual inductance in Equation 7.20 is always valid, and 
in particular it is valid even when non-linear magnetic materials are present, 

so that the relationship between current and flux is not linear. However, in 

the absence of ferromagnetic materials, magnetic field strength, and therefore 
magnetic flux, is proportional to the current generating it, so 


Mo, = —. (7.21) 


The magnitude of M]2) clearly depends on the geometry of the two coils in 
Figure 7.17. It could be increased by locating the coils concentrically in a 
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Essential skill 


Calculating mutual inductance 
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Figure 7.18 Two coaxial 
solenoids. 
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common plane, since this would maximize the flux passing through coil 2. A 
much larger increase would be obtained by inserting a ferromagnetic cylinder 
through the two coils. For the same current in coil 1, the field H; would be 
unchanged by the ferromagnetic material (since it depends only on the free 
current in the coil), but the field B;, which generates the flux @2;, would be 
enhanced by a factor equal to the relative permeability 4. The mutual inductance 
would therefore be increased by the same factor. Use of a ferromagnetic core has 
another advantage: the two coils can be on different parts of the core, as shown in 
Figure 7.16. The magnetic flux is confined within the high-permeability core, so 
the coupling between the primary and secondary coils of this transformer is very 
good in spite of their physical separation. 


Note that there is ambiguity in the sign of Mj. because there is no convention that 
links the directions of positive circulation in two separate circuits. For each 
circuit, the right-hand grip rule relates the direction of positive circulation to the 
direction of positive flux, but positive current in circuit 1 could produce either 
positive or negative flux in circuit 2, depending on our choice of the direction of 
positive circulation in circuit 2. 


Worked Example 7.3 


Two long thin coaxial solenoids, each of length / and with cross-sectional 
areas A; and Ag, are shown in Figure 7.18. The number of turns per unit 
length of the solenoids are n; and nz. Derive expressions for the flux ®2; 
in solenoid 2 due to a current J; in solenoid 1, and for the flux ©; in 
solenoid | due to a current [> in solenoid 2. Hence write down expressions 
for Mo; and M2, and compare them. Assume pu = 1 in the solenoids. 


Solution 


The magnitude of the magnetic field within solenoid 1 due to a current J, 
in this solenoid is By = 49n11,. Consequently, the total flux through 
solenoid 2 is 


Oo) = ngqlAgB, = proninelAch, 
and 
Mo) = ®o1/K = poninelAg. 


The field within solenoid 2 due to a current J in this solenoid is 

Bo = pionzT2, but the field between the windings of the two solenoids is 
zero. So the flux ®;2 through solenoid 1 is restricted to the region inside 
solenoid 2: 


Oyo = Nj 1A2Bg = poninglAglo, 
and 

My2 = 12/12 = poninelAg. 
So Mo; = M2. 


You can see from Worked Example 7.3 that Mdj2 = Moy, and this is the reason it 
is called ‘mutual’ inductance. This symmetry is a general property for any pair of 
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conducting circuits, so it is convenient to set 


M = Mig = Mo. 


Worked Example 7.4 Essential skill 


Derive an expression for the mutual inductance of the two circular coils Calculating mutual inductance 
shown in Figure 7.19, which have radii 7; and rz (with r, >> r2), numbers 
of turns N; and No, and are separated by distance d. 


Solution 
We know that My. = M2; = M, where M2 is the flux through coil 1 per 


unit current in coil 2, and Mo, is the flux through coil 2 per unit current in 
coil 1. So there are two ways that we could determine 17. However, it is far 


easier to determine the flux through the small coil due to the current in the Les ne 
large coil, because the field will be approximately uniform over the area of ale ee f 
the small coil. radius rz 
: ; ' : No turns 
In Book 1 we derived an expression for the field on the axis of a single-turn 
coil: a 
me Lg Ir? coil 1 
a (p21. f2\3/2’ radius ry, 
2(r +d ) Ny turns 
where r is the coil radius, and d is the distance from its centre to the field 


point. So the flux through the small coil (2) when current J; flows in the Ny podbe 
turns of the large coil, producing a field strength B, at coil 2, is given by 


Nr? Tpo.N, NoIr?r3 
Do) = No AB, = No x mre x et L 5 xP: = end ~ ae : : 
2(rq + d*) 2(rj + d?) Figure 7.19 Two coaxial 


coils. 


So the mutual inductance is 


Dice 
Po, TpoNy Norirs 


M=M. ; 
2, Ie 
The device shown in Figure 7.20a overleaf uses mutual inductance between a We often abbreviate radio 
rectangular loop and a straight wire to measure radio-frequency currents. A frequency to rf. 


13.5 MHz current, used for exciting a plasma discharge, flows in the straight wire, 
and it induces an emf in the small rectangular loop, which is proportional to the 
current. The cylinder to the right of the loop forms the outer plate of a coaxial 
capacitor, and the rf-voltage of this plate indicates the voltage on the central wire. 
In the following exercise you can estimate the magnitude of the emf induced in 
the rectangular loop. 


Exercise 7.7 Figure 7.20b is an idealized diagram of the current measuring 
device in Figure 7.20a. Derive an expression for the mutual inductance between 
the long straight wire and the rectangular loop, and hence calculate the amplitude 
of the emf induced in the loop when current J = Jp sin (27 ft) flows in the wire. 
Take r; = 1.0mm, r2 = 10mm, / = 15mm, current amplitude Jp = 1.0 A and 
f = 13.5 MHz. qo 
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Figure 7.20 (a) A device used to measure the rf-current exciting a plasma 
discharge. (b) A simplified diagram of the circuit in (a). 


7.2.3 Self-inductance 


When the current in the circuit shown in Figure 7.21 changes, the changing 
magnetic field produced by the current has an associated electric field, which 
generates an induced emf in the same circuit. We can rewrite Equation 7.19 to 
describe this situation by dropping the subscripts 1 and 2, so that all quantities are 
related to a single circuit: 


: Vont = f B+ dl 
o 
A = [ owiB-as 
f OB d d® 
_ tee ye —__ |B. — ee 7.22 
[( =) dB [P= = (7.22) 


Note that if the current flow is in the direction of path C' in Figure 7.21, then the 

flux ® that it generates through surface S will be positive. Thus if the flux is 

increasing, i.e. d®/dt > 0, then the induced emf Vans is negative, which means 
Figure 7.21 Anemf is that it acts to oppose the increasing current, as expected from Lenz’s law. 
induced in this circuit when the 


Now, since the flux ® is generated by the current J in the circuit, we can express 
current changes. 


the rate of change of flux as 


dé ddl 
dt = dI dt’ 
Equation 7.22 can therefore be written in the form 
d® di di 
— — 7.2, 
Ven ad dt’ oo 
where 
dé 
L=—. 7.24 
dl ak, 


The quantity L is known as the self-inductance, or often simply the inductance 
of the circuit. The SI unit of self-inductance is the same as that for mutual 
inductance, the henry, symbol H. 
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This definition of self-inductance in Equation 7.24 is always valid, and in 
particular it is valid even when non-linear magnetic materials are present, so that 
the relationship between current and flux is not linear. However, in the absence of 
ferromagnetic materials, magnetic field strength, and therefore magnetic flux, is 
proportional to the current generating it, so 


L depends only on the geometry of the circuit in Figure 7.21. 


Because of the minus sign in Equation 7.23, the induced emf opposes the change 
in current, and it is sometimes described as a back-emf. Although strictly the 
source of this induced back-emf is non-localized, it is convenient to regard the 
circuit as the source of an emf —L dJ /dt. 


A coil that is used in an electrical circuit because of its self-inductance is known 
as an inductor. From the viewpoint of a circuit designer, an inductor is a 
component that obeys the relationship V(t) = LdI/dt, where V(t) is the voltage 
drop across the inductor in the direction of the current J. In practice, inductors 
also have some resistance, although this is usually made as small as possible. 
Figure 7.22 shows a circuit containing an inductor, with the inductor viewed as a 
source of emf and viewed as a circuit component with a voltage drop related to the 
rate of change of current. These two viewpoints are equivalent. 


di di 
Veme - L— =IR Veme = FR + L— 
ae +" 
Varop = ie Varop = lle 
if if ? 
Foul Ee 
ib L 
N0000N N00Q0U 
—— —— 
i 
Wine emf = ee Waren = mee 
dt dt 


(a) {b) 


Figure 7.22 A source of emf connected to a resistor and an inductor. 

(a) The inductor viewed as a source of emf, —L dI/dt, in the direction of the 
current flow I. (b) The inductor viewed as a circuit element with a voltage drop, 
L dI/dt, in the direction of current flow. 


Figure 7.23 overleaf shows the emfs induced in inductors in two different 
situations. In both of them, the induced back-emf is proportional to the rate of 
change of current. For a sinusoidal current (Figure 7.23a), the amplitude of 

the induced emf is proportional to the inductance and to the frequency of the 
alternating current. Thus for a given inductor the induced emf is larger by a factor 
of 2 x 10° for a 100 MHz current than for a 50 Hz current of the same amplitude. 
An inductor in a circuit therefore acts as an effective block for high-frequency 
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signals, providing ‘inertia’ that inhibits rapid changes to the current. A common 
use for inductors is to prevent radio-frequency signals from interfering with 
sensitive electronic equipment. An equally important use is to prevent sudden 
surges in the mains power supply, perhaps due to lightning, from damaging 
electronic circuits. Inductors in series with the mains electricity supply will 
produce a large back-emf in response to a very rapid voltage change, and this 
helps suppress potentially-damaging voltage spikes. 


Figure 7.23b highlights the need for care when a current is flowing in a coil that 
has a large inductance, such as an electromagnet. Opening a switch to stop the 
current leads to a very large back-emf, and this can cause dangerous sparking at 
the switch or electrocution for somebody touching the switch contacts. The 
current in such coils should always be reduced to zero before opening the switch. 


Figure 7.23 (a) A sinusoidal current J through a coil with inductance DL 
generates an induced emf Vang = —LdI/dt. Note that when dJ/dt has its 
maximum positive value, Vemr has its maximum negative value. (b) At time 7’, the 
steady current J through a coil is interrupted by opening a switch; the abrupt 
decrease of the current generates a very large induced emf, which can cause 
sparking at the switch. 


Essential skill Worked Example 7.5 


Calculating self-inductance Derive an expression for the self-inductance of a long thin solenoid, 
length J, number of turns per unit length n, closely wound on a rod with 
relative permeability : and cross-sectional area A. Hence calculate the 
self-inductance of a solenoid with 100 turns, length 2.0 cm, radius 2.5 mm, 
wound on material with jz = 500. (Assume that the rod is made from an LIH 
magnetic material.) 
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Solution 


Since self-inductance is defined by L = ®/TJ for linear materials, and 
© = { B-dsS, we need to determine the field B produced by a current in the 
solenoid, and integrate this over the area of the coil. 


Since magnetic material is present, the field B will depend on both the free 
current in the solenoid and the bound current density in the material. So we 
first determine H, which depends only on the free current in the solenoid. 
The field H within a long thin solenoid is uniform and parallel to its 

axis, and the field outside can be neglected. Using the integral version 

of Ampére’s law, with the rectangular path shown in Figure 7.24, the 
magnitude of H inside the solenoid is given by 


Al Ath 
SO 


jal = wll. 


turns/length = n 


Figure 7.24 Using Ampére’s law to determine # inside a solenoid. 


The material inside the solenoid is linear, so B = oH, which means that 
B is also uniform and parallel to the axis of the solenoid. The magnetic flux 
through a single turn of the solenoid is the product BA, and, since the 
solenoid has ni turns, the total flux ® is 


® =nl x BA=nl x pyonl x A= pyon7 lA. 
Hence 
=O) t= ign tae (7.26) 


For a solenoid with n = 100/(0.020m), / = 0.020m and 
A= a2 10-7. 


L = 500 x 4m x 10~"(100/0.020)? x 0.020 x (2.5 x 107°)? H 
= 62 < 10> ° Hi: 


Comment: Because this solenoid is wound around a high-permeability rod, 
the value of L is a factor 500 larger than for a similar solenoid with an air 
core. 


165 


Chapter 7 Resistance and inductance 


In Subsection 7.1.2, we calculated the resistance between the inner and outer 
conductors of a coaxial cable, and in Exercise 2.6 we calculated its capacitance. 
In the following exercise you can calculate the self-inductance per unit length of a 
coaxial cable. 


Exercise 7.8 Derive an expression for the inductance per unit length of the 
coaxial cable shown in Figure 7.25. Note that a coaxial cable carries currents of 
equal magnitude in the inner and outer conductors, but the currents flow in 
opposite directions. Ignore the magnetic flux within the central wire itself and 
within the conducting sheath, and assume that the relative permeability of the 
dielectric material between the conductors is unity. 


radius ro 
radius ry 


Figure 7.25 Coaxial cable. 


Exercise 7.9 A long metal tube has conductivity o, radius a, wall thickness t 
and length d, where d >> a > t. Obtain expressions for the resistance and 
self-inductance of the tube for a uniform current density in the azimuthal 
direction, that is, around the wall of the tube. oO 


Summary of Chapter 7 


Section 7.1 For many materials, current density J is proportional to electric 
field, so J = oE, where a is the electrical conductivity. This local relationship 
leads to the result V = JR for the voltage drop V across a conducting object 
when current J flows through it. FR is the resistance of the object. Both of 
these relationships are known as Ohm’s law. More generally, in the presence of 
magnetic fields, J = o(E+v X B). 


Measurements of the resistance of the ground can be used to deduce information 
about underlying structure. 


For steady currents, the potential V within a conducting material obeys 
Laplace’s equation, V2V = 0. If this equation is solved, with appropriate 
boundary conditions, the current density and electric field can be calculated using 
E = — grad V = J/c. The current flowing can then be determined by integrating 
the current density, J = [ g J+ dS, and the resistance calculated using R = AV/T. 


Section 7.2. Emfs can be induced in a circuit either by moving the circuit with 
respect to a stationary magnetic field, or by a time-dependent magnetic field, with 
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no movement of the circuit, or by a combination of both. In all cases, the emf is 
given by 
dd 
Vemt = $ (B+v x B)-dl=—-—, 
C dt 
where v is the velocity of an element dl of the circuit defined by the path C’, and 
@ is the flux through a surface S bounded by the path C. 


The mutual inductance M/ between two circuits, 1 and 2, is defined by 

M = d®2,/dI;, where ®2; is the flux in circuit 2 due to a current J; in circuit 1. 
The self-inductance L for a circuit in which current J produces flux ® is 
defined by L = d®/dI. In the absence of ferromagnetic media, these 
relationships simplify to M = ®9,/I, and L = ®/T. The unit of inductance 

is the henry (symbol H). The emf induced in an inductance is given by 

Veme = —d®/dt = —LdI/dt. 


Achievements from Chapter 7 


After studying this chapter you should be able to do the following. 


7.1 Explain the meanings of the newly defined (emboldened) terms and 
symbols, and use them appropriately. 


7.2 State Ohm’s law in both the local form J = cE, or J = o(E+ v X B), and 
the non-local form V = JR, and show how one follows from the other for a 
simple geometry. 


7.3 Calculate the resistance of conducting objects by using information about 
symmetry and boundary conditions. 


7.4 Explain how measurements of electrostatic potentials at the surface of the 
Earth due to current flows can be used to provide information about 
underlying structure. 


7.5 Derive Laplace’s equation for the potential within a homogeneous conductor 
carrying a constant current, and use it to calculate the resistance of 
conducting objects with simple symmetries. 


7.6 Explain how emfs are induced by motion in a magnetic field or by a 
time-dependent magnetic field, and solve problems involving 
electromagnetic induction. 


7.7 Explain the meaning of mutual inductance, and calculate mutual inductance 
for two circuits. 


7.8 Explain the meaning of self-inductance, and calculate self-inductance for 
circuits with simple symmetries. 
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This chapter is concerned with energy in electromagnetism. A system of charges 
possesses potential energy, and we can understand this because work has to be 
done to push charges of the same sign closer together, or to separate charges of 
opposite sign, as is done when capacitors become charged. Similarly, a system of 


currents possesses potential energy; work must be done against induced emfs to 
set up a current in an inductor. 


The energy associated with charged capacitors and current-carrying inductors can 
be regarded as being located within electric and magnetic fields. It may seem 
merely a matter of taste and convenience whether we choose to associate the 
energy with the fields rather than with the charges and currents that are their 
sources. However, associating the energy with the fields has advantages when 


we consider electromagnetic waves, which can exist in free space effectively 
detached from any charges or currents. 


Steady currents and fixed charge distributions have to be set up and do not exist 
indefinitely. Neither growth nor decay of these distributions can be accomplished 
instantaneously. We shall investigate the factors that govern the time scale of the 


changes, together with the energy flows that take place when charges move and 
currents change their magnitudes. 


RAE Lets 


Figure 8.1 (a) An electric bus being connected to an electricity supply to 
recharge its batteries. (b) A large bank of capacitors developed for use in electric 


vehicles (Subsection 8.1.5). Its dimensions are 1m x 0.6m x 0.3m and its mass 
is 100 kg. 


There are many applications of energy-storage capacitors, and a lot of research 
and development activity has gone into developing capacitors that can pack lots of 
energy into a small volume. We shall discuss a number of these applications, 
including heart defibrillators, electric vehicles (Figure 8.1) and power supplies for 
pulsed electromagnets. Inductors can also be used for energy storage. The 
superconducting magnetic energy storage system shown in Figure 8.2 can store 
about 2 MJ and release it over about 10s, corresponding to a power of 200 kW. 
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In the final section we shall discuss the transfer of energy between an inductor and 
a capacitor in a circuit. This has important applications in shaping the current 
pulses produced by a defibrillator and in oscillatory circuits. 


8.1 Charges, electric fields and energy 


8.1.1 Potential energy of charge distributions 
Systems of point charges 


We first consider the energy of systems of point charges in a vacuum. We know 
that the electric field E of an isolated point charge q held stationary at the origin 
of spherical coordinates is 

4 

~ Aner? 


ep. 


When we bring a second charge q2 from infinity to a distance r2; from the first 
charge, then a force must be applied that just overcomes the Coulomb force. This 
means that F applied = —F = —qE, and the work W done by the applied force is Figure 8.2 Small 


r21 superconducting magnetic 
v= = / qk - dl energy storage unit, which can 
oe) 
store 2 MJ of energy. 
__ ue [- dr_ fae] _ ue (8.1) i 
Arey Jon 17 Anegr|,,  4m€ora1’ ‘ 


where the zero of potential has been placed at infinity. 


Since electrostatic fields are conservative, the work done is independent of the 
path followed by the second charge. If we now introduce a third charge q (see 
Figure 8.3), the work done in bringing this charge from infinity to a distance 73 rai 
from charge q; and r32 from qo is the sum of the work done against the forces 
on q3 due to each of the other two charges. Each of these contributions to the oe 
work done has the same form as Equation 8.1, so the total work done to bring 
together the three charges is 6 
2 

_ _ an 93, _ 243 (8.2) “ 

Ateoray Aneor31 ATenrs32 


3 


Figure 8.3 Three point 


Notice that the three charges in this equation appear symmetrically, so the work ‘ 
charges. 


done does not depend on the order in which we assemble the charges. Also, it 
depends only on the final distances between the charges, not on the routes taken 
by the charges. This uniqueness allows us to define the electrostatic potential 
energy U of this arrangement as the work done in assembling the arrangement of 
charges, that is, U = W. 


We can continue this process indefinitely, and for n charges we obtain 


n n 
1 Vid) 
Uae 2a 
i=1 jai,jzi 
where the factor 5 compensates for the fact that each pair of charges (such 
as g1q2) occurs twice in this summation. We can rewrite U as 


U=3 a yO ae (8.3) 
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or 


nm n 
= i We = > qj 
U=5 ) qiVi, Where V;= os VE (8.4) 
1 j=1, 97% 


The quantity V; is the electrostatic potential at the position of the 7th charge due to 
the Coulomb potentials of the other (n — 1) charges. Notice the crucial distinction 
between the electrostatic potential at a point and the electrostatic potential energy 
of a system of charges; the electrostatic potential V is the work done to bring a 
unit positive test charge to a point in the field, whereas the electrostatic potential 
energy U is the energy of all of the charges that are present. 


Exercise 8.1 Show that Equation 8.4 reduces to Equation 8.2 for three 
charges. o 
Volume and surface charge distributions 


The expression for U in Equation 8.4 can be generalized to continuous charge 
distributions by replacing the sum with an integral. For a surface charge 
distribution with charge per unit area o(r), the potential energy U is 


v=} f oveas. (8.5) 


U=$ [ o()Vie)ar, (8.6) 


where 7 denotes the volume containing the charge, and dv is a small volume 
element within that region. Both of these expressions apply to finite distributions 
of charge only, since the integrals may not converge for infinite distributions. 


Essential skill Worked Example 8.1 
Determining the electric A sphere of radius R containing a uniform charge density p is located in air 
potential energy of distributed (€ = 1) ina region remote from other sources of charge. What is the 
charges potential energy of this charge distribution? 

Solution 


The spherical symmetry of the charge distribution indicates that we should 
use spherical coordinates with their origin at the centre of the charge 
distribution, and the field must then have the form E(r) = E,(r)e,. The 
potential energy is given by Equation 8.6, so we need to determine V(r) 
within the sphere. This can be done by using Gauss’s law to determine 
E,(r) both inside and outside the sphere, then using the relationship 


ver) =— f Ex) ar, 


where we assume that the potential is zero at an infinite distance from the 
sphere. 
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To evaluate E;.(r), we use a Gaussian surface that is a sphere with radius s, charge density p fee ae 
concentric with the charge distribution (Figure 8.4). The charge Q that lies 7 Me 
within the Gaussian surface is 


O= 418° p fors<R, and Q= $n p Or gS 1k. 


Then, using the integral version of Gauss’s law, we find that for s < R, 


eo E,(s)4rs? = ims°p, so. E,(s) = ae (sy) 
3€0 
eloye 6) 2 Ii 
pR? Gaussian 
eo E,(s)4ns? = on Rp, so E,(s) = ws 222). surfaces 
308 


Figure 8.4 Spherical 
Gaussian surfaces within and 


V(r) =- i : E,(s) ds around a spherical charge 
(oe) 


The potential at radius r < R is then 


distribution. 


| 
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a 
w 
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Te pelea 
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The potential energy is U = 5 J pV dr. Because of the radial symmetry, we 
choose a volume element 57 that is a thin spherical shell, so 67 = 4rr76r. 
Then 


R 2 
1 ig a & 2 
i An 
a Poe (z ) RP Gli 


lI 

SS) 
ia) 
=) IS. 
SI 
oS 

3) 

ie) 

3 

iw) 
wo 
eee 

fay 

= 


This example illustrates the general principles of how the potential energy can be 
calculated for a distribution of charge. However, even with a highly symmetrical, 
uniform charge distribution, the calculation is rather laborious. For more complex 
distributions of charge, the maths soon becomes painful, but fortunately such 
problems can be easily handled by a computer, working through the same generic 
processes used in this example. 


Exercise 8.2 Use a method similar to that used in Worked Example 8.1 

to obtain an expression for the electric potential energy of a conducting 

sphere, radius R, with a surface charge density o, in a region remote from 
other charges. (There are short-cuts to the solution, but it is instructive to work 
through the generic steps, since they can be applied to many problems with high 
symmetry.) Oo 
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8.1.2 Energy stored in a capacitor 


A capacitor consists of a pair of conductors separated by an insulating medium. 
The two conductors generally have charges +@ and —Q, so the net charge on the 
pair is zero. The potential within each conductor must be uniform in a steady 
state, irrespective of their sizes and shapes, and we shall denote these potentials as 
V, and V_. Note that the free charge will all be on the surfaces of the conductors, 
but the charge densities on the surfaces need not be uniform. From Equation 8.5, 
we deduce that the potential energy U of the capacitor is 


= ae + 3(-Q)V_ = 5Q(V, — V_) = 5QV, (8.7) 


where Q = [ Sy r) dS is the charge on the positively-charged conductor, and V 
is the difference Hao the potentials of the two conductors. 


Now, the capacitance C’ of a capacitor is defined as the ratio of the charge Q on 
the positively-charged conductor to the magnitude of the potential difference 
V between the two conductors, that is, C = Q/V. This allows us to write 
Equation 8.7 for a capacitor’s energy in two other equivalent forms: 


Q 


ilk all a 
= 3QV = 50V? = 


(8.8) 
In Book 1 we derived an expression for the energy stored in a charged 

capacitor by considering the work done when transferring charge from one 

of the conducting surfaces to the other. Transferring charge dg from the 
negatively-charged conductor to the positive conductor requires work V dq to be 
done, and this is the increase in energy stored in the capacitor. So the total energy 
stored in a capacitor when the charges on the conductors are +Q is 


v-[ van= [4 $aq= (8.9) 
0 


which is one of the three equivalent expressions in Equation 8.8. 


Exercise 8.3 How much electrical energy is stored in a 16 zF capacitor when 
the potential difference between the plates is 240 V? Compare your answer with 
the kinetic energy of a 1 kg object moving at 1 ms~!, and the gravitational energy 
increase of a 1 kg object when you lift it 5cm above your desk. Oo 


8.1.3 Energy stored in an electric field 


[ area, A 


) The discussion of electrical energy so far has focused on charges and on the work 
vy ¥ BE) 1 vie done in bringing them together. But there is another way of determining electrical 
/ |- energy, focusing on the fields produced by the charges rather than the charges 


relative themselves. This alternative viewpoint is the subject of this subsection. 
permittivity ¢ 


Figure BS A parallel plate Energy stored in the field of a parallel plate capacitor 


capacitor. The field E is Let’s first consider the parallel plate capacitor shown in Figure 8.5, with plate 
concentrated between the plates, area A, plate separation d, filled with a dielectric material with relative 

and the fringing fields around permittivity ¢. We assume that the plate dimensions are very large compared with 
the edges can be neglected. their separation, so that the electric field between the plates is uniform, and the 
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voltage difference V and the field strength F are related by V = Ed. The 
electrical energy stored is 

U = 5C0V? = 5CE*d’. 
For a parallel plate capacitor, C = e¢yA/d (Equation 2.15), and substituting this 
into the expression for the energy stored, we obtain 


U = gee9E” Ad. (8.10) 


Since Ad is the volume between the plates, this expression suggests an alternative 


way of thinking about the energy stored by the capacitor: we can think of it as 
being associated with the electric field between the plates. The energy per unit 


volume in this region — usually referred to as the energy density u of the electric 


field — is then given by 


u= Zeegk”. (8.11) 
Now, we are assuming large plates with a small separation, so E = 0 outside the 
capacitor. This means that if we integrate this expression for the energy density 
over all space, we obtain the total energy stored in the capacitor, as given by 
Equation 8.10: 


v= / udt = / seco Lh” dz = seco” Ad. (8.12) 
all space all space 


We derived these results for a particularly simple situation, but they are generally 
valid when we are dealing with LIH materials. A more general expression for the 
energy density associated with an electric field is 


=. (8.13) 


and this reduces to Equation 8.11 when D = ceoE. 


Worked Example 8.2 


A long coaxial cable consists of a solid inner cylinder with radius 7, and a 
coaxial outer cylindrical tube with internal radius rz (Figure 8.6). The space 
between the cylinders is filled by an LIH dielectric of relative permittivity e. 
If the charge per unit length of the inner cylinder is 4, and that on the outer 
cylinder is —A, calculate the electrostatic field energy stored in a length / of 
the cable. Then verify that the expression U = Q?/2C (Equation 8.8), 
together with the expression for the capacitance of coaxial cable obtained in 
Exercise 2.6 (C' = 27€€ol/In(r2/11)), gives the same result for the stored 
energy. 


Solution 


The cylindrical symmetry suggests that we should choose a cylindrical 
coordinate system with its z-axis coincident with the axis of the cable. Then 
D = D,(r)e,. To find the field D within the dielectric, we choose a 
cylindrical Gaussian surface with radius r, such that 7; < r < re, and 
length J, with its axis along the z-axis. Applying Gauss’s law to this surface, 


SOn a) — ea 


On) 2a — Ni = : 
PASTE 


Essential skill 


Calculating energy stored in an 
electric field 


charge/length 


relative. 
permittivity £ 


charge/length —A 


radius rs 


radius ry 


Figure 8.6 Coaxial cable. 
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For a linear isotropic dielectric, D = eeoH, and the energy density is 
— 5D 61 seek”. 

The total energy within a volume 7 of the dielectric is [. udr. Because 

of the cylindrical symmetry, we choose a volume element 67 that is a 

cylindrical shell of radius r, thickness dr, and length /. Consequently, 

oT = 2rrl or, and the total energy U is given by 


r2 5 2 
U= seco | 2rrl dr 
re Wemeear 


él pr dr ML, fm 
— Aneeg Jp, 7 = Ameeo \ri)” 


We now verify this result by using an alternative method that involves 
calculating the energy in terms of the capacitance and the stored charge. The 
charge on a length / of the inner conductor is Q = Al, and U can be written 
as U = Q?/2C, so using the expression C’ = 27€€o//In(r2/r1), the stored 
energy is 


_ (XU)? ee! wie 

~ 2x 2Qmeeol/In(re/r1)  4te€9 ff” 
which is the same result as obtained above from consideration of the energy 
density of the field. 


Exercise 8.4 A capacitor is constructed from two concentric conducting 
spherical shells of radii r, and rg, with rg > 1 ,, and the space between the shells 
is filled with air. The inner sphere has charge +Q, and the outer sphere has 
charge —Q. Derive an expression for the energy stored in the capacitor in terms of 
Vis 73 and Q. Oo 


Energy of a point charge 


In this subsection we discuss the energy associated with a point charge. We shall 
consider an isolated point charge, in a vacuum, placed at the origin of a spherical 
coordinate system. The direction of the electric field is radial, and its magnitude is 
given by E = q/4meqr?. The total energy is 


u=4/D-Bar=2 | Bear. 


This has similarities with the problem we considered in Exercise 8.4. Because of 
the spherical symmetry, we choose the volume element 67 to be a spherical shell, 
of radius r and thickness dr, so that 67 = 4rr? or, and therefore 


ore) 2 2 ere) 2 ore) 
1 
U= “ q Arr?dr = q i, a ac . 
2 Jo A4negr2 87e0 Jo 7? 8rE0L TJo 


At this stage we hit a problem, since substituting r = 0 for the lower limit leads to 
infinity — the energy stored in the electric field of a point charge appears to be 


8.1 Charges, electric fields and energy 


infinite! We could attempt to overcome this problem by assuming that the particle 
has a non-zero radius, R, in which case we obtain 


¢ 


in 87E oR ; 
However, this only gives rise to more problems. For instance, the charge could not 
be rigid, otherwise information could travel instantaneously from one side of the 
charge to the other, which would contradict special relativity. Consequently, a 
charge with non-zero radius would need to have some elasticity and some 
structure (like a rubber ball), and would therefore be made of something. Since 
this ‘something’ would have to be charged, this only moves the problem down to a 
lower level. Furthermore, there is no evidence of elementary particles, such as 
electrons, having any structure. Of course, at this level you might think that it is 
necessary to invoke quantum mechanics, and you would be absolutely right. In 
the resulting theory (known as quantum electrodynamics), the situation is slightly 
better in that the infinity appears as In R rather than 1/R as R — 0, but this is still 
a problem. Up to now, physicists have not found a satisfactory way to calculate 
the so-called self-energy of a particle like an electron. This remains an area of 
theoretical physics research, but this unsolved problem in no way invalidates any 
of the results that we have derived in this book when considering macroscopic 
fields. 


Exercise 8.5 Suppose that the electron has a radius R. Calculate the value of R 
such that the entire rest energy mc? of the electron is stored as energy in the 
electric field outside the electron. o 


8.1.4 Energy transfers charging and discharging a 
capacitor 


You have seen that a capacitor can store energy, and that the amount of stored 
energy can be quantified in terms of the charges on the plates and the potential 
difference between the plates, or in terms of the fields in the region of the plates. 
We shall now investigate the energy transfers that occur when a capacitor is 
charged or discharged. 


Charging a capacitor 


Consider the circuit in Figure 8.7, which shows a resistor R, capacitor C’, and 
switch S, in series with a source of constant emf Vz. Suppose that the switch is 
open for ¢ < 0, but it is then closed at t = 0 to complete the circuit. The sum of 
the voltage drops across the resistor, Vp, and the capacitor, Vo, must be equal to 


the emf V, at all times t > 0, so a a 
=the, (8.14) Landa 


C S 

where J is the current in the circuit and Q is the charge on the positive plate of the 
capacitor. Figure 8.7. A capacitor C' and 
If we differentiate Equation 8.14 with respect to time, and use the relation a resistor / in series with a 
I = dQ/dt, we obtain constant source of emf V,. 

dl If di I 

R—+—25=0 i 8.15 
dé °C * Gt” RG aoa 
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Figure 8.8 The exponential 
time dependence of (a) the 
current J and (b) the voltage 
drops Vr (= IR) and 

Vo (= Q/C) after a constant 
emf V, is connected in series 
with resistance R and 
capacitance C’ at t = 0. 
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This linear, first-order differential equation indicates that the rate of change of the 
current is proportional to the current, and the standard solution to this equation is 


I = Ijexp (-z5) ' (8.16) 


where the constant Jo is the current at 1 = 0. There is no charge on the capacitor 
at t = 0, so from Equation 8.14, Ip = V;/R. Therefore 


Vs t 
l=— —-—}. 8.17 
Re (Za) (8.17) 
This equation shows that the current decays exponentially from its initial value 
V,/R. At time t = RC, the current has decayed to e~! (~ 0.37) of its initial 
value, and this characteristic time is called the time constant. Thus for a circuit 
with resistance R and capacitance C, 


time constant = RC. (8.18) 


From Equation 8.14, the voltage drop across the capacitor, Vo, is 
t 
Vo= 8 =v-1R=¥|1-ex(-Z5)]. (8.19) 


Therefore Vc approaches the value of the source emf V, exponentially, with time 
constant RC’. The time dependences of the current, and of the voltage drops 
across the resistor and capacitor, are shown in Figure 8.8. 


TA vA 
Vs 
R 


(a) (b) 


Energy transfers during charging 


We now consider the energy transferred during this charging process. The 
total energy transferred by the source of emf is simply the time integral of the 
instantaneous power, IVs: 


ioe) ioe) dq Q , 
Be] mean | Seay] a=uo=scv2, 
0 o dt 0 


where g = Q = CV, is the steady-state charge on the positive plate as t — oo. 
Compare this with the energy that is stored in the capacitor, which we showed in 
Subsection 8.1.2 is $C V2. Only half of the energy from the source of emf has 
been stored in the capacitor, so the other half must have been dissipated in the 
resistor. We can confirm this by calculating the dissipated energy: 


Un= [> Ieat= [" Pret. 
0 0 


8.1 Charges, electric fields and energy 


Using Equation 8.17 to substitute for J in this equation, we obtain 


i f 2t 
Up = —— dt 
ref ex ( 7) 
V2, RC | 
— = 5CV. . 
@ [2 oP (-Re)|, = 3 
As we would expect, energy is conserved in the charging process: 


Uc + Up = 5CVE + 3CVZ = CV2 = Us. 


However, you may be surprised that exactly one half of the energy extracted from 
the source ends up stored in the capacitor, while the other half is dissipated in the 
resistor, whatever the value of R. For example, you might expect that if the 
resistance were very small, very little heat could be dissipated. However, as R 
become very small, the current becomes very large but the time constant becomes 
very small. This happens in such a way that the charge transferred remains the 
same, and the energy stored in the capacitor — and the energy dissipated in the 
resistor — remains the same. 


Discharge of a capacitor 


Now consider the changes in current, voltage and energy stored when a capacitor 
is discharged. Suppose that the capacitor in Figure 8.9 is initially charged so that 
there is a potential difference Vp across its terminals, and at time ¢ = 0 the switch 
S is closed. There is now no source of emf in the circuit, so the voltage drops Vc 
and Vp shown in Figure 8.9 must cancel, that is, 


Q g 
Vo = Vr, so a IR. 
Differentiating with respect to time, and recognizing that in this case 
I = —dQ/dt (since Q decreases when the current is in the direction indicated in 
Figure 8.9), we obtain the same differential equation as for charging the capacitor: 
dl I 
de RO’ (Eqn 8.15) 
The general solution for the current must also be the same, Figure 8.9 Capacitance C’ 
t discharging through 
I = Ijexp (-z5) ; (Eqn 8.16) resistance R. 


with the same time constant, RC’, but with Jp determined by different initial 
conditions in the two cases. 


For the discharging case, J = Vc /R, and at t = 0 we obtain Ip = Vo/R, so 


Vo t 
l=— ——— }. 8.20 
exp (-35] (8.20) 
The voltage drops across the capacitor and the resistor are 
t 
Vo =Vr=IR=\K SS he 8.21 
C= VE 0 exp ( x) (8.21) 


The stored energy released by the capacitor as it discharges is dissipated in the 
resistor. The amount of energy dissipated is again 5C Va: However, in this case 
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Figure 8.10 A range 
of capacitors. 


Figure 8.11 A bank of capacitors used for 
producing large pulsed magnetic fields. 
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the energy comes from the release of the capacitor’s stored energy and not from a 
battery. 


Exercise 8.6 Use Equations 8.20 and 8.21 to confirm that the energy dissipated 
during discharge of the capacitor is equal to the energy $C Ve that was stored in 
the capacitor. oO 


8.1.5 Energy storage applications of capacitors 


Capacitors come in a rich variety of shapes and sizes, some of 
which are shown in Figure 8.10. This variety reflects the wide 
range of dielectric materials that can be employed and the 
wide spectrum of uses to which capacitors are put. Capacitors 
are readily available with capacitance from a fraction of a 
picofarad to thousands of farads. 


For energy storage applications, capacitors can be connected 
together in series or in parallel to provide the required current, 
voltage and energy. An application that is likely to become 
much more common is the use of capacitors in electric 
vehicles. A bank of capacitors can provide high power for a short period while the 
vehicle accelerates; batteries then provide the power while the vehicle is cruising, 
and the capacitors are recharged by a generator that is part of the braking system. 
Using capacitors to meet the peak power requirement means that a much smaller 
battery can provide the required performance. For example, the capacitor bank 
shown in Figure 8.1b consists of 144 capacitors, each of which has a capacitance 
of 2600 F and a maximum voltage rating of 2.5 V. When fully charged they store 
1.2 MJ. During acceleration, the power output of the capacitor bank is up to 

150 kW, so the capacitors discharge in about ten seconds, and they can then be 
recharged at a similar rate during braking. Although batteries have much greater 
energy densities than capacitors, capacitors have much greater maximum power 
densities — that is, their maximum power output per unit volume is greater — and 
they can be charged and discharged rapidly without affecting their performance. 


Capacitor banks are also used to provide emergency power for 
computer systems, life-support systems in hospitals, air traffic 
control systems, and so on, during very short power cuts. For 
longer power cuts, capacitor banks can keep critical equipment 
running for the 10 seconds or so it takes for diesel generators 
to start up. 


An application that demonstrates the huge power output 
possible from capacitor banks is the production of large pulsed 
magnetic fields in research laboratories. A facility in Dresden 
(Figure 8.11) charges 12 x 1.7 mF capacitors to 10 kV, thus 
storing 1 MJ. This is then rapidly discharged through the coil 
of an electromagnet, providing a peak current of about 10 kA, 
which generates a peak field of 50 T. The peak power is about 
100 MW, though the pulse lasts only about 20 ms. 


8.1 Charges, electric fields and energy 


A final example is the cardiac defibrillator (Figure 8.12a), a device used to pass a 
short pulse of current from a capacitor through the human chest to restore normal 
function of the heart when it is undergoing uncoordinated contractions, known as 
fibrillations. Figure 8.12b shows the basic elements of the circuit. With switch S; 
closed and switch S2 open, the source of emf V, charges a large capacitor C’ 
through a resistor Rs. Switch S; is then opened, the paddles P are placed on either 
side of the chest, and Sz is closed, allowing the capacitor to discharge through the 
chest, which has an effective resistance Rehest. Exercise 8.7 allows you to 
calculate typical parameters for these current pulses. 


(b) 


Exercise 8.7 Suppose the defibrillator circuit in Figure 8.12b has the following 
parameters: Vz = 5kV, C = 32 uF, Rs = 100 and Rehest = 75 Q. Calculate: 


(a) the time taken to charge the capacitor to 99% of its maximum charge; 
(b) the peak current delivered to the patient; 

(c) the time taken for the current to fall to 10% of its peak value; 

(d) the energy delivered to the patient. 


Exercise 8.8 A cylindrical 1000 uF capacitor has a maximum working 
voltage of 63 V; its length is 40 mm and its diameter is 16 mm. Calculate the 
maximum energy that can be stored in the capacitor, and also the maximum 
energy density. Oo 


As was shown in the previous exercise, even with a potential difference of 63 V 
across the capacitor, it stores only 2J, a tiny amount of energy. In terms of gross 
energy storage, capacitors are much less effective than the batteries used in 
portable consumer devices. For example, the commonly used AA-size alkaline 
battery, which has similar dimensions to the capacitor in Exercise 8.8, delivers 
2.7 Ah (ampere-hour) of charge at 1.5 V — almost 15 kJ. With a volume of 
7.4cm°, the energy density is about 2 x 109 J m~®, a factor of 10* greater than the 
capacitor. This is because the chemical processes that take place in a battery 
typically release about 1 eV per molecule, whereas energy stored per molecule of 


Figure 8.12 (a) A cardiac 
defibrillator in use. (b) The 
essential components in the 
charging and discharging 
circuits of a defibrillator. 
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Figure 8.13 Inductance L 
and resistance FR in series with a 
source of constant emf. 
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dielectric is much smaller because the field has to be kept well below the value at 
which the dielectric breaks down. 


8.2 Currents, magnetic fields and energy 


The concept of inductance was introduced in the previous chapter, and our aim 
here is to examine the energy stored in an inductor when a current is flowing 
through it. When considering electrostatic energy, we started by considering the 
energy required to set up an arbitrary system of charges, then considered the 
energy stored by a capacitor both in terms of the charge on (or potential difference 
between) the plates and in terms of the electric field around the plates, and finally 
calculated the energy transferred to or from a capacitor as it was charged or 
discharged. We shall approach the discussion of the energy stored in an inductor 
from the opposite direction, starting by working out the energy stored by a single 
inductor in a circuit, and then expressing the stored energy in terms of the 
magnetic field. 


8.2.1 Changing the current in an inductor 


We want to calculate the energy required to establish a constant current in an 
inductor that has inductance L. Real inductors have a non-zero resistance, so we 
shall consider the circuit shown in Figure 8.13, where the resistance FR represents 
the sum of the resistance of the inductor together with any other resistance in the 
circuit. 


The emf V7, induced across an inductor by a changing current is 


di 

ae 
and is in the direction that opposes changes in the current. Thus when the current 
is in the direction shown and is increasing, Vz, will be negative, which means that 
it opposes Vz and acts to decrease the current. We shall consider only situations 
where any magnetic material present is linear, so that L is constant. 


Vi = 


Now let’s assume that the switch S is initially open, and is closed at time t = 0. 
Then for t > 0, we can equate the net emf in the circuit with the voltage drop 
across the resistor, that is, 


V;-L— =IR. (8.22) 
Separating the variables, and integrating, we obtain 


casera eae 


and hence 
V; R 
—Inj|—-TI Kk = —t. 
n(Z )+ ria 


The integration constant KC is determined from the initial conditions. Since the 
current is zero for t < 0, we know that it must also be zero at time t = 0. If 


8.2 Currents, magnetic fields and energy 


this were not the case, then d//dt would be infinite at t = 0, which would be 
inconsistent with Equation 8.22. This initial condition means that K = In(V./R), 


so 
In Vs I In Vs = f t. 
R R L 


Hence, using the mathematical identities In x — In y = In(a/y) and 
exp(In x) = 2, we obtain 


Vs Rt 
oe R c exp ( Z )] : (8.23) 


Notice that as t — oo, the current approaches the steady-state value 
Imax = V;/R, as shown in Figure 8.14a. 


The voltage drop V7, drop across the inductor has the same magnitude as the 
induced emf V7, but it has the opposite sign, so 


dI 


Rt 
Vi, deep =Vi L di V, exp (-=) , 


and this decays exponentially with time. In the limit as t > 00, Vj, drop tends to 
zero, and the voltage drop Vp across the resistance R becomes equal to the source 
emf V, (Figure 8.14b). 


ik vt 
Vs 
R 


L/R t 


(a) 


Figure 8.14 Exponential time dependences of (a) the current J and (b) the 
voltage drops Vp and V7, arop across resistance R and inductance L in the circuit 
shown in Figure 8.13. 


You can see from Equation 8.23 that L/R has the dimensions of time and plays 
the same role as played by the product RC for the charge or discharge of a 
capacitor. Thus for a circuit containing inductance L and resistance R, 


time constant = L/R. (8.24) 


In time t = L/R, the current grows to (1 — e~*) (about 63%) of its final, 
steady-state value, and the voltage drop across the inductance falls to e! 


(about 37%) of its initial value (Figure 8.14b). 0 01 02 03 04 Wie 
Figure 8.15 shows the growth of the current in a circuit in which V, = 1.5 V, 

R= 10Q and L = 1.0mH. The time constant L/R is 0.1 ms, and in this Figure 8.15 Growth of 

time the current grows to 0.63V,/R = 95mA. Notice that in a time of about current in a circuit with 

5L/R = 0.5 ms, the current has essentially reached its steady value; on the time LE =1.0mH, R = 100 and 
scale of human perception, this growth phase would appear instantaneous. V6= 15 V. 
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N turns carrying 
current F 


cross-section A 
relative permeability p 


Figure 8.16 What is the 
energy stored in a toroidal 
solenoid? 
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8.2.2 Energy stored in an inductor 


The energy stored when a current is set up in an inductor can be calculated in a 
similar way to the calculation of energy stored when a capacitor is charged 
(Subsection 8.1.4). The energy transferred to the inductor is 


fore) °° dl Vs/R LV2 
= IVs, arop dt = I(L—)dt= Lidl= 25, 
Ur, / V1, drop dt / ( aya / d aR? 


where we made use of the fact that the steady-state current is V,/R when setting 
the upper limit of the current integral. If we now denote this steady-state current 
as I, then the energy transferred to the inductor can be written as 


U,= sll. (8.25) 


During the build-up of the current, energy is dissipated in the resistor, and this 
dissipation continues in the steady state, with power J? R transferred to the 
resistor. 


Recovering the energy stored in an inductor 


We have shown that energy 5LI ? is transferred to an inductor as the current 
builds up. This energy must be rapidly dissipated when the switch in the circuit in 
Figure 8.13 is opened. The current rapidly drops to zero, but this induces a large 
emf, V, = —LdI/dt, in the circuit. The consequence is that the air in the vicinity 
of the switch may become ionized, resulting in arcing between the contacts. In 
most cases such arcing is unwanted and is suppressed by putting a suitable 
capacitor in parallel with the switch. An alternative (though not very practical) 
way of recovering the stored energy can be investigated in the next exercise. 


Exercise 8.9 A resistor R and inductor L are connected in series with a source 
of emf, and the steady-state current flowing through the circuit is Jo. At time 
t = 0, the emf is replaced by a short-circuit. 


(a) Derive an expression for the current flowing in the circuit for ¢t > 0. 


(b) By explicit integration, find the total energy dissipated in the resistor. qo 


8.2.3. Energy stored in a magnetic field 


You have seen that the energy stored in a current-carrying inductor can be 
specified in terms of the current and the self-inductance of the circuit through 
which the current flows. But the stored energy can also be quantified in terms of 
the magnetic field generated by the current, as we shall now show. 


Energy stored in the field of a toroidal solenoid 


AS a specific example, consider the toroidal solenoid shown in Figure 8.16, which 
has N turns carrying current J wound on a former of radius f, cross-sectional 
area A. The former is made from an LIH material with magnetic permeability ju, 
and the value of j: is large so that the magnetic field lines are confined within the 
material. To simplify the calculation, we assume that the radius of the 
cross-section is very much smaller than the radius R of the toroid. 


8.2 Currents, magnetic fields and energy 


From the symmetry it is clear that the field H within the solenoid must be in the 
azimuthal direction and have a strength that is independent of the azimuthal angle, 
and it can therefore be determined from the integral version of Ampére’s law, 
using a path of radius R around the inside of the solenoid: 


NI 
Hx2rR=WNI A = —— 
x Qn , of OR’ 
hence 
_ HMoNT 
QR 


Because of the small cross-section, we can assume that the field has constant 
strength inside the solenoid. 


The inductance of the solenoid is the magnetic flux passing through it per unit 
current (Equation 7.25), so 


® NAB 
L= == —_. 
I I 
Combining this with Equation 8.25 and the expression for B above, we obtain 
NAB 2nRB B? 
u=1LP=} P= ina x 2783 1 opp, 
I MpioN LL0 


Now, 27 RA is the volume of the toroid, within which there is a magnetic field 
of constant strength B, and outside which the field strength is zero. So this 
expression for the energy suggests that there is a magnetic energy density u 
associated with the magnetic field 6 — a magnetic energy per unit volume — 
given by 


B? 
o— : 
2/0 


(8.26) 


and that the total magnetic energy is the integral over all space of the magnetic 
energy density: 


B2 
U = i udjt— / dr. (8.27) 
all space all space 2ULo 


Although we have obtained these results for a particularly simple situation, they 
are generally valid when we are dealing with LIH materials. A more general 


expression for the energy density associated with a magnetic field is relative 
permeability p 


pe US oT (8.28) 


which reduces to Equation 8.26 when B = poH. 


radius rs 


Exercise 8.10 The coaxial cable shown in Figure 8.17 consists of two long i 
thin-walled conducting tubes of radii 7; and rz (with r2 > 71). The volume 
between the tubes is filled with an insulator, which is a linear magnetic material of 
relative permeability js. A current I flows along the length of the inner tube and Figure 8.17 A coaxial 
returns through the outer tube. Derive an expression for the energy density of the — cable with material of relative 
magnetic field between the two tubes, and hence find the total energy stored in a permeability js between the 
length / of the magnetic material. conducting tubes. 


radius ry, 
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Exercise 8.| | Estimate the stored magnetic energy for a superconducting 
solenoid that produces a field of 20 T in an air-filled region 5cm in diameter and 
20cm long. o 


Research and development is currently underway, chiefly in Japan, Germany and 
the USA, into the use of magnetic energy storage. The small system shown in 
Figure 8.2 can be used to compensate for sudden voltage fluctuations in the 
distribution grid. It can respond on a time scale of milliseconds, and provide 
hundreds of kilowatts of power for periods of about ten seconds. But design 
studies have also been carried out on diurnal storage systems that would store 
much larger amounts of energy during the night or periods of low demand, and 
then release it to cope with sudden demands from industry or from domestic 
consumers at the end of popular television programmes. Such systems could store 
1000 MWh and would be of the order of 1 km in diameter. Magnetic energy 
storage can have a very high efficiency, with over 90 per cent of the energy 
supplied to the system being released to the distribution network. This is possible 
only because the coils are made from superconducting materials, which we shall 
discuss in the next chapter. 


8.3 Energy exchange in LCR circuits 


Many circuits include resistance, capacitance and inductance, and by selecting 
appropriate values of these components, the response of the circuit can be tailored 
for specific applications. In such circuits — often referred to as LCR circuits — 
there is often an interchange between the energy stored in the capacitor and that in 
the inductor. We shall discuss briefly two contrasting applications: adding an 
inductor to the defibrillator discharge circuit to shape the current pulse, and 
producing circuits that oscillate at a desired frequency. 


8.3.1 Modifying the defibrillator 


When a capacitor is discharged through a resistive load, the current has the simple 
exponential time dependence shown in Figure 8.18a. However, a pulse with the 
shape shown in Figure 8.18b has been found to be more effective for defibrillation. 


Th iia 


desirable for 
defibrillation 


RE circuit 


(a) © (b) 


Figure 8.18 (a) Current from a capacitor discharging through a resistor. 
(b) Current variation required from a defibrillator. 
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™@ Suggest a way that the simple RC circuit could be modified so that a pulse 
with a slower rise than in Figure 8.18a is produced. 


LJ An inductor limits the rate of growth of current in a circuit, as shown in 
Figure 8.15, so inserting an inductor in series with the capacitor and resistor 
seems a good possibility. 


Let’s consider the circuit shown in Figure 8.19. We assume that the capacitor is 
charged by applying a voltage difference Vo, and then at time t = 0 the switch S is 
closed. Equating the voltage drop across the capacitor to the sum of the voltage 
drops across the resistor and the inductor, we obtain 

Q dl 


== 1 L—. 2 
ai R+ di (8.29) 


Vi, drop = £ el 
é dt 


Figure 8.19 LCR circuit 
for a defibrillator. 


Differentiating this equation with respect to time, and noting that for the sense of 
current shown J = —dQ/dt, we obtain 
I ar oar 


pg th ag =O (8.30) 


The transient responses of the RC and RL circuits that we have considered so far 
have involved simple exponential time dependences, so we shall look for a 
solution to Equation 8.30 of the form J = A exp at. Substituting this into the 
differential equation leads to 


(1/C + Ra + La?) =0. 


This quadratic equation for a has two solutions, 


Ry RE oa RR [aL 
= an = 
a 57, OT RC 2 oe. a R20’ 


and a general solution is therefore 


I = A, expay,t + Ag exp agt. 


The constants A; and Ag are determined by the initial conditions. At ¢ = 0, the 
current J must be zero, since the inductance prevents any instantaneous change of 
current, and this means that Ag = —Aj,. Also, since J = 0 at t = 0, there is no 
voltage difference across the resistor, so Equation 8.29 reduces to 


LdI/dt = Q/C =, 
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which means that 
L(a, Ay + agA2) = LA;(ay — a2) = Vo, 

or 

Vo 
L(ay = a2) : 
So the current is 
Vo(exp ait — exp agt) 

L(ay = Q2) : 
Now, the shaped current pulse we require from the defibrillator has an initial rise 
time much less than the decay time (Figure 8.18b). The former is determined by 


the inductive time constant, L/R, and the latter by the capacitative time constant, 
RC, so for the defibrillator circuit we require L/R < RC, or L/R?C <1.In 


A = 


j= 


this limit, 
RR OL 1 
oa 9 oi, (1 mG) = RC’ 
RR 2\ Rk, 1. R 
Oe = ( a bo Re. 2 
L LR 
L(a — 02) -pa tz =F, 


so the approximate form of the current pulse is given by 


r= fen(-yo)-(2)] 


Note that in the limit of very small inductance, this expression tends to the 

result for the discharge of a capacitor in Equation 8.16, and in the limit of very 
large capacitance, it tends to the result for build up of current in an inductor in 
Equation 8.23, as you might have anticipated. Figure 8.20 shows the effect of 
different values of inductance on the shape of the defibrillator current pulse for the 
circuit parameters used in Exercise 8.7, namely Vz; = 5kV, C = 32 yF and 
Renest = 752. The inductor is storing some of the energy supplied by the 
capacitor immediately after the switch is closed, and feeding this back to the 
resistive load at later times. 


increasing I 


Soy, 


Figure 8.20 The effect of changing the series inductance on defibrillator pulse 
shape. 
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8.3.2 Oscillatory circuits 


The values of L, C and R used in the defibrillator circuit satisfied the condition 
R? > L/C. We now consider situations where R? < L/C, starting with the 
limiting case, = 0. Equation 8.30 then reduces to 


d?I oe, 
diz C 
This is the well-known equation for simple harmonic motion, and has the general 


solution 
I = Ipsin(wyt + go), 


where w, = 1/ VLC is the natural angular frequency of oscillation of the 
circuit, and Jg and @p are constants determined by the initial conditions. The 
sinusoidal time dependence of the current is shown in Figure 8.21a, where for 
simplicity we have chosen the time origin so that ¢9 = 0. The natural angular 
frequency w,, can be tuned to a required value by choosing appropriate values for 
Land C. 


Figure 8.21 (a) Current and 
(b) voltage drops, Vc and Vz, 
across the capacitor and inductor 
in an LC circuit. 


The voltage drop across the inductor, V;,, which must be equal in magnitude to the 
voltage drop across the capacitor, Vo, is 


di 
V,=L a = WyLlp coswWynt = Vo, 


and the time dependence of the voltage drop is shown in Figure 8.21b. 


™@ By considering the current through the inductor and the voltage across the 
capacitor, indicate on Figure 8.21 the times at which the energy stored in the 
inductor, Ur, has maximum values, and the times at which the energy stored 
in the capacitor, Uc, has maximum values. 


LJ Since Uy = 5LI 2. the energy stored in the inductor has maximum values at 
the maxima and minima of the current in Figure 8.21a. Since Ug = 5C V2, 
the energy stored in the capacitor has maximum values when Vc has 
maximum and minimum values in Figure 8.21b, and these occur each time 
the current is zero. 
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The energy stored in the capacitor is given by 


dI\? 
5CVG = CVE =3C (z x) = 5CL? x w2I§ cos” wat 
= 5Lig cos” wnt; 
which has a maximum value of sli . The energy stored in the inductor is 
5LI? = §LIp sin? wnt, 


which has a maximum value of 5LIig, equal to the maximum energy stored in the 
capacitor. The energy is shuttled back and forth between capacitor and inductor, 
with the total energy stored in the circuit constant, as shown in Figure 8.22. 


Ut Uz Ue total energy U 


oy 


t t f I 
Figure 8.22 Energy stored in RE “hyt 
an inductor, Uz, and ina I I 
capacitor, Uc, and the total 
energy stored, U, for an LC 
B B 


circuit with negligible 
resistance. 


In practice, all circuits have some resistance. When this 
is included in the analysis, the simple sinusoidal solution 
for the current is modified by an exponential decay factor, 


t 
I = Ip exp (-3) sin wt, 


as shown in Figure 8.23, with w ~ wy if R is small. To 
+ maintain the oscillations, the circuit must be driven 
by applying an external signal at the natural angular frequency 
Wy, aS for example is done in the tuning circuit of a radio 
or television receiver. When the driving signal matches 
the natural angular frequency of the tuning circuit in the 
receiver, it maintains large resonant oscillations in the circuit, 
and for this reason wy, is often referred to as the resonant 
Figure 8.23 Exponentially decaying angular frequency. 
amplitude of the oscillations in an LCR circuit. 
The dashed line shows the exponential decay. 
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Exercise 8.12 An LCR circuit has component values L = 5.0mH, C = 2.0 pF 
and R = 0.202. What is the natural angular frequency w, of the circuit, and what 
is the maximum energy stored in the capacitor when the amplitude of current 
oscillations is 2.5 mA? Oo 


Summary of Chapter 8 


Section 8.1 The potential energy of a system of point charges can be expressed 
in terms of the values of the charges and the potentials at the positions where they 
are located: 


U=3 3 QiVi.- 
i=1 


For charge distributed over surfaces and throughout a volume, the potential energy 
is given by 

yet : o(r) V(r) dS +4 | Kava 

S T 
The energy stored in a capacitor is 
2 
_1iay2 — aot 

U=5C0V*= 9G = 5 QV. 
Alternatively, the electric potential energy can be associated with the electric field. 
The energy density associated with an electric field is 

u=4D-E. 


This is valid for linear dielectric materials. The total potential energy is 
U= / D-Ed-r. 


When a capacitor is connected in series with a resistor and a source of constant 
emf, the voltage across the capacitor increases exponentially, with time constant 
RC, and the current decreases exponentially: 


t Vs t 
=Vz(1—- ——— _ f= = —-—— |. 
Vo a exp ( a)) Te exp ( x) 


Capacitors are widely used for energy storage. 


Section 8.2. When an inductor is connected in series with a resistor and a source 
of emf, the voltage across the inductance and the current in the circuit change 
exponentially, with time constant L/R: 


Rt V; Rt 
ve = Yew (-): r= 3h exp ( =I. 


The potential energy stored in an isolated inductance is U = 5LI “ 


Alternatively, the magnetic potential energy can be associated with the magnetic 
field. The energy density associated with a magnetic field is 


u=5B-H. 
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The total magnetic potential energy is 
U= / B-Hdr. 


This is valid for linear magnetic materials. Magnetic fields produced by large 
currents in coils can be used for energy storage. 


Section 8.3 In circuits that contain both an inductor and a capacitor, there can be 
an interchange of energy between the two components. Such circuits are used 

for pulse shaping and as oscillators, where the natural angular frequency is 

tig = LV LC, 


Achievements from Chapter 8 


After studying this chapter you should be able to do the following. 


8.1 Explain the meanings of the newly-defined (emboldened) terms and 
symbols, and use them appropriately. 


8.2. Recall expressions for the potential energy of point and distributed charges, 
and use them to calculate the electrostatic energy associated with simple 
distributions of point charges and with highly-symmetric surface and 
volume charge distributions. 


8.3 Recall and apply expressions for the energy stored by capacitors and 
inductors. 


8.4 Recall expressions for the energy density associated with electric and 
magnetic fields, and use them to calculate the potential energy of systems 
with simple symmetry. 


8.5 Write down and solve differential equations describing the transient 
behaviour of series circuits involving a capacitor and a resistor, or an 
inductor and a resistor, and use the solutions to determine power and energy 
transfers in these circuits. 


8.6 Describe the interchange of energy between an inductor and a capacitor in a 
circuit, and discuss how this interchange is used for pulse shaping and for 
oscillators. 
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Chapter 9 Superconductivity 


The fascinating phenomenon of superconductivity — which most notably 
includes the disappearance of any resistance to electric current flow at sufficiently 
low temperature — and its potential applications have attracted the attention 

of scientists, engineers and businessmen. Intense research has taken place to 
discover new superconductors, to understand the physics that underlies the 
properties of superconductors, and to develop new applications for these 
materials. The range of applications is already extensive. Superconducting 
electromagnets produce the large magnetic fields required in the world’s largest 
particle accelerators (see Figure 6 in the Introduction to this book), in MRI 
machines used for diagnostic imaging of the human body (Figure 5 in the 
Introduction), in magnetically levitated trains (Figure 9.8) and in superconducting 
magnetic energy storage systems (Figure 8.2). But at the other extreme they are 
used in SQUID (superconducting quantum interference device) magnetometers, 
which can measure the tiny magnetic fields (~10~!° T) associated with electrical 
activity in the brain (Subsection 5.3.3), and there is great interest in their potential 
as extremely fast switches for a new generation of very powerful computers. 


In this chapter, we shall focus on the macroscopic electrodynamic properties of 
superconductors, and particularly on some of the properties that can be explained 
in terms of electromagnetism concepts with which you should be familiar. A full 
understanding of superconductivity requires knowledge of materials science and 
quantum theory, and discussion of these aspects is beyond the scope of this book. 
We begin with a review of some of the main developments over the last hundred = Figure 9.!_ Heike Kamerlingh 
years, then describe in more detail some of the key electromagnetic properties. Onnes (left) and Johannes Van 
These can be modelled in a simple way without using quantum mechanics, and der Waals beside a helium 

we shall show how this can be done. Finally, we distinguish between the type of liquefier (1908). 
superconductivity shown by most of the elemental superconductors, known as 

type-I superconductivity, and that shown by superconducting alloys that have 

commercial applications, known as type-II superconductivity. 


A 
9.1 A century of superconductivity ois 
Superconductivity was discovered in 1911 by Heike Kamerlingh Onnes 0.1257 ae 
(Figure 9.1) as he studied the properties of metals at low temperatures. A few ae ! 
years earlier he had become the first person to liquefy helium, which has a boiling ; 
point of 4.2 K at atmospheric pressure, and this had opened up a new range of 0.0734 
temperature to experimental investigation. On measuring the resistance of a small 
tube filled with mercury, he was astonished to observe that its resistance fell from 0.05 > 
~0.1 at a temperature of 4.3 K to less than 3 x 10-° Q at 4.1K. His results are Anes 
reproduced in Figure 9.2. Below 4.1 K, mercury is said to be a superconductor, ; 
and no experiment has yet detected any resistance to steady current flow in a 0.00 o 


superconducting material. The temperature below which the mercury becomes 
superconducting is known as its critical temperature 7.. Kamerlingh Onnes was 
awarded the Nobel Prize for Physics in 1913 ‘for his investigations on the 
properties of matter at low temperatures which led, inter alia, to the production of 
liquid helium’ (Nobel Prize citation). 


Figure 9.2 Graph showing 
the resistance of a specimen 
of mercury versus absolute 
Since this initial discovery, many more elements have been discovered to be temperature. 


191 


Chapter 9 Superconductivity 


superconductors. Indeed, superconductivity is by no means a rare phenomenon, as 
the Periodic Table in Figure 9.3 demonstrates. The dark pink cells indicate 
elements that become superconducting at atmospheric pressure, and the numbers 
at the bottoms of the cells are their critical temperatures, which range from 9.3 K 
for niobium (Nb, Z = 41) down to 3 x 10~*K for rhodium (Rh, Z = 45). The 
orange cells are elements that become superconductors only under high pressures. 
The four pale pink cells are elements that are superconducting in particular forms: 
carbon (C, Z = 6) in the form of nanotubes, chromium (Cr, Z = 24) as thin films, 
palladium (Pd, Z = 46) after irradiation with alpha particles, and platinum 

(Pt, Z = 78) as acompacted powder. It is worth noting that copper (Cu, Z = 29), 
silver (Ag, Z = 47) and gold (Au, Z = 79), three elements that are excellent 
conductors at room temperature, do not become superconductors even at the 
lowest temperatures that are attainable. 


Figure 9.3 The Periodic 
Table showing all known 

elemental superconductors and 
their critical temperatures. 
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I 2 
H He 
3 4 
Li Be 
0.023 
11 12 
Na | Mg 
19 20) 21 22 23 24 25 26 27 28 29 30 
K (Ca || Ste Ti Vv Cr | Mn | Fe | Co | Ni | Cu | Zn 
0.40 | 3.4 | 3.0 0.85 
37 38 39 40 41 42 {43 da 45 46 47 48 
Rb ea ay: Zr | Nb | Mo | Te | Ru | Rh | Pd | Ag | Cd 
0.61 | 9.3 | 0.92 | 7.8 | 0.49 0.0003) 3.3 0.82 
O65 36 oie 72 73 74 75 76 77 78 79 80 
Cs Ba | La Hf | Ta | W | Re | Os Ir Pt | Au | Hg 
4.9 0.13 | 4.5 |0.013) 1.7 | 0.66 | 0.11 {0.0019 42 
87 88 89 104 (105 =|106 /107 |108 (109 /110 7111 [112 
Fr | Ra | Ac Rf | Db Se | Bh Hs | Mt | Dm | Rg | Uub 
superconductor 
. A 
38 39 60 61 62 63 64 65 66 67 68 69 70 Ail superconductor 
Ce Pr | Nd | Pm | Sm | Eu | Gd | Tb | Dy | Ho | Er | Tm] Yb | Lu under pressure 
special form is a 
90 91 92 93 94 95 96 97 98 99 100 101) «6102 «103 superconductor 
Th gel U Np | Pu | Am | Cm | Bk cr Es | Fm | Md | No | Lr not a 
14 | 14 | 0.20 0.60 superconductor 


A major advance in the understanding of superconductivity came in 1933, when 
Walter Meissner and Robert Ochsenfeld discovered that superconductors are more 
than perfect conductors of electricity. They also have the important property of 
excluding a magnetic field from their interior. However, the field is excluded only 
if it is below a certain critical field strength, which depends on the material, the 
temperature and the geometry of the specimen. Above this critical field strength 
the superconductivity disappears. Brothers Fritz and Heinz London proposed a 
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model that described the exclusion of the field in 1935, but it was another 20 years 
before a microscopic explanation was developed. 


The long awaited quantum theory of superconductivity was published in 1957 by 
three US physicists, John Bardeen, Leon Cooper and John Schrieffer, and they 
were awarded the Nobel Prize for Physics in 1972 ‘for their jointly developed 
theory of superconductivity, usually called the BCS theory’ (Nobel Prize citation). 
According to their theory, in the superconducting state there is an attractive 
interaction between electrons that is mediated by the vibrations of the ion lattice. 
A consequence of this interaction is that pairs of electrons are coupled together, 
and all of the pairs of electrons condense into a macroscopic quantum state, called 
the condensate, that extends through the superconductor. Not all of the free 
electrons in a superconductor are in the condensate; those that are in this state are 
called superconducting electrons, and the others are referred to as normal 
electrons. At temperatures very much lower than the critical temperature, there 
are very few normal electrons, but the proportion of normal electrons increases as 
the temperature increases, until at the critical temperature all of the electrons are 
normal. Because the superconducting electrons are linked in a macroscopic state, 
they behave coherently, and a consequence of this is that there is a characteristic 
distance over which their number density can change, known as the coherence 
length € (the Greek lower-case xi, pronounced ‘ksye’). 


It takes a significant amount of energy to scatter an electron from the condensate 
— more than the thermal energy available to an electron below the critical 
temperature — so the superconducting electrons can flow without being scattered, 
that is, without any resistance. The BCS theory successfully explained many of 
the known properties of superconductors, but it predicted an upper bound of 
roughly 30 K for the critical temperature. 


Another important theoretical discovery was made in 1957. Alexei Abrikosov 
predicted the existence of a second type of superconductor that behaved in a 
different way from elements like lead and tin. This new type of superconductor 
would expel the field from its interior when the applied field strength was low, but 
over a wide range of applied field strengths the superconductor would be threaded 
by normal metal regions through which the magnetic field could pass. The 
penetration of the field meant that superconductivity could exist in magnetic 

field strengths up to 10 T or more, which opened up the possibility of many 
applications. For this work, and subsequent research, Abrikosov received a 
Nobel Prize for Physics in 2003 ‘for pioneering contributions to the theory of 
superconductors and superfluids’ (Nobel Prize citation). 


By the early 1960s there had been major advances in superconductor technology, 
with the discovery of alloys that were superconducting at temperatures higher 
than the critical temperatures of the elemental superconductors. In particular, 
alloys of niobium and titanium (NbTi, 7. = 9.8 K) and niobium and tin (Nb3Sn, 
T, = 18.1 K) were becoming widely used to produce high-field magnets, and a 
major impetus for this development was the requirement for powerful magnets for 
particle accelerators, like the Tevatron at Fermilab in the USA. At about the same 
time, Brian Josephson made an important theoretical prediction that was to have 
major consequences for the application of superconductivity on a very small 
scale. He predicted that a current could flow between two superconductors that 
were separated by a very thin insulating layer. The so-called Josephson tunnelling 
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effect has been widely used for making various sensitive measurements, including 
the determination of fundamental physical constants and the measurement of 
magnetic fields that are a billion (10°) times weaker than the Earth’s field. The 
significance of his work was recognized when he was awarded a Nobel Prize for 
Physics in 1973 ‘for his theoretical predictions of the properties of a supercurrent 
through a tunnel barrier, in particular those phenomena which are generally 
known as the Josephson effects’ (Nobel Prize citation). 


The hunt for superconductors with higher critical temperatures continued in the 
decades following publication of the BCS theory, in spite of its prediction that the 
upper limit for JT. was less than 30 K. The holy grail for scientists working in this 
area was a material that was superconducting at the temperature of liquid nitrogen 
(77 K), or, even better, at room temperature. This would mean that all of the 
technology and costs associated with use of liquid helium for cooling could be 
dispensed with, and applications of superconductivity would immediately become 
far more economically worthwhile. The breakthrough came in 1986, when 
Georg Bednorz and Alex Muller discovered that ceramics made of barium, 
lanthanum, copper and oxygen became superconducting at 30 K, the highest 
known critical temperature at that time. The discovery was particularly surprising 
because this material is an insulator at room temperature. The following year they 
received the Nobel Prize for Physics “for their important breakthrough in the 
discovery of superconductivity in ceramic materials’ (Nobel Prize citation), and 
the unprecedented rapidity with which the prize followed publication of their 
results reflects the importance attached to their work. 


As a result of this breakthrough, a scientific bandwagon started to roll and many 
other scientists began to examine similar materials. In 1987, Paul Chu produced a 
new ceramic material by replacing lanthanum by yttrium, and found that it had a 
critical temperature of 90 K. This great jump in the critical temperature made it 
possible to use liquid nitrogen as a coolant, and with the promise of commercial 
viability for the new materials, a scramble ensued to find new high-temperature 
superconductors and to explain why they superconduct at such high temperatures. 
At the time of writing (2005), the highest critical temperature was 138 K, for a 
thallium-doped mercuric-cuprate, Hgo.3Tlo.2Ba2Ca2Cu308_ 33. Figure 9.4 shows 
the progress of the highest known superconducting critical temperature over the 
last century. 


In recent years, no materials with significantly higher critical temperatures have 
been found, but other discoveries of equal importance have been made. These 
include the discovery that, against conventional wisdom, several materials exhibit 
the coexistence of ferromagnetism and superconductivity. We have also seen the 
discovery of the first high-temperature superconductors that do not contain 
copper. Startling discoveries like these are demanding that scientists continually 
re-examine long-standing theories on superconductivity and consider novel 
combinations of elements. 


Unfortunately, no superconductors have yet been found with critical temperatures 
above room temperature, so cryogenic cooling is still a vital part of any 
superconducting application. Difficulties with fabricating ceramic materials into 
conducting wires or strips have also slowed down the development of new 
applications of high-temperature superconductors. However, despite these 
drawbacks, the commercial use of superconductors continues to rise. 
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9.2 Properties of superconductors 


In this section we shall discuss some of the most important electrical and 
magnetic properties of superconductors. 


9.2.1 Zero electrical resistance 


The most obvious characteristic of a superconductor is the complete 
disappearance of its electrical resistance below a temperature that is known as its 
critical temperature. Experiments have been carried out to attempt to detect 
whether there is any small residual resistance in the superconducting state. A 
sensitive test is to start a current flowing round a superconducting ring and 
observe whether the current decays. The current flowing in the superconducting 
loop clearly cannot be measured by inserting an ammeter into the loop, since this 
would introduce a resistance and the current would rapidly decay. 


@ Suggest a method of monitoring the current that does not involve interfering 
with the superconducting loop. 


_] The magnetic field generated by the current in the loop could be monitored. 


The magnitude of the magnetic field is directly proportional to the current 
circulating in the loop, and the field can be measured without drawing energy 
from the circuit. Experiments of this type have been carried out over periods of 
years, and the magnetic field — and hence the superconducting current — has 
always remained constant within the precision of the measuring equipment. Such 
a persistent current is characteristic of the superconducting state. From the 
lack of any decay of the current it has been deduced that the resistivity p of a 
superconductor is less than 10~2° Q m. This is about 18 orders of magnitude 
smaller than the resistivity of copper at room temperature (~ 107° Q m). 


Resistivity is the reciprocal of 
conductivity, that is, p = a7 !. 
We prefer to describe a 
superconductor by p = 0, rather 


than by o = co. 


195 


Chapter 9 Superconductivity 


silicon oxide 


In the following exercise you can apply what you learned in the previous chapter 
about decay of currents in RL circuits to estimate an upper limit for the resistivity 
of a superconductor. 


Exercise 9.1 (a) A circuit, with self-inductance L, has a current Jp flowing in 
it at time t = 0. Assuming that the circuit has a small residual resistance R but 
contains no source of emf, what will be the current in the circuit after a time T' has 
elapsed? 


(b) In a classic experiment performed by Quinn and Ittner 
in 1962, a current was set up around the “squashed tube’, 


chickne 
: oe ——— shown in Figure 9.5, which was made from two thin films 
of superconducting lead separated by a thin layer of insulating 


silicon oxide. The inductance L of the tube was estimated 

to be 1.4 x 107!3H. No change in the magnetic moment 

due to the current could be detected after 7 hours, to within the 
2 per cent precision of their measurement, so the current was 
at least 98 per cent of its initial value. Estimate the maximum 
possible resistance of the tube for circulating currents. 


(c) The dimensions of the tube used in the experiment 

are shown in Figure 9.5. Estimate the maximum possible 
resistivity Pmax Of the lead films. Compare your answer 

with the resistivity of pure lead at 0°C, which you can 
deduce from Table 7.1. Oo 


Figure 9.5 A lead ‘tube’ used in a persistent 


current experiment. 
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9.2.2 Persistent currents lead to constant magnetic flux 


An important consequence of the persistent currents that flow in materials with 
zero resistance is that the magnetic flux that passes through a continuous loop of 
such a material remains constant. To see how this comes about, consider a ring of 
metal, enclosing a fixed area A, as shown in Figure 9.6a. An initial magnetic field 
Bo is applied perpendicular to the plane of the ring when the temperature is 
above the critical temperature of the material from which the ring is made. The 
magnetic flux ® through the ring is BoA, and if the ring is cooled below its 
critical temperature while in this applied field, then the flux passing through it is 
unchanged. If we now change the applied field, then a current will be induced in 
the ring (see Subsection 7.2.1), and according to Lenz’s law the direction of this 
current will be such that the magnetic flux it generates compensates for the flux 
change due to the change in the applied field. From Faraday’s law, the induced 
emf in the ring is —d®@/dt = —Ad(B — Bo) /dt, and this generates an induced 
current I given by 


where L is the self-inductance of the ring. Note that there is no ohmic term, JR, 
on the left-hand side of this equation, because we are assuming that R = 0. 
Integrating this equation, we obtain 


LI+ BA =constant. 
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Bo 
B 
area A 
i 
{a) {b) 


But LJ is the amount of flux passing through the ring generated by the 

current J flowing in the ring — this is just the definition of self-inductance L 
(Equation 7.25) — so (LI + BA) is the total magnetic flux through the ring. The 
total flux threading a circuit with zero resistance must therefore remain constant 
— it cannot change. If the applied magnetic field is changed, an induced current is 
set up that creates a flux to compensate exactly for the change in the flux from 
the applied magnetic field. Because the circuit has no resistance, the induced 
current can flow indefinitely, and the original amount of flux through the ring can 
be maintained indefinitely. This is true even if the external field is removed 
altogether; the flux through the ring is maintained by a persistent induced current, 
as in Figure 9.6b. However, note that constant flux through the ring does not mean 
that the magnetic field is unchanged. In Figure 9.6a there is a uniform field within 
the ring, whereas in Figure 9.6b the field is produced by a current flowing in the 
ring and will be much larger close to the ring than at its centre. 


An important application of the constant flux through a superconducting circuit 
is shown in Figure 9.7. A superconducting solenoid, used to produce large 
magnetic fields, is connected to a power supply that can be adjusted to provide the 
appropriate current to generate the required field. For some applications it is 
important for the field to remain constant to a higher precision than the stability 
of the power supply would allow. A stable field is achieved by including a 
superconducting switch in parallel with the solenoid. This is not a mechanical 
switch, but a length of superconducting wire that is heated to above its critical 
temperature to ‘open’ the switch, and cooled below the critical temperature to 
‘close’ it. With the switch open, the current from the power supply is set to give 
the required field strength. The switch is then closed to produce a completely 
superconducting circuit that includes the solenoid, the switch and the leads 
connecting them. The flux through this circuit must remain constant in time, so 
the field inside the solenoid will also remain constant in time. An added bonus is 
that the power supply can now be disconnected, which means that no energy is 
being dissipated while maintaining the field. 


Superconducting coils with persistent currents can be used in high-speed 
magnetically-levitated trains. In the system used on the Yamanashi Maglev 
Test Line in Japan (Figure 9.8 overleaf), superconducting coils mounted on 
the sides of the train induce currents in coils mounted in the walls of a 
guideway, and the attractive and repulsive forces between the superconducting 


Figure 9.6 (a) A ring cooled 
below its critical temperature in 
an applied field Bo. (b) When 
the applied field is removed, 

a superconducting current 
maintains the flux through the 
ring at the same value. 


power supply 


switch 


}— magnet 


| liquid 
helium 


AAU 


Figure 9.7 A superconducting 
solenoid with a superconducting 
switch that allows it to operate 
in a persistent current mode. 
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screening 
current 


Figure 9.9 A long 
superconducting tube screens 
the region inside from externally 
applied magnetic fields. 
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magnets and the track-mounted coils both levitate the train and provide lateral 
guidance. The train is propelled forwards by attractive and repulsive forces 
between the superconducting magnets and propulsion coils located on the walls 
of the guideway that are energized by a three-phase alternating current that 
creates a shifting magnetic field along the guideway. In 2003, a train reached the 
record-breaking speed of 581 kmh! on this track. 


wheel support 
path 


levitation and 
guidance coil 


propulsion coil 


(b) 


Figure 9.8 (a) A train that uses superconducting coils for magnetic levitation. 
(b) The guideway for the train, showing the coils used for levitation, guidance and 
propulsion. 


A second application is the use of a superconducting tube to screen sensitive 
components from magnetic fields, as shown in Figure 9.9. The tube is cooled 
below its critical temperature in a very small magnetic field. If a magnetic field is 
subsequently applied in the region of the tube, screening currents will be induced 
that generate fields which cancel out the applied field within the tube. However, 
note that effective screening requires a long tube, because only this geometry will 
generate a uniform magnetic field in the middle of the tube. 


9.2.3 The Meissner effect 


The second defining characteristic of a superconducting material is much less 
obvious than its zero electrical resistance. It was over 20 years after the discovery 
of superconductivity that Meissner and Ochsenfeld published a paper describing 
this second characteristic. They discovered that when a magnetic field is applied 
to a sample of tin, say, in the superconducting state, the applied field is excluded, 
so that B = 0 throughout its interior. This property of the superconducting state is 
known as the Meissner effect. 


The exclusion of the magnetic field from a superconductor takes place regardless 
of whether the sample becomes superconducting before or after the external 
magnetic field is applied. In the steady state, the external magnetic field is 
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cancelled in the interior of the superconductor by opposing magnetic fields 
produced by a steady screening current that flows on the surface of the 
superconductor. 


It is important to recognize that the exclusion of the magnetic field from inside a 
superconductor cannot be predicted by applying Maxwell’s equations to a 
material that has zero electrical resistance. We shall refer to a material that has 
zero resistance but does not exhibit the Meissner effect as a perfect conductor, 
and we shall show that a superconductor has additional properties besides those 
that can be predicted from its zero resistance. 


Consider first the behaviour of a perfect conductor. We showed in the previous 
subsection that the flux enclosed by a continuous path through zero resistance 
material — a perfect conductor — remains constant, and this must be true for any 
path within the material, whatever its size or orientation. This means that the 
magnetic field throughout the material must remain constant, that is, OB/Ot = 0. 
The consequences of this are shown in Figure 9.10 parts (a) and (b). 


Figure 9.10 A comparison 
of the response of a perfect 
conductor, (a) and (b), and a 
superconductor, (c) and (d), to 
an applied magnetic field. 
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In part (a) of this figure, a perfect conductor is cooled in zero magnetic field to 
below the temperature at which its resistance becomes zero. When a magnetic 
field is applied, screening currents are induced in the surface to maintain the field 
at zero within the material, and when the field is removed, the field within the 
material stays at zero. In contrast, part (b) shows that cooling a perfect conductor 
to below its critical temperature in a uniform magnetic field leads to a situation 
where the uniform field is maintained within the material. If the applied field is 
then removed, the field within the conductor remains uniform, and continuity 

of magnetic field lines means there is a field in the region around the perfect 
conductor. Clearly, the magnetization state of the perfect conductor depends not 
just on temperature and magnetic field, but also on the previous history of the 
material. 


Contrast this with the behaviour of a superconductor, shown in Figure 9.10 

parts (c) and (d). Whether a material is cooled below its superconducting critical 
temperature in zero field, (c), or in a finite field, (d), the magnetic field within a 
superconducting material is always zero. The magnetic field is always expelled 
from a superconductor. This is achieved spontaneously by producing currents on 
the surface of the superconductor. The direction of the currents is such as to create 
a magnetic field that exactly cancels the applied field in the superconductor. It is 
this active exclusion of magnetic field — the Meissner effect — that distinguishes 
a superconductor from a perfect conductor, a material that merely has zero 
resistance. Thus we can regard zero resistance and zero magnetic field as the two 
key characteristics of superconductivity. 


Perfect diamagnetism 


In Chapter 3 you saw that diamagnetism is due to currents induced in atomic 
orbitals by an applied magnetic field. The induced currents produce a 
magnetization within the diamagnetic material that opposes the applied field, and 
the magnetization disappears when the applied field is removed. However, this 
effect is very small: the magnetization generally reduces the applied field by less 
than one part in 10° within the material. In diamagnetic material, B = pyoH, 
with the relative permeability jy slightly less than unity. 


Superconductors take the diamagnetic effect to the extreme, since in a 
superconductor the field B is zero — the field is completely screened from the 
interior of the material. Thus the relative permeability of a superconductor is zero. 


9.2.4 Critical magnetic field 


An important characteristic of a superconductor is that its normal resistance is 
restored if a sufficiently large magnetic field is applied. The nature of this 
transition to the normal state depends on the shape of the superconductor and the 
orientation of the magnetic field, and it is also different for pure elements and for 
alloys. In this subsection we describe the behaviour in the simplest situation; we 
shall discuss other more complex behaviour in Section 9.4. 
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If an increasing magnetic field is applied parallel to a long thin cylinder of tin at a 
constant temperature below the critical temperature, then the cylinder will make a 
transition from the superconducting state to the normal state when the field 
reaches a well-defined strength. This field at which the superconductivity is 
destroyed is known as the critical magnetic field strength, B.. If the field is 
reduced, with the temperature held constant, the tin cylinder returns to the 
superconducting state at the same critical field strength B.. 


AB.{107? T 


Experiments indicate that the critical magnetic field strength depends on 
temperature, and the form of this temperature dependence is shown in 
Figure 9.11 for several elements. At very low temperatures, the critical field 
strength is essentially independent of temperature, but as the temperature 
increases, the critical field strength drops, and becomes zero at the critical 
temperature. At temperatures just below the critical temperature it requires 
only a very small magnetic field to destroy the superconductivity. 


temperature/K 


Figure 9.11 The temperature 
dependences of the critical 
magnetic field strengths of 

The temperature dependence of the critical field strength is approximately mercury, tin, indium and 
parabolic: thallium. 


2 
(z) 
Te 
where B,(0) is the extrapolated value of the critical field strength at absolute zero 
and JT, is the critical temperature. The curves in Figure 9.11 indicate that a 
superconductor with a high critical temperature Ti has a high critical field 


strength B, at T = OK, and Table 9.1 confirms this correlation for a larger 
number of superconducting elements. 


B.(T) = B-(0) (9.1) 


Table 9.1 The critical temperatures JT. and critical magnetic field 
strengths B.(0) for various superconducting elements. 


T./K  B(0)/mT 


aluminium 1.2 10 
cadmium 0.52 2.8 
indium 3.4 28 
lead 7.2 80 
mercury 4.2 41 
tantalum 4.5 83 
thallium 2.4 18 
tin 3.7 31 
titanium 0.40 5.6 
zinc 0.85 5.4 


Exercise 9.2 Estimate the magnetic field strength necessary to destroy 
superconductivity in a sample of lead at 4.2 K. qo 
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Figure 9.12 Graphs 
showing B versus pio 1 

for (a) diamagnetic and 
paramagnetic materials, and 
(b) a ferromagnetic material. 
Note the different scales for the 
[io H-axes in the two graphs. 
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Figure 9.13 Graph showing 


B versus (ioH for a tin cylinder, 
aligned parallel to the field. 
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It is interesting to compare the magnetic behaviour of a superconducting element 
with typical curves for diamagnetic, paramagnetic and ferromagnetic materials. 
When discussing ferromagnetic materials in Chapter 3, we showed how their 
magnetic behaviour could be represented by B versus H graphs (Figure 3.12). 
Figure 9.12a shows the behaviour of typical diamagnetic and paramagnetic 
materials. Note that we have plotted oH on the horizontal axis rather than H, so 
that both axes use the same unit (tesla). The straight lines plotted correspond to 
the relationship B = j4uoH, with ys slightly smaller than unity for the diamagnetic 
material and slightly greater than unity for the paramagnetic material. The 
behaviour of a ferromagnet, shown in Figure 9.12b, is quite different, with 

B > woH, and a highly non-linear and irreversible curve until the magnetization 
saturates, after which B increases linearly with H. 


AB/T AB/T 


QL paramagnetic 
gradient = 1 


diamagnetic 


| > 
t 
0.001 ' 0.002 0.003 aH 


(a) (b) 


Compare these graphs with Figure 9.13, which shows the B-H curve for a 
superconducting cylinder of tin, with the field parallel to its axis. The field 
strength B within the superconductor is zero when [ig M7 is less than the critical 
field strength B,; the superconductor behaves like a perfect diamagnetic material 
and completely excludes the field from its interior. But then 6 jumps abruptly to a 
value B,, and at higher fields the tin cylinder obeys the relationship B ~ po, 
since the material is weakly diamagnetic in its normal state, with 4. = 0.9998. 
The linear graphs in Figure 9.12a are similar to those for a superconductor above 
the critical field strength. 


9.2.5 Critical current 


The current density for a steady current flowing along a wire in its normal state is 
essentially uniform over its cross-section. A consequence of this is that the 
magnetic field strength B within a wire of radius a, carrying current J, increases 
linearly with distance from the centre of the wire, and reaches a maximum value 
of 491/27 at the surface of the wire (see Exercise 3.6). Within a superconductor, 
however, the magnetic field B is zero. 


@ What can you deduce about the current flow in a superconducting wire from 
the fact that B = 0 within a superconductor? 


9.2 Properties of superconductors 


LJ The current density within the bulk of the wire must be zero, since Ampére’s 
law (curl B = po J) indicates that a non-zero current density would produce a 
magnetic field. The current must therefore flow in the surface of the wire. 


@ How does the magnetic field just outside the surface of a superconducting 
wire, radius a, carrying current J, compare with the field just outside the 
surface of a normal wire with the same radius, carrying the same current? 


LJ The fields just outside the surface are identical. The currents in both wires are 
axially symmetric, so the integral version of Ampére’s law indicates that the 
fields just outside the surfaces of the wires are the same. 


The magnetic field strength B just outside the surface of the wire is ol /27a. 

It follows that if the current flowing in a superconducting wire is increased, 
eventually the field strength at the surface of the wire will exceed B, and the 
sample will revert to its normal state. The maximum current that a wire can carry 
with zero resistance is known as its critical current, and for a long straight wire 
the critical current J, is given by J, = 27aB,/o. A current greater than J, will 
cause the wire to revert to its normal state. This critical current is proportional to 
the radius of the wire. 


In the previous subsection you saw that the critical field strength is dependent on 
temperature, decreasing to zero as the temperature is increased to the critical 
temperature. This means that the superconducting current that a wire can carry 
will also decrease as the temperature gets closer to the critical temperature. 
Because of this, in real applications superconductors generally operate at 
temperatures less than half of the critical temperature, where the critical field 
strength, and therefore the critical current, is greater than 75 per cent of the 
maximum value. 


Now, the current carried by a superconducting wire actually flows in a thin layer 
at the surface; it cannot be restricted to an infinitesimal layer, because that would 
lead to an infinite current density. As you will see in Section 9.3, this means that 
the magnetic field penetrates into this thin layer, and we derive there relationships 
between the field and the current density. But in the present context, the point to 
note is that the transition to the normal state takes place when the magnetic field 
strength at the surface corresponds to the critical field strength, and this occurs 
when the current density at the surface reaches a critical current density. This 
critical current density is much greater than [./7a? because the current flows only 
in a thin surface layer. 


The magnetic field at the surface of a superconductor may have a contribution 
from an external source of magnetic field, as well as from the field produced by 
the current in the wire. This external field will set up screening currents in the 
surface layer of the material. The transition to the normal state then occurs when 
the vector sum of the current densities at the surface due to the current in the 
wire and due to the screening current exceeds the critical current density, or, 
equivalently, when the magnitude of the vector sum of the magnetic fields that are 
present at the surface of the wire exceeds the critical field strength. 


Exercise 9.3 Tinhas 7. = 3.7K and B, = 31 mT at T = OK. What is 
the minimum radius required for tin wire if it is to carry a current of 200 A at 
T = 2.0K? qo 
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9.3 Modelling properties of superconductors 


As was mentioned earlier, a substantial dose of quantum mechanics would be 
required to provide a full explanation of the properties of superconductors. This 
would take us too far away from electromagnetism, and we shall therefore restrict 
our discussion to aspects that can be discussed using classical concepts of 
electromagnetism that you have already encountered. 


9.3.1 A two-fluid model 


We shall model the free electrons within a superconductor as two fluids. 
According to this two-fluid model, one fluid consists of ‘normal’ electrons, 
number density n,, and these behave in exactly the same way as the free electrons 
in anormal metal. As we mentioned in Subsection 7.1.1, they are accelerated by 
an electric field E, but are frequently scattered by impurities and defects in the ion 
lattice and by thermal vibrations of the lattice. The scattering limits the speed of 
the electrons, and they attain a mean drift velocity (v,) = —eTE/m, where T is 
the mean time between scattering events for the electrons and m is the electron 
mass. The current density J,, due to flow of these electrons is 


Nn €2T 


Je = =a) = E. (9.2) 


m 


Interspersed with the normal electrons are what we shall call the superconducting 
electrons, or superelectrons, which form a fluid with number density n,. The 
superconducting electrons are not scattered by impurities, defects or thermal 
vibrations, so they are freely accelerated by an electric field. If the velocity of a 
superconducting electron is vs, then its equation of motion is 


dvs 
= -—eE. 

ma e€ 
Combining this with the expression for the current density, J; = —nsevs, we find 
that 

OSs Ov, ng? 

= a E. 9.3 
ot se OE m sa 


Compare this with Equation 9.2, which relates current density and electric field in 
a normal conductor. Scattering of the normal electrons leads to a constant current 
in a constant electric field, whereas the absence of scattering of the electrons in a 
superconductor means that the current density would increase steadily in a 
constant electric field. However, if we consider a constant current flowing in the 
superconductor, then 0J,/0t = 0, so E = 0. Therefore the normal current 
density must be zero — all of the steady current in a superconductor is carried by 
the superconducting electrons. Of course, with no electric field within the 
superconductor, there will be no potential difference across it, and so it has zero 
resistance. 


9.3.2 Magnetic field in a perfect conductor 


When discussing the Meissner effect in Subsection 9.2.3, we argued qualitatively 
that a material that just had the property of zero resistance — a perfect conductor 


9.3 Modelling properties of superconductors 


rather than a superconductor — would maintain a constant magnetic field in its 
interior, and would not expel any field that was present when the material became 
superconducting. We shall now show how that conclusion follows from an 
application of Maxwell’s equations to a perfect conductor. We can then see 

what additional assumptions are needed to account for the Meissner effect in a 
superconductor. 


We assume that the electrons in a perfect conductor (or a proportion of them) are 
not scattered, and therefore the current density is governed by Equation 9.3. 
However, we shall use the subscript ‘pe’ (for perfect conductor) here to indicate 
that we are not dealing with a superconductor. We are interested in the magnetic 
field in a perfect conductor, so we shall apply Maxwell’s equations to this 
situation. Faraday’s law is valid in all situations, 


OB 
‘Ot’ 
and if we substitute for E using Equation 9.3, we obtain 
OS pe _ Mpc” OB 

dt = = =m Ot’ 
Looking now at the Ampére—Maxwell law, curl H = J; + 0D /0t, we shall 
assume that our perfect conductor is either weakly diamagnetic or weakly 
paramagnetic, so that 4, ~ 1 and H ~ B/jWp are very good approximations. We 
shall also omit the Maxwell term, 0D /0t, since this is negligible for the static, or 


slowly-varying, fields that we shall be considering. With these approximations, 
the Ampére—Maxwell law simplifies to Ampére’s law, 


curl E = — 


curl 


(9.4) 


curl B = po pc, (9.5) 


where use of the subscript pe for the current density reminds us that the free 
current J¢ is carried by the perfectly-conducting electrons. We now use this 
expression to eliminate Jp. from Equation 9.4: 


; JB\ —_ Llonpce” OB 
curl (cur Bt ) = = AE (9.6) 


We can use a standard vector identity from inside the back cover to rewrite the 
left-hand side of this equation: 


OB\ _ . OB (0B 
curl (cut =) = grad («iv ey ) V ( ey ) : 


The no-monopole law, div B = 0, means that the first term on the right-hand side 
of this equation is zero, so Equation 9.6 can be rewritten as 


2 
v(2) _ HOMpce 0B (0.7) 


Ot m Ot 


This equation determines how 0B /0t varies in a perfect conductor. 


We shall look for the solution to Equation 9.7 for the simple geometry shown in 


Figure 9.14; a conductor has a boundary corresponding to the plane z = 0, and Figure 9.14 A plane 
occupies the region z > 0, with a uniform field outside the conductor given by boundary between a conductor 
Bo = Boez. and air. 
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The uniform external field in the x-direction means that the field inside the 
conductor will also be in the x-direction, and its strength will depend only on z. 
So Equation 9.7 reduces to the one-dimensional form 


& (AB,(z,t)\ 1 ABz(z,t) 
az? ot a 


where we have simplified the equation, for reasons that will soon become clear, by 
writing onpce?/m = 1/ Nae The general solution of this equation is 


OB,(z,t) 
at 


where a and b are independent of position. The second term on the right-hand side 
corresponds to a rate of change of field strength that continues to increase 
exponentially with distance from the boundary; since this is unphysical, we set 

b = 0. The boundary condition for the field parallel to the boundary is that Hj is 
continuous (Equation 3.15), and since we are assuming that js ~ 1 in both the air 
and the conductor, this is equivalent to B) being the same on either side of the 
boundary at all times. This means that 0B,,/Ot is the same on either side of the 
boundary, so a = 0Bo/0t, and the field within the perfect conductor satisfies the 
equation 


OB, (z,t) = OBo(t) e72/Ape 
ot ~—«COAL- 


This indicates that any changes in the external magnetic field are attenuated 
exponentially with distance below the surface of the perfect conductor. If the 
distance A, is very small, then the field will not change within the bulk of the 
perfect conductor, and this is the behaviour that we described qualitatively in 
Subsection 9.2.3. Note that this does not mean the magnetic field must be 
expelled: flux expulsion requires B = 0, rather than just OB/Ot = 0. So how do 
we modify the description that we have given of a perfect conductor so that it 
describes a superconductor and leads to a prediction that B = 0? 


= a(t)e*/ve + b(t)et?/Ave, 


(9.8) 


9.3.3 The London equations 


A simple but useful description of the electrodynamics of superconductivity was 
put forward by the brothers Fritz and Heinz London in 1935, shortly after the 
discovery that magnetic fields are expelled from superconductors. Their proposed 
equations are consistent with the Meissner effect and can be used with Maxwell’s 
equations to predict how the magnetic field and surface current vary with distance 
from the surface of a superconductor. 


In order to account for the Meissner effect, the London brothers proposed that in a 
superconductor, Equation 9.4 is replaced by the more restrictive relationship 
2 
Ng€ 
curl J, = —-——B. 

m 
This equation, and Equation 9.3 which relates the rate of change of current to the 
electric field, are now known as the London equations. 
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London equations 
2 


curl J, = = B, (9.9) 
OJ; nse” 
las aa E (Eqn 9.3) 


It is important to note that these equations are not an explanation of 
superconductivity. They were introduced as a restriction on Maxwell’s equations 
so that the behaviour of superconductors deduced from the equations was 
consistent with experimental observations, and in particular with the Meissner 
effect. Their status is somewhat similar to Ohm’s law, which is a useful 
description of the behaviour of many normal metals, but which does not provide 
any explanation for the conduction process at the microscopic level. 


To demonstrate how the London equations lead to the Meissner effect, we 
proceed in the same way as for the perfect conductor. First we use Ampére’s law, 
curl B = pods, to substitute for J; in Equation 9.9, and we obtain 


2 
: 1 
curl(curl B) = ae ye: 
where 
ne NE 
= ( :) (9.10) 
HONs€ 
But curl(curl B) = grad(div B) — V?B = —V°B, since 
div B = 0. So Reece 
1 
VaB= 2B. (9.11) 


This equation is similar to Equation 9.7, but 0B /0t has 
been replaced by B. The important point to note about 
this equation is that the only solution that corresponds to 

a spatially uniform field (for which V?B = 0) is the field 
that is identically zero everywhere. If B were not equal 

to zero, then V?B would not be zero, so B would depend 
on position. Thus, a uniform magnetic field like that shown 
in Figure 9.10b cannot exist in a superconductor. 


If we consider again the simple one-dimensional geometry 
shown in Figure 9.14, then we obtain the solution to 
Equation 9.11 by simply replacing the partial time derivatives 
of the fields in the solution for the perfect conductor 
(Equation 9.8) by the fields themselves, that is, 


B,(z) = Boe@*?. (9.12) 
Therefore, the London equations lead to the prediction Figure 9.15 The penetration of a magnetic 
of an exponential decay of the magnetic field within the field into a superconducting material, showing 
superconductor, as shown in Figure 9.15. the penetration depth, . 
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Figure 9.16 The penetration 
depth \ as a function of 
temperature for tin. 
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9.3.4 Penetration depth 


The characteristic length, A, associated with the decay of the magnetic field at the 
surface of a superconductor is known as the penetration depth, and it depends on 
the number density n, of superconducting electrons. 


We can estimate a value for \ by assuming that all of the free electrons are 
superconducting. If we set ns = 1079 m~°, a typical free electron density in a 
metal, then we find that 


‘an 1/2 
A=( :) = 1.7 x 10-°m © 20nm. 
HONse 


The small size of \ indicates that the magnetic field is effectively excluded from 
the interior of macroscopic specimens of superconductors, in agreement with the 
experimentally observed Meissner effect. 


The small scale of the field penetration means that carefully-designed experiments 
are needed to measure the value of A. Many experiments have been done with 
samples that have a large surface to volume ratio to make the penetration effect 
of the field appreciable. Thin films, thin wires and colloidal particles of 
superconductors have all been used for this purpose. But it is also possible to use 
large specimens if the measurement is sensitive to the amount of magnetic flux 
passing through the superconductor’s surface, and not to the ratio of flux excluded 
by the superconductor to flux through the normal material, which is close to unity. 


In a classic experiment performed in the 1950s, Schawlow and Devlin measured 
the self-inductance of a solenoid within which they inserted a long single-crystal 
cylinder of superconducting tin, 7.4mm in diameter. They minimized the space 
between the coil and the tin cylinder, and since no magnetic flux passed through 
the bulk of the superconductor, the flux was essentially restricted to a thin 
cylindrical shell of thickness 4 at the surface of the cylinder. The inductance of 
the solenoid was therefore determined mainly by the magnitude of the penetration 
depth. To measure the inductance, a capacitor was connected in parallel with the 
solenoid, and the natural angular frequency, w, = 1/ VLC (see Subsection 8.3.2), 
of the LC circuit was measured. The precision of the frequency measurement was 
about one part in 10°, which corresponded to a precision of 0.4 nm in the value of 
the penetration depth. The result that they obtained for the penetration depth of tin 
for temperatures much lower than the critical temperature was 52 nm. 


The number density of superconducting electrons depends on temperature, 

so the penetration depth is temperature dependent. For T’ < To, all of the 

free electrons are superconducting, but the number density falls steadily with 
increasing temperature until it reaches zero at the critical temperature. Since 

Ase Ne, according to the London model, the penetration depth increases as the 
temperature approaches the critical temperature, becoming effectively infinite — 
corresponding to a uniform field in the material — at and above the critical 
temperature. Figure 9.16 shows this temperature dependence for tin, which is well 
represented by the expression 


(0) 
MP) = erry 


where (0) is the value of the penetration depth at T = OK. 
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9.3.5 The screening current 


The London equations relate the magnetic field in a superconductor to the 
superconducting current density, and we derived the dependence of field on 
position by eliminating the current density. However, if we eliminate the magnetic 
field instead, we can derive the following equation for the current density: 


1 
2 = 
V7Is = xaJs. (9.13) 


Exercise 9.4 Derive Equation 9.13 by taking the curl of both sides of 
Equation 9.9 and then using Ampére’s law to eliminate curl B. Assume that the 
currents are steady. qo 


Equation 9.13 has exactly the same form as Equation 9.11. So for the planar 
symmetry that we discussed earlier — superconducting material occupying the 
region z > 0 (Figure 9.14) — the solution for the current density will have the 
same form as Equation 9.12, that is, 


Js(z) = Jpe2. (9.14) 


This equation gives no indication of the absolute magnitude or direction of current 
flow, but we can deduce this by using Ampére’s law, curl B = poJs. In the planar 
situation that we are considering, B = B,(z) ex, so 


OB;(z) 


curl B — = age ey. 
Then 
1 OB,(z) 
J, = —curlB = — =, 
s - ig Oz Cy sy(2) ey, 
where 
1 OB,(2) 
J ae 
sy (2) Lo Oz 
But we know that B,(z) = Boe~7/> (Equation 9.12), so 
Bo 
igi2=—-—— oe, 
sy(Z) igh € 


Thus the current that screens the interior of the superconductor 
from an applied field flows within a thin surface layer, which 
has a thickness characterized by the penetration depth 4, 

and the current flows parallel to the surface and in a direction 


perpendicular to the magnetic field, as shown in Figure 9.17. Figure 9.17 The magnetic field and current 
density vectors in the surface layer of a 
Exercise 9.5 The number density of free electrons in tin superconductor. 


is 1.5 x 107° m~°. Calculate the penetration depth predicted 
by the London model, assuming that all of the free electrons 
are superconducting, and compare the result with the value 
measured by Schawlow and Devlin. qo 
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The numerical discrepancy between the London model prediction for the 
penetration depth of tin and the experimentally measured value indicates that 

this model has limitations. One limitation is that the model is essentially 

a local model, relating current density and magnetic field at each point. 
Superconductivity, though, is a non-local phenomenon, involving coherent 
behaviour of the superconducting electrons that are condensed into a macroscopic 
quantum state. The characteristic distance over which the behaviour of the 
superconducting electrons is linked is known as the coherence length, €, 
introduced in Section 9.1. This distance represents the distance over which the 
number density of the superconducting electrons changes, and is a measure of the 
intrinsic non-local nature of the superconducting state. The London local model is 
a good description if € < 4, that is, the coherence length is much shorter than the 
distance A over which the fields and current density are changing. Since the 
penetration depth increases sharply as the temperature approaches the critical 
temperature (Figure 9.16), the London model becomes a good approximation in 
this limit. More importantly, the coherence length of superconductors decreases as 
the critical temperature increases and as the scattering time for normal electrons 
decreases. Both of these effects mean that the coherence length is short compared 
with the penetration depth in alloy and ceramic superconductors, so the London 
local model is a good approximation in these cases too, and predicted and 
experimental results for the penetration depth are in good agreement. 


For pure elements, well below their critical temperatures, the penetration depth 
is generally much shorter than the coherence length, so a local model is not 
appropriate. In this limit, the number density of superconducting electrons does 
not reach the bulk value until a distance of the order of €, which is greater than 4, 
from the surface, and the reduced value of n; accounts for the discrepancy 
between the predicted and experimental results for the penetration depth of tin 
discussed earlier. 


The ratio of the penetration depth to the coherence length is an important 
parameter for a superconductor, and we shall return to this subject in 
Subsection 9.4.2. 


9.4 Two types of superconductor 


The two main types of superconducting materials are known as type-I and type-II 
superconductors, and their properties will be discussed in the remainder of this 
chapter. All of the pure elemental superconductors are type-I, with the exception 
of niobium, vanadium and technetium. The discussion of the effects of magnetic 
fields and currents on superconductors earlier in this chapter has been confined to 
thin cylinders of type-I materials like lead or tin in a parallel magnetic field. In 
Subsection 9.4.1 we shall discuss what happens when the magnetic field is 
perpendicular to cylinders made of these materials. 


Superconducting alloys and high critical temperature ceramics are all type-II, 

and these are the materials that are used in most practical applications. In 
Subsection 9.4.2, we shall consider the response to a magnetic field of this type of 
superconductor. Such materials behave quite differently from lead and tin, and 
this is the reason that they are widely used. 


9.4 Two types of superconductor 


9.4.1 Type-I superconductors 


You saw in Subsection 9.2.4 that superconductivity in a tin cylinder is destroyed 
when an applied field with strength By > B, is applied parallel to the cylinder. 
However, when the field is applied perpendicular to the cylinder, as shown in 
Figure 9.18, the field strength at points A and C is substantially greater than the 
strength of the applied field at a distance from the cylinder, and this is indicated 
by the increased concentration of the field lines shown near these points. In fact, it 
can be shown that the field strength at these points is a factor of two greater than 
the applied field strength. This means that as the applied field Bo is increased, the 
field at points A and C will reach the critical field strength B. when By = B,/2. 


normal 


superconducting 


Figure 9.18 The magnetic 
field B in a plane perpendicular 
to the axis of a superconducting 


Figure 9.19 Schematic 
representation of the 
intermediate state for a cylinder 


of a type-I superconductor 
aligned perpendicular to the 
magnetic field. 


cylinder (shown in cross-section) 
for an applied field with 
Bo Be : 2. 


You might think that superconductivity in the cylinder would be completely 
destroyed at this lower field strength. However, were this to be the case, then the 
material would be in the normal state with a field strength in its interior of less 
than B,, which is not possible. Instead, for applied field strengths Bo in the 
range B./2 < Bo < Be, the cylinder splits up into small slices of normal 

and superconducting material that run parallel to the applied field. This state 

in which regions of normal and superconducting material coexist in a type-I 
superconductor is known as the intermediate state, and it is shown schematically 
in Figure 9.19. Within the normal regions, Bb = B,, and in the superconducting 
regions, B decreases rapidly and is confined to a thin layer, the width of which is 
determined by the penetration depth, as shown in Figure 9.20. The number 
density of superconducting electrons n, increases from zero at the boundary to the 
bulk value over the coherence length €. Note that since ng is not constant in the 
superconducting regions, the magnetic field strength does not fall exponentially. 
The proportion of the material in the normal state increases from zero for 

Bo = B,/2 to 100 per cent for By = Be. 


Figure 9.20 Variation of 
magnetic field strength 

and number density of 
superconducting electrons in the 
region of a boundary between 
normal and superconducting 
regions in the intermediate state 
of a type-I superconductor. 
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The lowest applied field strength at which the intermediate state appears depends 
on the shape of the specimen and the orientation of the field. Essentially, it is 
determined by the extent to which the field is deviated by the superconductor, or 
equivalently, by how much the field strength is enhanced at the edges of the 
superconductor. For the thin cylinder shown in Figure 9.2 1a, the field just outside 
is essentially the same as the applied field, so there is a direct transition from 
superconducting to normal state, without the intervening intermediate state. 
Contrast this with the thin plate oriented perpendicular to the applied field shown 
in Figure 9.21b, where the field strength would be greatly enhanced outside the 
plate’s edges if it could not penetrate the plate. Samples like this enter the 
intermediate state when the applied field strength is a very small fraction of the 
critical field strength (Figure 9.21c). 


B 
B 
normal 
{c 


:) 


Figure 9.21 (a) A thin superconducting cylinder hardly distorts a uniform 
applied field. (b) Highly distorted field that would result if a magnetic field did 
not penetrate a thin plate. (c) Intermediate state in a thin plate. 


Figure 9.22 shows the pattern of normal and superconducting regions for an 
aluminium plate in the intermediate state, with the field perpendicular to the 
surface. 


r ” 


Figure 9.22 Intermediate state in an aluminium plate. Tin powder was 
deposited on the plate and collected in the superconducting regions — the dark 
areas of the image — where the magnetic field was low. The light normal regions 
are about 1 mm wide. 


9.4.2 Type-ll superconductors 


For decades it was assumed that all superconductors, elements and alloys, 
behaved in similar ways, and that any differences could be attributed to impurities 
or defects in the materials. However, in 1957, Abrikosov predicted the existence 
of a different sort of superconductor, and Figure 9.23 shows direct evidence for 
the existence of what are now known as type-II superconductors. A comparison of 
Figures 9.23 and 9.22 indicates that the effect of an applied field on a type-II 
superconductor is rather different from that for type-I superconductors. 
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Figure 9.23 Surface of a superconducting alloy that had a magnetic field 
applied perpendicular to the surface. The dark regions were normal and the light 
regions superconducting. In this case, small ferromagnetic particles were applied 
to the surface, and collected where the field strength was largest. The particles 
remained in position when the specimen warmed up to room temperature, and the 
surface was then imaged with an electron microscope. 


For simplicity, we shall consider first a long cylindrical specimen of type-II 
material, and apply a field parallel to its axis. Below a certain critical field 
strength, known as the lower critical field strength and denoted by the 

symbol B,, the applied magnetic field is excluded from the bulk of the material, 
penetrating into only a thin layer at the surface, just as for type-I materials. But 
above B,1, the material does not make a sudden transition to the normal state. 
Instead, very thin cylindrical regions of normal material appear, passing through 
the specimen parallel to its axis. We shall refer to such a normal region as a 
normal core. The normal cores are arranged on a triangular lattice, as shown in 
Figure 9.23, and as the applied field is increased, more normal cores appear and 
they become more and more closely packed together. Eventually, a second critical 
field strength, the upper critical field strength 5.2, is reached, above which the 
material reverts to the normal state. The state that exists between the lower and 
upper critical field strengths, in which a type-II superconductor is threaded by 
normal cores, is known as the mixed state. As Figure 9.24 shows, both the upper 
and lower critical field strengths depend on temperature in a similar way to the 
critical field strength for a type-I material (Figure 9.11). 


9.4 Two types of superconductor 
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Figure 9.24 Temperature 
dependence of the lower critical 
field strength (B.) and upper 
critical field strength (B.2) for a 
type-II superconductor. 
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The normal cores that exist in type-II superconductors in the mixed state are not 
sharply delineated. Figure 9.25 shows how the number density of superelectrons 
and the magnetic field strength vary along a line passing through the axes of three 
neighbouring cores. The value of ng is zero at the centres of the cores and 

rises over a characteristic distance €, the coherence length. The magnetic field 
associated with each normal core is spread over a region with a diameter of 2, 
and each normal core is surrounded by a vortex of circulating current. 
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Figure 9.25 Number density of superelectrons n, and magnetic field strength 
B around normal cores in a type-II superconductor. 


You can see from Figure 9.25 that the coherence length €, the characteristic 
distance for changes in ng, is shorter than the penetration depth A, the 
characteristic distance for changes in the magnetic field in a superconductor. This 
is generally true for type-II superconductors, whereas for type-I superconductors, 
€ > A (Figure 9.20). For a pure type-I superconductor, typical values of the 
characteristic lengths are € ~ 1 wm and A = 50 nm. Contrast this with the values 
for a widely-used type-II alloy of niobium and tin, Nb3Sn, for which € ~ 3.5nm 
and \ = 80nm. 


The reason that the relative magnitude of the coherence length and the penetration 
depth is so important is that when € > 4, the surface energy associated with the 
boundary between superconducting and normal regions is positive, whereas when 
€ < X, this surface energy is negative. Justifying this statement would involve a 
discussion of the thermodynamics of superconductors, but for our purposes it is 
sufficient to just look at the consequences. For a positive surface energy, the 
system will prefer few boundaries and we expect relatively thick normal and 
superconducting regions, as observed in the intermediate state in type-I materials. 
Conversely, a negative surface energy favours formation of as much boundary 
between normal and superconducting regions as possible, and this is what 
happens in the mixed state in type-II materials with many narrow normal cores. 
The lower limit for the diameter of the cores is 2€, as shown in Figure 9.25, 
because € is the distance over which ng can vary. 


This energy argument does not explicitly indicate how much magnetic flux passes 
through each of the normal cores. However, quantum mechanical arguments show 
that the magnetic flux linking any superconducting loop must be quantized, and 
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that the quantum of magnetic flux is 
h/2e = 2.07 x 10°” Tm’, 


where h = 6.63 x 10~34J s is Planck’s constant. In fact, each of the normal cores 
shown in Figure 9.23 contains just one quantum of flux, since this is more 
favorable energetically than having two or more quanta of flux in a core. 


The quantization of flux in a superconductor is of particular importance in 
SQUIDs, the superconducting quantum interference devices that are at the heart 
of the magnetometers used for measuring the magnetic fields produced by 
currents in the brain (see Subsection 5.3.3). A SQUID contains a small loop of 
superconductor with a weakly superconducting link in it, and the quantization of 
flux in the loop causes its electrical properties to depend on the flux applied to it, 
with a periodicity equal to the flux quantum. The very small magnitude of the flux 
quantum is responsible for the sensitivity of the device to very small magnetic 
fields. 


A final point is worth noting about the quantum of flux: the factor of 2 in the 
denominator of the expression h/2e is a consequence of the coupling of pairs of 
electrons in a superconductor and their condensation into a superconducting 
ground state. There is charge —2e associated with each of these electron pairs. 


Critical currents in type-II superconductors 


The high values of the upper critical field strength B.2 of many type-II 
superconducting alloys make them very attractive for winding coils for generating 
high magnetic fields. For example, alloys of niobium and titanium (NbTig) and of 
niobium and tin (Nb3Sn) have values of B.2 of about 10 T and 20 T, respectively, 
compared with 0.08 T for lead, a type-I superconductor. However, for type-II 
materials to be usable for this purpose, they must also have high critical currents 
at high field strengths, and this requires some help from metallurgists to overcome 
a significant problem. 


This problem is related to the interaction between the current 
flowing through a type-II superconductor in the mixed state 
and the ‘tubes’ of magnetic flux that thread through the 
normal cores. The electrons will experience a Lorentz force, 
perpendicular to both the current density and the magnetic 
field. We can regard this as a mutual interaction between 
the electrons and the flux in the normal cores, as a result 

of which each normal core experiences a force that is in 

the opposite direction to the Lorentz force on the electrons. 
The directions of the magnetic field, current and forces 

are shown in Figure 9.26. 
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This Lorentz force can cause the cores and their associated 


magnetic flux to move, and the flux motion will induce an emf 
that drives a current through the normal cores, somewhat like 


an eddy current. Energy is therefore dissipated in the normal Figure 9.26 Electrons and normal cores 
cores, and this energy must come from the power supply. The experience forces perpendicular to the current 
energy dissipation means that the flow of electrons is impeded, and to the magnetic field, but in opposite 

and therefore there is a resistance to the flow of the current. directions. 
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Flux motion is therefore undesirable in type-II superconductors, and the aim of 
the metallurgists who develop processes for manufacturing wire for magnets is to 
make flux motion as difficult as possible. This is done by introducing defects into 
the crystalline structure, particularly by preparing the material in such a way that 
it comprises many small crystalline grains with different orientations and small 
precipitates of different composition. These defects effectively pin the normal 
cores in position — they provide a potential barrier to motion of the cores, so that 
the force on the cores must exceed a certain value before the cores can move. The 
more of these flux pinning centres that are present, and the greater the potential 
barrier they provide, the greater will be the current required to set them in motion, 
i.e. the greater the critical current. So, unlike a normal conductor, for which 
improving the purity and reducing imperfections in the crystal structure lead to 
better conductivity, with type-II superconductors the inclusion of impurities and 
defects in the crystal structure can improve the critical current and make the 
material more suitable for use in electromagnets. 


Undoubtedly the largest use of superconducting material for a single project is 
in the Large Hadron Collider at CERN, due for commissioning in 2007 (see 
Figure 6 of the Introduction and Figure 6.1a). The 27 km-long accelerator tunnel 
contains 1232 superconducting magnets that are responsible for steering the 
particle beams around their circular paths. Each of these magnets is 15 m long, 
has a mass of 35 tonnes and produces a magnetic field strength of 8.5 T. The 
coils in each magnet are made from about 6 km of niobium-titanium cable, 
with a mass of about a tonne, and will be maintained at a temperature of 1.9 K 
using liquid helium. To construct an accelerator with a similar specification 
using non-superconducting magnets would have required a 120 km tunnel and 
phenomenal amounts of power to operate. 


Summary of Chapter 9 


Section 9.1 Superconductivity was discovered in 1911, and in the century since 
then there have been many developments in knowledge of the properties of 
superconductors and the materials that become superconducting, in the theoretical 
understanding of superconductivity, and in the applications of superconductors. 


Section 9.2. A superconductor has zero resistance to flow of electric current, and 
can sustain a current indefinitely. The magnetic flux remains constant in a 
completely superconducting circuit, since changes in the flux from the field 
applied to the circuit are balanced by changes to (persistent) currents induced in 
the circuit. For each superconductor there is a critical temperature 7. below which 
the material is superconducting. 


Superconductors also exhibit perfect diamagnetism, with B = 0 in the bulk of the 
material. The exclusion of magnetic field is known as the Meissner effect. An 
external magnetic field penetrates for a short distance into the surface of a 
superconducting material, and a current flows in the surface layer to screen the 
interior of the material from the applied field. Superconductivity is destroyed 
when the magnetic field strength exceeds a critical value for the material. The 
critical field strength falls to zero as the temperature is raised to the critical 
temperature. A superconducting specimen will have a critical current [, above 
which the material reverts to the normal state. This critical current corresponds to 


Achievements from Chapter 9 


the field strength exceeding the critical field strength in some region of the 
specimen. 


Section 9.3. The two-fluid model of a superconductor regards some of 

the conduction electrons as behaving like normal electrons and some like 
superconducting electrons. For T < To, all of the conduction electrons are 
superconducting electrons, but the proportion of superconducting electrons drops 
to zero at the critical temperature. 


For a perfect conductor (which has R = 0), Maxwell’s equations predict that the 
magnetic field cannot change, except in a thin surface layer. This does not predict 
the Meissner effect. The London equations are relationships between current 
density and magnetic field that are consistent with the Meissner effect: 
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When combined with Maxwell’s equations, they lead to the prediction that the 
magnetic field strength and the surface current decrease exponentially below the 
surface of a superconductor, over a characteristic distance called the penetration 
depth X, which is typically tens of nanometres. The London equations are 

local relationships and therefore are strictly valid only when \ >> €, where the 
coherence length € is the characteristic distance over which ng varies. 


Section 9.4 There are two types of superconductors, type-I and type-II. For a 
type-I material in the form of a thin specimen parallel to the field, there is an 
abrupt transition to the normal state at the critical field strength B.. When the 
field is inclined to the surface of a type-I material, the material exists in the 
intermediate state over a range of field strengths below B,. In this state there are 
thin layers of normal and superconducting material, with the proportion of normal 
material rising to unity at field strength B.. In type-I materials, the coherence 
length € is greater than the penetration depth \, and the surface energy of the 
boundary between superconducting and normal material is positive, which favours 
a course subdivision into regions of normal and superconducting material. 


A type-II superconductor has two critical field strengths, B.; and B.2, between 
which the material is in the mixed state. In this state the superconductor is 
threaded by thin cores of normal material, through which the magnetic field 
passes. The coherence length € is shorter than the penetration depth 4, and the 
surface energy of the boundary between superconducting and normal material 

is negative, which favours a fine subdivision into regions of normal and 
superconducting material. To take advantage of the high values of B.2 to produce 
high magnetic fields with superconducting magnets, it is essential to pin the 
normal cores to inhibit their motion. 


Achievements from Chapter 9 


After studying this chapter you should be able to do the following. 
9.1 Explain the meanings of the newly defined (emboldened) terms and 
symbols, and use them appropriately. 


9.2 Distinguish between perfect conduction and perfect diamagnetism, and give 
a qualitative description of the Meissner effect. 
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9.3. Explain how observation of a persistent current can be used to estimate an 
upper limit on the resistivity of a superconductor, and perform calculations 
related to such estimates. 


9.4 Explain why the magnetic flux through a superconducting circuit remains 
constant, and describe applications of this effect. 


9.5 Show how the London equations and Maxwell’s equations lead to the 
prediction of the Meissner effect. 


9.6 Compare and contrast the properties of type-I and type-II superconductors, 
particularly their response to magnetic fields. 


9.7 Define the critical current, and explain how it is related to the critical field 
strength. 


9.8 Define the penetration depth and the coherence length of superconductors, 
and relate them to properties of superconductivity. 


9.9 Describe some of the applications of superconductivity. 
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At the start of the twentieth century, electromagnetism was a remarkably 
successful theory. In particular, Maxwell’s equations predicted electromagnetic 
waves, explaining at one stroke the entire electromagnetic spectrum. Moreover, 
the measured values of €9 and jig gave a predicted value of the speed of light, 
which was confirmed by experiments on electromagnetic waves. However, there 
were Clear signals of some deep-seated problems. 


A major concern was that all experiments seemed to confirm a constant speed of 
light (in a vacuum), irrespective of the motion of the observer or the source. This 
was not what most physicists of the time expected. By analogy with familiar wave 
phenomena, such as sound waves in air, many expected that electromagnetic 
waves would move at constant velocity relative to a medium that carried them. 
This hypothetical medium was called the ether, and it had to encompass the Sun 
and the stars in order to account for their visibility from the Earth. It seemed 
likely that the daily rotation of the Earth, and its annual motion around the Sun, 
would cause terrestrial observers to move relative to the ether, with the expected 
consequence that laboratory-based measurements of the speed of light would 
depend on the direction in which the light was travelling, and even on the time of 
year at which the measurements were made. However, no such effects were 
observed, nor have they ever been. 


Of course, it was conceivable that some nearby part of the ether might be 

carried along by the Earth, eliminating the effects of the Earth’s motion in 
laboratory-based experiments, but if this were so, it might equally be expected 
that astronomical measurements would reveal the effects of the relative motion of 
different parts of the ether. And even if the whole idea of an ether was wrong, one 
might expect the speed of light to depend on the relative motion of source and 
observer, yet no such effect was ever observed, nor has it been to this day. The 
speed of light in a vacuum, c, seems to be a constant of nature, despite any 
expectations to the contrary. 


Another potential sign of trouble ahead concerned situations where the observed 
phenomena were known to depend on the relative motion of two bodies, yet the 
conventional explanation of those phenomena depended on whether or not one of 
those bodies could be described as being truly at rest. The prime example of this 
is electromagnetic induction of a current in a loop of wire (Section 7.2.1). When a 
magnet is moved near a stationary wire loop, the changing magnetic field is seen 
as creating an electric field that accounts for the current in the wire. On the other 
hand, when the wire is treated as moving while the magnet remains stationary, 
with the relative motion of wire and magnet exactly as it was before, there is no 
electric field in the wire and an induced emf due to the magnetic force on the 
moving electrons is responsible for the induced current. This lack of symmetry 
between the clearly related electromagnetic phenomena and their conventional 
electromagnetic explanation was certainly perplexing and, to some at least, deeply 
worrying. 


In 1905, Albert Einstein dealt with these concerns in his paper On the 
Electrodynamics of Moving Bodies. This was the paper that introduced his 
celebrated theory of special relativity, which showed that there was nothing 
inconsistent about electromagnetism; the ‘problems’, such as they were, lay 
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Figure 10.1 A frame of 
reference can be represented by 
a system of measuring rods and 
synchronized clocks that are 
used to assign coordinates to 
events. 
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in assumptions that were being made about space and time. The reliability 
of Maxwell’s equations, as interpreted by Einstein, provided the basis for a 
revolution in our understanding of physics. 


Our aim in this chapter is to show that what you already know about 
electromagnetism is consistent with special relativity and to examine some of the 
consequences of that consistency. We start by reviewing some of the basic ideas 
of special relativity, and then show how, in a range of situations, the state of 
motion of an observer relative to an arrangement of charges and currents will 
influence the observed values of the charge densities and currents, and the fields 
they produce. We then move on to the central result of this chapter, which is 
that even though fields, currents and charge densities can all change under the 
transformations of special relativity, the form of the fundamental equations 
(Maxwell’s equations, the equation of continuity and the Lorentz force law) 
remains the same. 


10.1 Review of special relativity 


Relativity concerns the relationships that must exist between the observations 
made by two or more observers in specified states of relative motion. There is no 
room for a complete discussion of relativity; rather, I shall assume that you 
already have some familiarity with the subject, and shall limit this review to those 
points that will be needed later when we consider charges, currents, fields, the 
Maxwell equations and the Lorentz force law. 


10.1.1 Essentials of special relativity 


Relativity is concerned with events. An event is an occurrence that takes place at 
a particular instant in time (typically represented by the symbol ¢) and at a 
particular point in space (typically represented by its Cartesian coordinates 

(x,y, z). The four quantities (t,x, y, z) that specify an event are referred to as the 
coordinates of the event. Any properly specified system for assigning time and 
space coordinates to an event is known as a frame of reference (see Figure 10.1). 


Events exist irrespective of frames of reference, but it is only by using a frame of 
reference that an observer is able to assign coordinates to an event. In fact, it is 
best to think of an observer as an individual who is dedicated to using a particular 
frame of reference to describe the events that he or she observes. It is important to 
note that the precise location of an observer is of no significance when it comes to 
determining the coordinates of an event. Those coordinates will certainly depend 
on the observer’s frame of reference, but not on the observer’s location within that 
frame. This highlights the distinction between ‘seeing’ and ‘observing’. What an 
observer ‘sees’ depends on when light signals from events arrive at the observer’s 
location. What is ‘observed’ depends only on the events themselves and the frame 
of reference being used to specify them; the time assigned to an event may be 
thought of as that shown on an appropriately synchronized clock at the location of 
the event. 


Special relativity is restricted to a particular class of frames of reference, known 
as inertial frames, and these are frames in which Newton’s first law holds true. 


10.1 Review of special relativity 


Frames of reference can be in relative motion, which may be translational, 
rotational, or a combination of both, and the speed of the relative motion can be 
either uniform or non-uniform. However, any frame that moves with constant 
translational velocity relative to an inertial frame is also an inertial frame. The 
primary concern of special relativity is the observations made by two observers 
in different inertial frames, where one frame moves with constant speed in a fixed 
direction relative to another. 
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Figure 10.2 Two inertial frames in standard configuration. 


In general, two inertial frames F and F' may have any relative orientation and 

their constant relative velocity may be in any (fixed) direction. However, as 

is usual in introductory discussions of special relativity, we shall restrict our 

attention to the situation shown in Figure 10.2 in which the corresponding axes 

are parallel, and the origin of #’ moves with constant velocity v = (v,0,0) along Note that the velocity 

the x-axis of frame F. When these requirements are satisfied and, in addition, the component v may be positive or 
clocks are started in such a way that the unique event defined by the coincidence _ negative, so it would not be 

of the origins of F and F’ happens at time t = 0 in F and at time ¢ = O in F’, correct to describe it as the 

the two frames are said to be in standard configuration. Throughout the rest of | speed of F’ as measured in F. 
this chapter, whenever we refer to the frames F and F’ you may assume that they Also note that v is measured in 
are inertial frames in standard configuration. Restricting our discussions to frames frame F, so it does not carry a 
that are in standard configuration does not imply any real limitation within special prime (’). For convenience, we 


relativity; it is always possible to rotate and/or translate one of the frames if shall often refer to this single 
necessary, but we shall not need to do so in this chapter. non-zero velocity component as 
the velocity of F’ with respect 


Now that we have dealt with matters of language and terminology, we can turn to 
the core of special relativity, the relationship between observations made by 
observers who use different inertial frames. We start with the most basic of issues 
— the coordinates of an event. The central question that we need to consider is as 
follows. If an observer in F assigns the coordinates (t,x, y, z) to some particular 
event, and an observer in F’ assigns the coordinates (t’, x’, y’, 2’) to the same 
event, what will be the relationship between these two sets of coordinates? 


to F. 


It was part of Einstein’s genius to realize that the answer to this question should 
be based on testable scientific principles rather than traditional but untested 
assumptions about the nature of space and time. In his 1905 paper, Einstein based 
his answer to the question on two postulates, the principle of relativity and the 
invariance of the speed of light in a vacuum. 
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The principle of relativity asserts that no experiment can distinguish one inertial 
frame of reference from any other identically calibrated inertial frame or, 
equivalently, that the laws of physics can be written in the same form in all inertial 
frames. By combining this principle with the experimentally supported assertion 
that the speed of light in a vacuum is the same in all inertial frames, Einstein 
deduced the following relationships between the coordinates assigned to the same 
event by observers in frames F and F’: 


t! =7(t- at) (10.1) 
xv’ = y(x-vt), (10.2) 
i = 7, (10.3) 
2=2 (10.4) 
where 
i 


Note that /1 — v2/c? should be oes Vine (10.5) 
interpreted as \/1 — (v?/c?), 


and not as \/(1 — v2) /c2. The observers clearly agree on the values of the y- and z-coordinates, but their 
values of the x- and ¢-coordinates may be quite different. The quantity -y appears 
very frequently in special relativity, and its dependence on the speed v is shown in 
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The Lorentz transformation can also be written rather 
elegantly using matrix notation, as shown in Figure 10.4. Here 
the coordinates of an event are represented by a vector with 
four components, (ct, x,y, z), and the Lorentz transformation 
operation is described by a 4 x 4 matrix. Note that by using 
ct rather than ¢ to represent the time coordinate, we ensure 
that all four components have the unit of length, and we 

end up with a symmetric transformation matrix. A vector 

like (ct, x, y, z) that transforms between reference frames 

in the way represented in Figure 10.4 is known as a 4-vector. 


Figure 10.4 The Lorentz transformation in 
matrix form. Matrix multiplication involves 
multiplying entries in a row of the first matrix by 
corresponding entries in a column of the second 
matrix, and adding the results. The first row 
gives ct! = yct + (—yu/c)x +0 +0, which is 
equivalent to Equation 10.1. 


222 


10.1 Review of special relativity 


From Figure 10.2, you can see that frame F is travelling at 


velocity v’ = (—v,0,0) relative to frame F’, and this means ct + wie 0 0 ot! 
that equations expressing the non-primed coordinates in terms 2 alee 00 a 
of primed ones are easily obtained by replacing v with —v and u 0 0 1 0) | 
interchanging primed and non-primed variables. The resulting z 0 o 9 1 e 
coordinate transformation is ee ‘ eee 
v 
= (v + 5") 10.6 
: Cc ; ( ) coordinates inverse Lorentz coordinates 
= U ! of event in transformation of event in 
co ve + ut ) : (10.7) ania 72 matrix frame F' 
Y=, (10.8) 
g= 2. (10.9) 


Figure 10.5 The inverse Lorentz 


Equations 10.6 to 10.9 are sometimes known as the inverse ; : ; ; 
transformation of coordinates in matrix form. 


Lorentz transformation; this will be of great use later. The 
matrix form of the inverse Lorentz transformation is shown in 
Figure 10.5. 


Exercise 10.1 Without using any physical argument, solve Equations 10.1 
and 10.2 for ¢ and x (i.e. express ¢ and x in terms of ¢’ and 2’). q 


Lorentz transformations are central to the theory of special relativity and have 
important consequences, some of which are presented below. 


10.1.2 The relativity of simultaneity and the order of 
events 


Consider two inertial frames F and F’ in standard configuration. Suppose that 
two events are observed to occur on the z’-axis of F’ at the same time ¢’ but at 
different positions (x, and x4). From Equation 10.6 we have 


ty = 7(t' + S22) 
eC 2) 
ti =7(t'+ S21) 

et} * 


Subtracting these two equations gives 


v 
ta — ty = ¥a(a2 - 24), 
which shows that to ¥ fy. 


According to special relativity, two events that occur simultaneously but at 
different positions in frame F’ do not necessarily occur simultaneously in 

frame F. In other words, two events that are simultaneous according to one 
inertial observer are not necessarily simultaneous according to another. An 
immediate, if somewhat disturbing, consequence of this is that a statement such as 
‘these two event are simultaneous’ has no absolute (i.e. observer-independent) 
meaning. The statement that two events are simultaneous becomes meaningful 
only when it is related to some specified observer or class of observers, just as it is 
meaningful to say that a spacecraft is moving at some particular speed only 

when you know the frame of reference in which the speed is being measured. 
Simultaneity is a ‘relative’ condition, just as speed is a ‘relative’ quantity. 
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Figure 10.6 The 
phenomenon of length 
contraction. 
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The disturbing consequences of special relativity do not stop with simultaneity. 
Even the order of events can depend on the frame in which they are observed. It is 
easy to find pairs of events that occur in one order in frame ¥’ and in the opposite 
order in frame ¥. This is not as alarming as it might sound; the notion that two 
completely independent events, such as two stellar explosions in different parts of 
the galaxy, might be observed in reverse order by one observer compared with 
another is hardly disturbing at all. However, it would be disturbing if one of those 
events might have caused the other; if one had been, say, the blowing up of some 
dynamite, and the other had been the lighting of the fuse that caused the dynamite 
to explode. In cases where one event caused, or even might have caused, the other, 
physicists feel that there should be some way of ensuring that all inertial observers 
agree about the order of the events concerned. 


Fortunately, there is a way of ensuring that such causal relationships are 
preserved. If it is assumed that the speed of light represents the maximum speed at 
which material bodies can travel and at which information can be transmitted 
relative to an inertial observer, then it can be shown that the order of any two 
events that might be causally related will be the same for any other observer 
travelling at or below the speed of light relative to the first observer. Although 
there is much in the mathematics of special relativity that suggests the role of the 
speed of light in a vacuum as a limiting speed, it is the desire to preserve causality 
(the requirement that causes happen before their effects) that really leads to the 
special relativistic prohibition on faster-than-light travel. 


10.1.3 Length contraction 


Consider two inertial frames F and F’ in standard configuration. Suppose that a 
rod is at rest along the x-axis of F’ and that the length of the rod, as measured 
in F’, is lo (Figure 10.6). 
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Observed from frame F, the rod will be moving along the x-axis with velocity v, 
and the Lorentz transformation can be used to show that its length / as measured 
in F at any particular time ¢ in that frame is given by 


l=IpV1—v?/c?. (10.10) 


The length / of the moving rod is smaller than the length /) measured in the 
frame F’ in which the rod is stationary. This phenomenon is known as length 
contraction. 


10.1 Review of special relativity 


Exercise 10.2 (a) Use Equation 10.2 to derive Equation 10.10. 


(b) Comment on what difficulties you would encounter if instead you started 
from Equation 10.7. qo 


10.1.4 Time dilation 


Now suppose that a clock is at rest in frame F’ and that 79 is the interval between 
two successive ticks of the clock as measured in that frame. The inverse Lorentz 
transformation can be used to show that the interval 7 between ticks as measured 
in frame F is given by 


pa (10.11) 
1 — v?/c? 

Consequently, T > 79, so the moving clock is observed to run slow; this 
phenomenon is known as time dilation. It means that if v/c = 0.87, so that 
y = 1/1 —v2/c? = 2, then the observer in frame F will measure a 2-second 
interval between ticks that are separated by only 1 second according to the 
observer in frame F’. After 2 minutes have elapsed in F, only 1 minute will have 
elapsed in F’. According to the observer in F, the moving clock in F’ is running 
slow (by a factor of two). 


Exercise 10.3 Use Equation 10.6 to derive Equation 10.11. qo 


10.1.5 Velocity transformation 


Consider two inertial frames F and F’ in standard configuration, with F’ moving 
at velocity v in the positive x-direction with respect to F, as in Figure 10.7. 
Suppose that a particle moves at a constant velocity U in frame F, with 
components (U;., Uy, U, ~). Since both frames are inertial, the particle must also 
move at constant velocity in frame F’, and it is convenient to label the velocity 
components in this frame by (Uj,, Uj, U2). 


i 


yA eM 
Pa —————_>v 
U = (Uz, Uy, Uz) 
z Z| 
eee Baer a a) Figure 10.7 A particle travels 


at velocity U in frame 7. What 
z : is its velocity according to an 
observer in frame F'? 


It is worth emphasizing that velocity in the context of special relativity 
is defined in the same way as in Newtonian mechanics, so that the 
components are (U;,U,, Uz) = (da/dt, dy/dt,dz/dt) in frame F and 
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(U;,, Uy, Uz) = (da'/dt', dy'/dt’, dz'/dt’) in frame F'. With these definitions in 
mind, it is possible, using the Lorentz transformation, to show that the velocity of 
the particle as observed in frame F’ is given by 


Uz —v 
———— 10.12 
7 1-U,v/c?? ( ) 
1 U, 
——————— 10.13 
¥  y 1-Uyzv/c?’ ( ) 
1 U. 
Ul = — —_—* __. 10.14 
*  ¥ 1-U,0/c? ( ) 


Notice that the y- and z-components are different in F and F’, even though the 
relative motion of the frames is in the x-direction. 


The velocity transformation equations can be used to show that if a particle is 
observed to move at speed c in any direction in inertial frame 7, then it must 
move at speed c in any other inertial frame F’. Let us assume that the particle’s 
speed in frame F’ is U’. Then 


(U')” = (Uz) + Uy) + U)- 
Squaring and adding Equations 10.12 to 10.14, we obtain 


a 1 
Gg )° ~ (1—U,0/c?) 


5 |(Ue- oP + (GF +09)], 


Since the particle travels at speed c in frame F, Bs + U2 = —U?,s0 


2 1 2 v? 2 2 
(U’) = GL lw. vo + (1 — ) (c — Gs) 
1 v°U2 
‘a U2 —2U, 2 2_ 72 2 x 
cae |@ V+U +e gu 2 


e 2U,u U2? 
2 care 


Cc Cc 


This shows that if a particle travels at speed c in one inertial frame, it will be 
observed to travel at the same speed in all inertial frames. Since this is an essential 
feature of the principle of relativity, it would have been alarming if we had not 
obtained this result. 


10.1.6 Force transformation 


Within the context of special relativity, the momentum of a particle of (rest) 
mass m, moving with velocity U, is defined to be 


_ mU 
7 \/1— U2 /c2’ 


and the force F on the particle is determined by the rate of change of the particle’s 
momentum, 


dp 
aiere 


(10.15) 


(10.16) 
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10.2 Transforming electromagnetic quantities 


It is useful to be able to express the components of a force observed in one inertial 
frame in terms of the components in another inertial frame. Once again we 
consider the inertial frames F and F’ in standard configuration, with F’ moving 
with velocity v in the positive x-direction with respect to F, as in Figure 10.8. 


yh ya 
PS (of 2 
z x Figure 10.8 In frame 7, an 
Came E frame F' observer measures a force F 


acting on a particle. What force 
ee would be measured by an 
observer in frame F'? 


The general result is rather complicated, so we restrict ourselves to a special case. 
If a particle at rest in frame F is subject to a force F, then it can be shown that the 
components of the force in frame F’ are related to those in F by 


Fo =F. (10.17) 
| eae (10.18) 
FL = F,. (10.19) 


Notice that the x-component of the force does not change, even though the 
relative motion of the frames is in the x-direction. 


10.2 Transforming electromagnetic quantities 


In the last section we saw the central importance to special relativity of the rules 
for transforming the coordinates (t, x, y, z), and the consequences of these rules 
for transformations of velocities and forces. In this section we consider the 
transformation of electromagnetic quantities, such as charge, charge density and 
current density, and both electric and magnetic fields. An important outcome will 
be the recognition that, from a relativistic point of view, electric and magnetic 
fields are really just different aspects of a combined electromagnetic field. 


10.2.1 The invariance of electric charge 


It is known from many experiments that charge comes in integral multiples of e, 
where e is the charge on a proton and —e is the charge on an electron. (The 
charges of quarks come in integral multiples of e/3, but quarks cannot exist as 
isolated particles except in very extreme conditions, such as those that existed in 
the very early Universe.) Measuring charge is essentially a counting process. 


In fact, it is known to very high precision that the charge on an object does not 
depend on the motion of that object, and hence that the charge is independent of 
the frame in which it is measured. For example, experiments involving hydrogen 
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Figure 10.9 A uniform 
cylinder of charge at rest along 
the x’-axis of frame F’. 
Measured in frame F’, the 
charge density is pg. What 

are the properties of such a 
distribution measured from 
frame F? 
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atoms show that the charges on the proton and on the electron remain accurately 
equal in magnitude despite the supposed relative motion of the atom’s 
constituents. 


The fact that a charge has the same value according to all inertial observers is 
described by saying that electric charge is invariant under changes of inertial 
frame of reference. An invariant quantity has the same value in all inertial 
frames. Different inertial observers may not agree about where a charged particle 
is located, or about its velocity, but they will all agree about its charge. 


It is important to be clear about the distinction between invariance (the property 
of being invariant under changes in the observer’s frame of reference) and 
conservation (the property of being unchanged over time). For example, the 
momentum of an isolated system, such as a single particle, is conserved in any 
inertial frame, but the momentum is certainly not invariant under changes in the 
inertial frame. 


10.2.2 Charge- and current-density transformation 


Charge is invariant under changes of the observer’s inertial frame of reference. 
However, neither the charge density p nor the current density J in a region of 
space are invariant. 


The fact that charge density depends on the frame in which it is measured should 
not come as a surprise. Charge is invariant, but length is not (remember the 
discussion of length contraction in Subsection 10.1.3). You should therefore 
expect charge density to be frame dependent. As for current density, the frame 
dependence is even more obvious. If you imagine a uniform cylindrical cloud of 
charged particles at rest along the 2’-axis in frame ¥’, as shown in Figure 10.9, 
then that cylinder of charge will be moving as observed in frame F. In frame F’, 
there is a distribution of static charge, but the current density is zero. In frame F, 
there are no static charges, but there is a non-zero current density. Thus current 
density must be a frame-dependent quantity. 


yf 


charge density p, 


RY 
a 
| 
| 
| 
| 
| 
| 
| 
| 
| 

~| 


frame F 


[noe F' 
2 


Rather than concern ourselves with the general rules for transforming charge and 
current densities at this stage, let us first consider the special case shown in 
Figure 10.9. The uniform cylinder of charge is at rest in frame F’, and has charge 
density po in that frame. What are the corresponding charge and current densities 
as measured in frame F? 


10.2 Transforming electromagnetic quantities 


The change of frame has no effect on the transverse dimensions of the cylinder, 
but there is a length contraction along the direction of the z-axis. Consequently, 
the charge will be more concentrated in frame ¥. In this particular case the 
observed charge density in frame F is 


a (10.20) 


= = YP0; 
V1 —v?/c? ‘ 
where v is the speed of frame F’ as measured in frame F. 


Regarding the current density, imagine a small element of area 6.A, perpendicular 
to the x-axis at some fixed point on that axis. The charge dq carried through that 
area by the motion of F’ in time dt measured in F will be the charge density in F 
(i.e. ypo) multiplied by the volume of charge carried through 6A (i.e. v dt 6A), 


0g = ypov ot oA. 


It follows that the current density J; along the x-axis due to the cylinder, 
measured in F, will be 

oq 
~ SAE YPOv- 
This shows quite explicitly that special relativity naturally links situations in 
which there is only a static charge density with those in which there is both a 
charge density and a current density. 


Te (10.21) 


Now consider a different situation, shown in Figure 10.10, in which there is a 
charge density p and a current density J = (Jz, Jy, Jz) in frame F and we want 
to know the observed charge and current densities in frame F’. Note that in this 
case we are not assuming that the charge and current densities in frame F are due 
to a static distribution in frame F’. 


/ 
ya current 4 f 


(t) ee @) 


/ aa 


\ Figure 10.10 Two frames in 

charge density p standard configuration with a 

& charge density p and a current 
density J at some point in F. 
What are the corresponding 

Z densities p' and J’ observed 

im? 


Sy 


frame F frame F’ 


It actually requires much algebra to work out the transformation rule for the 
charge and current densities in Figure 10.10. The problem can be solved by 
treating the current density as being due to a uniform cylinder of charged particles, 
all of which move with a common velocity U in frame F. It is then possible 

to use the Lorentz transformation for coordinates together with the velocity 
transformation introduced in Subsection 10.1.5 to deduce the values of the 
charge and current densities in frame F’. The final result is not obvious, but it is 
plausible, so we shall simply quote it rather than working through the detail. The 
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Figure 10.11 The 
transformation of the charge 
density and current density 
expressed in matrix form. 


Compare this with Figure 10.4. 
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charge and current densities transform in just the same way as the time and space 
coordinates considered in Subsection 10.1.1. In particular: 


U 
pf = (0-GJs), (10.22) 
Ji, = (Je — vp), (10.23) 
Lyi (10.24) 
Ha (10.25) 


If you replaced p by t and J;, Jy and J, by x, y and z in these equations, 
with similar changes for the primed coordinates, then you would end up with 
Equations 10.1—10.4. 


We can represent this transformation using the matrix notation introduced in 
Figure 10.4. We express the charge density as cp, rather than p, so that it has the 
unit of current density, and we combine it with the components of the current 
density to produce a vector with four components, (cp, Jz, Jy, Jz). The 
transformation rules for charge density and current density then take the form 
shown in Figure 10.11. Since the vector (cp, J;, Jy, Jz) transforms between 
different inertial frames of reference according to the Lorentz transformation, it is 
a 4-vector, and is usually referred to as the current density 4-vector. 


cp aie UN eke 
Jee || || Ge ¥ a 0 dle 
li ~ 0 0 1 0 dy 
de 0 0 @ il J, 
charge and Lorentz charge and 
current densities transformation current densitics 
in frame F' matrix in frame F 


Exercise 10.4 A high-energy particle is travelling at a speed of 0.95c relative 
to a cloud of charge, which has uniform charge density p = 2.0 x 10°'?C m-3, 
measured in the frame in which it is stationary. What are the charge and current 
densities according to an observer in the frame travelling with the particle? OO 


10.2.3 Electric and magnetic field transformation 


You have seen that a static charge density distribution in one inertial frame can be 
transformed into distributions of charge density and current density in another 
frame. Now, static charges create an electric field but not a magnetic field, 
whereas distributions of charge and current produce both an electric field and a 
magnetic field. If we forget about the charges and just concentrate on the observed 
fields, this result shows that in situations where one inertial observer detects only 
an electric field, another inertial observer may detect both electric and magnetic 
fields. 


10.2 Transforming electromagnetic quantities 


This is indicative of a more general result that is our concern in this section, 
namely that electric and magnetic fields become interwoven under changes 

of inertial frame, just as space and time are interwoven by the Lorentz 
transformation. However, the transformation of electric and magnetic fields is 
more complicated than that of time and space coordinates, or that of charge and 
current densities. 


We shall not attempt any detailed derivations here. Suffice it to say that if we 
consider the fields produced by simple distributions of charge and current in a 
particular frame, then we can use the Lorentz and velocity transformations 

to determine the charge and current distributions that are observed in other 
inertial frames. It is possible to show that if frames F and F’ are in standard 
configuration, and the electric and magnetic fields measured at some point in F 
are E = (E,, E,, Ez) and B = (B;, B,, Bz), then the fields measured at that 
point by an observer in frame F’ will be 


|e ee (10.26) 

E, = y(Ey — vBz), (10.27) 

Bl =>(E.+vB,), (10.28) 

B= Be (10.29) 
Vv 

Bl=y (By a x2) (10.30) 
U 

Bl=7 (z. = =a 4y) . (10.31) 


Note that in the case of E and B fields, it is the components parallel to the x-axis 
that are unchanged by the transformation from one frame to another. This is 
sometimes emphasized by presenting the field transformation in a way that 
stresses the different roles of field components that are parallel or perpendicular to 
the velocity of one frame relative to the other. To be specific, suppose that an 
inertial frame F’ moves with velocity v as measured in an inertial frame F, and 
that in F the electric and magnetic field components in the direction parallel to v 
are denoted by Ej and B), while the components in the direction perpendicular 
to v are denoted by E, and B,. According to an observer in frame F’, the 
corresponding vector components of the transformed fields E’ and B’ at any 
particular point will be given by 


E| =E;, (10.32) 

= By, (10.33) 

EB) =7(E.+v xX B,), (10.34) 
x E 

BY =7 (B. = ) (10.35) 


Whichever form of the field transformation equations you choose to use, they 
carry an important message. 


The splitting of an electromagnetic field into electric and magnetic field 
components is a frame-dependent activity with no absolute significance. 
Fundamentally, electric and magnetic fields have no independent existence; 
the electromagnetic field is really a single combined entity. 
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Essential skill 


Using the field transformation 
equations 


Essential skill 


Using the field transformation 
relationships 
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Worked Example 10.1 


Frames F and F’ are in standard configuration with F’ travelling at velocity 
v = (v,0,0) relative to F. Show that in a region where there is no magnetic 
field according to an observer in frame F’, an observer in frame F will 
detect a magnetic field 


vXE 


1B} = x 


Cc 


Solution 
If B’ = 0 in some region of F’, it follows from Equations 10.33 and 10.35 
that an observer in frame ¥ will find 

1B = 


and 


vx E, 


5 = 


Cc 


Since By = 0, it follows that the resultant magnetic field detected in the 
relevant region by an observer in frame F will be 


vXE 


However, since the vector product of two parallel vectors (such as v and E)/) 
is always zero, we can write 

W OX 1B = Ww OX (Ey) + E1) = V7 X< 10), 
and in this way we obtain the required result, 


vXE 
Gee 


B= 
C 


Worked Example 10.2 


Observers in different frames of reference record different electric and 
magnetic fields from the same charge and current sources. However, there 
are restrictions on the combinations of electric and magnetic fields that can 
be observed for a particular source distribution. Show that one restriction is 
that E - B is invariant for transformations between different inertial frames 
in standard configuration. 


Solution 


Let us assume that a particular source distribution produces fields E’ and B’ 
in frame F’, which travels at velocity v = (v,0,0) relative to frame F and 
is in a standard configuration with it. We need to use the field transformation 
relationships, Equations 10.26-10.31, to show that E’ - B’ = E- B, where 


10.2 Transforming electromagnetic quantities 


E and B are the fields observed in another inertial frame: 
(BS 1E) Sa ley sey, ee JE) = 18 Ie 
v 
= EyBz + 7°(Ey — vB:) (By + =H) 
v 
ar 1? (Ez ar vBy) (2. = Hy) 


v2 
= BB, +7? (1-5) (By + BB.) 


= E,B, + EyBy + E,Bz 
-E-B. 


So for a particular source distribution, EK - B will have the same value in any 
inertial frames in standard configuration. 


Comment: In fact, this result is true for transformation of E - B between any 
inertial frames, whether in standard configuration or not. 


If we know the value of E - B in one inertial frame, then we know it in all inertial 
frames. So, for example, it is known that E - B = 0 for an electromagnetic wave 
in the laboratory frame because the electric and magnetic fields are perpendicular, 
and since E - B is invariant, the fields associated with an electromagnetic wave 
must be perpendicular in all other inertial frames. It also turns out that the quantity 
E? — c?B? is invariant. For an electromagnetic wave, the field amplitudes are 
related by Eg = cBo, so again this fact remains true in all inertial frames. 


Exercise 10.5 Starting from Equations 10.26 to 10.31, and using physical 
insight rather than lengthy algebra, write down the inverse transformation that 
expresses electric and magnetic field components measured in frame F in terms 
of field components measured in frame F’. 


Exercise 10.6 Show that in the case v = (v, 0,0), Equations 10.32 to 10.35 
are consistent with Equations 10.26 to 10.31. 


Exercise 10.7 Frames F and F’ are in standard configuration, with F’ 
travelling at velocity v = (v,0,0) relative to F. Show that in a region where there 
is no electric field according to an observer in frame F’, an observer in frame F 
will detect an electric field 


E=-v XB. 


Exercise 10.8 A high-energy particle travels at speed 0.95c vertically 
downwards through the Earth’s atmosphere in a region above the Equator where 
the magnetic field is 5.0 x 10~° T in a northerly direction, and the electric field is 
100 V m7! vertically downwards. What are the electric and magnetic fields in this 
region according to an observer in the reference frame in which the particle is at 
rest? qo 
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10.2.4 Partial-derivative transformation 


We end this section on the transformation of electromagnetic quantities with what 
is little more than a technical note about partial derivatives. The basic equations of 
electromagnetism involve a number of partial derivatives, often appearing in 
expressions such as div E or curl B. Rather than considering the transformation 
of these quantities individually, we shall concentrate our attention on an arbitrary 
function of t, x, y and z which we shall denote by f, and which could represent 
E,, By, etc. We know from the Lorentz transformation that f can also be 
expressed as a function of t’, x’, y’ and z’. Consequently, using the chain rule for 
partial derivatives we can write 


OF OF Ot Of Ox . Of Oy _-Of Gz (10.36) 
Oo =k ~ OU Ox OU OOy OU OOz Ot’ : 
Of _ Of ot Of Ox Of Oy . Of Oz (10.37) 
Ox! =Ot Or! — Ox Ox! —s Oy Oz’ —s Oz Ox"’ ; 
Of _ Of Ot Of Ox Of Oy . Of Az (10.38) 
Oy Ot Oy ~—- Ox ~Oy'—s Oy Oy! —sOOz Oy” : 
Of _ Of Ot Of Ox Of Oy | Of Oz (10.39) 
Oz! = Ot: Oz!—s— Ox Oz! ~—sOOy Oz! — Oz Oz! 


Now if we restrict our attention to the case of two frames in standard 


configuration, the relationship between t, x, y, z and ¢’, x’, y’, z’ is given by 
Equations 10.6 to 10.9, from which we can see that 


Oz 


Substituting these expressions into Equations 10.36 to 10.39, we find that 


Ot Ox 
ov? ov 
Ot vu OL 
of (2 on 
Ot Ox 
oy? oy 
Ot Ox 
ag age 
of _ OF as pf 
ar at” aa’ 
Of _,2 an of 
de 2 bt Oa’ 
of _ Of 

Oy’ Oy’ 

Of _ Of 

02’ Oz 


We shall use these results in the next section. 
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(10.40) 


(10.41) 


(10.42) 


(10.43) 


10.3 Form invariance and electromagnetism 


You may have noticed the similarity between this transformation and the inverse 
Lorentz transformation given in Equations 10.6 to 10.9. This is even clearer if we 
write the transformation in matrix notation, as shown in Figure 10.12. 


3/O(ct’) y+  yfe 0 0 8/A(ct) 
Gpche Ny qe (al Of Ox 
ajay | | 0 0 1 0 O/dy 
A/dz 0 oF oO Wy \ a/e- 


gradient operator inverse Lorentz gradient operator 
in frame F' transformation in frame F’ 
matrix 


Figure 10.12 The transformation of partial derivatives expressed in matrix 
form. 


10.3 Form invariance and electromagnetism 


As noted in Subsection 10.1.1, the principle of relativity is one of the basic 
postulates of special relativity. One way of expressing that postulate, in the 
context of Einstein’s theory, is to say that ‘The laws of physics can be written in 
the same form in all inertial frames of reference’. 


In other words, it should be possible to formulate laws of physics in such a way 
that a transformation from one inertial frame to another involves nothing more 
than putting primes on all the non-invariant quantities. (Invariants, such as charge 
or the speed of light, don’t need primes because they have the same values in all 
inertial frames.) Laws that can be formulated in this way are said to be form 
invariant. 


In the case of Newtonian mechanics, prior to the introduction of special relativity 
most physicists would have accepted that the key relationships for a free particle 
moving at velocity U included: 


the definition of momentum, 


p=muwU; (10.44) 
the definition of total energy, 
E= 5mU?; (10.45) 
and Newton’s second law, 
dU 
F= =m—. 10.46 
ma =m— ( ) 
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Some authors make use of a 
quantity called relativistic mass 
which varies with the speed of 
the particle. We make no use of 
this concept. In this chapter, m 
is always the rest mass and does 
not depend on the particle’s 
speed. 
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However, following the introduction of special relativity in 1905, it was clear that 
accepting Equations 10.44 to 10.46 as form-invariant laws had unacceptable 
consequences (including the non-conservation of momentum and energy). 
Instead, particle mechanics had to be reformulated, so that the form-invariant 
relationships became 


mU 
p= ue (10.47) 
2 
E= aye (10.48) 
— c 
dp 
F= a (10.49) 


where the mass m is an invariant sometimes called the rest mass, and the 
transformation rules for U and F are those given in Subsections 10.1.5 

and 10.1.6. If the speed U is much less than the speed of light, then we can use 
the approximate relationship 


1 uP 
~14+355, forU <c, 
c 


J1—U?2/2 
to simplify Equations 10.47 and 10.48, and we find 
p2xmU and Ex~me+ 5mU?. 


This reveals the usefulness of Equations 10.44 and 10.45 in providing ‘low speed’ 
approximations, and also reveals the need to recognize the contribution of the 
mass energy, mc”, to the expression for the total energy of a particle. 


In this section we shall consider the basic relationships of electromagnetism in the 
context of special relativity. First we shall ask if they are in need of the sort of 
modification that had to be applied to mechanics, and then we shall consider the 
deeper issue of form invariance in electromagnetism. 


10.3.1 Are the laws of electromagnetism form invariant? 


In the absence of media, the basic relationships of electromagnetism, expressed in 
an inertial frame 7, may be written as follows. 


Maxwell’s equations: 


divE=£, (10.50) 
£0 

divB = 0, (10.51) 

OB 
1E = —-—— 10.52 
cur DE ( ) 

OE 
curl B = pio J + EoHo (10.53) 
The equation of continuity (expressing charge conservation): 

p +divJ =0. (10.54) 

The Lorentz force law: 
F = q(E+v XB). (10.55) 


10.3 Form invariance and electromagnetism 


Now, in Sections 10.1 and 10.2 we have already set out the rules for transforming 

the quantities F, U, p, J, E and B, together with any relevant partial derivatives We did not provide the general 
(including those in the div and curl operations), from one inertial frame F rule for transforming F, but 

to another inertial frame F’, provided that those two frames are in standard what was given in Section 10.1 
configuration. We also know that charge is invariant under such changes of frame, __ will be sufficient for our needs 
and so is c, and €9 and jig are also invariant. Using all this, we can directly check __ in this chapter. 

the form invariance of Equations 10.50 to 10.55 under transformations between F 

and F’. 


Form invariance of the equation of continuity 


If a relationship such as the equation of continuity (Equation 10.54) is form 
invariant, then in frame F’ an observer should find that 


Op. 
or 4+ div’ J’ =0, (10.56) 


da!’ Oy!’ Az! 
Is Equation 10.56 really the result of a transformation from frame F to frame F'? 


Using Equations 10.22 to 10.25 (to transform p’ and J’) and Equations 10.40 
to 10.43 (to transform the partial derivatives), we see that 


Op! ep at 2 0 g 
7 a a Oe (0 37) 
0. O Ody, Ol¢ 
+7 (5 + ) vp) += + 
é ss y 


_ (oe v Ox » 2 oo) 


where div = ( 2 ;). 


Ot cc Ot = Ox = C Ox 


ap v OJ vr Op. Oe » OP Ol OF 
T\2 6 Cot dex Ox Oy Oz 


2 2 
aatlae \ oP, 3 Oo VOds Ody . Odx 
7 (1 =| mt (1 =) a Oy ae 


We have shown that Equation 10.56 implies Equation 10.54 (and vice versa); the 
equation of continuity takes the same form in frames F and F’ — it is form 
invariant. 


This invariance can be confirmed quite neatly using the matrix formalism. In 
terms of matrices, we can write the equation of continuity as 


cp 


a) ad 2. «0 a -, 
O(ct) Ox Oy Oz co. 


z 


You have seen that the gradient operator transforms according to the inverse 
Lorentz transformation (Figure 10.12), and the current density 4-vector 
transforms according to the Lorentz transformation matrix (Figure 10.11). So 
transforming the equation of continuity involves the combination of an inverse 
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Lorentz transformation and a normal Lorentz transformation, and not surprisingly 
these two transformations cancel out. This again demonstrates that if the equation 
of continuity is true in one inertial frame, then it is true in all inertial frames. 


Form invariance of the Lorentz force law 


The Lorentz force law is form invariant, as you can demonstrate in the following 
exercise. 


Exercise 10.9 Two inertial frames F and F’ are in standard configuration. A 
charge q is at rest in frame F’, where there are fields E’ and B’. Use the field 

transformations to show that if the Lorentz force law is valid in frame F’, then it 
is also valid in frame F. qo 


This exercise verified the form invariance of the Lorentz force law for the special 
case of the charge being at rest in frame F’. Extending this to more general cases 
requires the full force transformation, and a lot more algebra! The exercise also 
shows why the v X B term appears in the Lorentz force law: it is essential to 
ensure the form invariance of this law. 


In a similar fashion, Maxwell’s equations (10.50 to 10.53) can also be shown to be 
form invariant. One subtlety is that it is necessary to consider Equations 10.50 
and 10.53 together when transforming from the primed to the non-primed frames, 
and the same is true for the other pair of Maxwell’s equations (Equations 10.51 
and 10.52). 


The implication of the form invariance of Equations 10.50 to 10.55 is that 
electromagnetism in the absence of media is fully ‘relativistic’. It does not 

need the kind of modification that was necessary in mechanics. We shall not 
demonstrate the form invariance of Maxwell’s equations here, because of the large 
amount of algebra it would involve, but we shall look more deeply into its 
consequences in the next subsection. 


10.3.2 A single electromagnetic field 


In previous chapters we have regarded electric fields and magnetic fields as two 
distinct entities. But as you have seen in Subsection 10.2.3, these fields are really 
two aspects of a unified electromagnetic field, and observers in different inertial 
frames will measure different values of the electric and magnetic components of 
this electromagnetic field. There is no unique answer to the question ‘What are 
the electric and magnetic fields at point P?’, because the answer depends on the 
motion of the observer relative to P. 


The unified nature of the electromagnetic field can be made more explicit by the 
the use of matrix notation. We showed in Figure 10.4 that transformations of the 
coordinates of events between different inertial frames could be expressed in a 
simple and elegant way by using the 4-vector (ct, x, y, z) to describe an event, and 
using a symmetrical 4 x 4 matrix — the Lorentz transformation matrix — to 
describe the transformation process. Similarly, in Figure 10.11 we showed that the 
transformation of charge density and current density can be expressed as a 
multiplication of the Lorentz transformation matrix and the current density 
4-vector (cp, Jz, Jy, Jz). However, the electromagnetic field is more complicated 


10.3 Form invariance and electromagnetism 


than the coordinates of an event, or the charge density and current density 
at a point, both of which can be represented by 4-vectors, because there are 
six components to the electromagnetic field, (E,, Ey, Ez, Bz, By, Bz). The 
electromagnetic field cannot therefore be represented by a 4-vector. 


The electromagnetic field is best represented by a 4 x 4 matrix (more correctly 
referred to as a tensor), and this has the following form: 


0 —-Ez/c —Ey/c —E,/c 
EJ 0 —B, By 
E,/c Be 0 —By 
E,/c —-By Bz 0 


(10.57) 


Note that this is antisymmetric, so it has only six independent components, and 
these correspond to the three components of the electric field and the three 
components of the magnetic field. Transforming fields from one inertial frame to 
another involves a more complicated multiplication operation involving the field 
tensor and two Lorentz transformation matrices, and we shall not discuss that 
here. However, we shall look at how Maxwell’s equations can be represented in 
this formalism. 


Consider the matrix equation 


0 +&,/e —Hy/e —Eyje 


0 @ 0 A\IB Jc 0 -B By 
O(ct) Ox Oy Oz) | Ey/c B, 0 —B, 
E./c -By, Bz 0 
=po lee Je dy dels (10.58) 


On the left-hand side we have the product of the four components of the gradient 
operator (introduced in Figure 10.12) with the electromagnetic field tensor, and on 
the right-hand side is the current density 4-vector. This equation is just another 
way of writing two of Maxwell’s equations in free space. The first component of 
this equation gives 


10E, 10Ey 102: 
= pcp, 
c Oz 


c Ox c Oy 


which reduces to Gauss’s law, div E = p/€o, since jigc? = 1/e9. The remaining 
three components give the vector components of the Ampére—Maxwell law in the 
x-, y- and z-directions. 


Now we can write a second matrix equation as follows: 


0 —B, =B, —B, The 4 x 4 matrix that appears 
0 Q 0 ON 1B, 0 E./c —Ey/c here can be derived from the 
(aay Ox Oy =) By =LEye 0 Ej 6 matrix in Equation 10.58 by 
Bz, E,yje =Ezgje 0 substituting B for E/c and 
=(0 0 0 0). (10.59) substituting —E/c for B. 


This equation represents the no-monopole law and Faraday’s law. So Maxwell’s 
four equations can be written as two matrix equations. These equations are rather 
different in nature. Equation 10.58 contains charge and current densities on the 
right-hand side, and this equation describes how fields originate from their 
sources. Equation 10.59 contains no source terms, but describes conditions that all 
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electric and magnetic fields must satisfy. It is interesting to note that the absence 
of source terms on the right-hand side of this equation is a consequence of our 
assumption that magnetic monopoles do not exist. If magnetic monopoles did 
exist, there would be source terms on the right-hand side of Equation 10.59, 
involving (cp™®, Jz", Jy", Jz =), where p™£ would be the density of magnetic 
monopoles and J;"" would be the current density of magnetic monopoles in the 
x-direction, etc. This would make Maxwell’s equations more symmetrical — and 
(even) more beautiful — but we have no evidence that monopoles do exist, and 
classical electromagnetism assumes that they do not. 


Equations 10.58 and 10.59 are cumbersome to use, and would become even more 
unwieldy if expressed in terms of spherical or cylindrical coordinates, so we shall 
stick with the familiar vector calculus forms of Maxwell’s equations for practical 
calculations. Nevertheless, the matrix forms of Maxwell’s equations are useful 
from a theoretical standpoint, since they show clearly that the electric and 
magnetic fields are just components of a single electromagnetic field tensor. In 
Book 1 we discussed the electromagnetic field, but almost immediately split this 
field up into an electric field and a magnetic field. Now, we have succeeded in 
recombining the electric and magnetic fields. The basic quantity that represents 
the electromagnetic field is the tensor that appears in Equation 10.57. 


The electric and magnetic fields are components of this electromagnetic field 
tensor in much the same way that x, y and z are components of the position vector 
in ordinary three-dimensional space. The components of a given position vector 
change if we rotate the axes of our coordinate system, but the position vector itself 
retains its meaning as representing a particular displacement from the origin to a 
given point. Similarly, the six components of the electric and magnetic fields may 
all change with a change of the reference frame. In one reference frame there 
might be an electric field and no magnetic field, whereas in another reference 
frame there might be both electric and magnetic fields. The components of the 
electromagnetic field tensor depend on the choice of reference frame, but the 
electromagnetic field tensor itself continues to describe the same electromagnetic 
field from different viewpoints. 


Summary of Chapter 10 


Section 10.1 The theory of special relativity concerns the relationships between 
observations made by observers who use inertial frames of reference (i.e. frames 
in which Newton’s first law holds true) that are in uniform relative motion. For 
inertial frames F and F’ in standard configuration, the coordinates of an event 
observed at (t,x, y, z) in F are related to the coordinates (t’, x’, y’, 2’) of the same 
event in F’ by the Lorentz transformation (Equations 10.1 to 10.4). The effect 

of such a transformation is reversed by the inverse Lorentz transformation 
(Equations 10.6 to 10.9). Special relativity may be used to deduce the relativity of 
simultaneity, the relativity of length (length contraction), and the relativity of 
intervals of time (time dilation). It may also be used to deduce transformation 
rules for the components of a velocity U (Equations 10.12 to 10.14) and for the 
components of a force F (Equations 10.17 to 10.19), where F is defined as 

the rate of change of momentum, and momentum is defined by the relation 


p=mU/\/1 —-U?/c?. 


Achievements from Chapter 10 


Section 10.2 The charge q of a particle is an invariant quantity that takes the 
same value in all inertial frames. Other invariants are the (rest) mass m of a 
particle, the speed of light in a vacuum c, and the constants ¢9 and 9. Under a 
transformation between inertial frames F and F’, the charge density p and the 
current density J, in the combination (cp, Jz, Jy, Jz), behave in the same way as 
the coordinates (ct, x, y, z). Under the same transformation, the partial derivatives 
(0/O(ct), 0/Ox, 0/Oy, 0/0z) obey the inverse Lorentz transformation, and the 
electric and magnetic field components become intermingled as described by 
Equations 10.26 to 10.31. 


Section 10.3. The principle of relativity demands that laws of physics should be 
form invariant under a transformation from one inertial frame to another. Unlike 
the laws of Newtonian mechanics, the laws of electromagnetism (including 
Maxwell’s equations, the equation of continuity and the Lorentz force law) 
satisfy this requirement. The form invariance of electromagnetic laws can be 
demonstrated using the transformation rules for F, U, p, J, E, B and the 
relevant partial derivatives. This involves a great deal of algebra. The unified 
nature of the electromagnetic field can be made explicit by expressing the 
electromagnetic field as a tensor that incorporates the three electric and three 
magnetic field components. 


Achievements from Chapter 10 


After studying this chapter you should be able to do the following. 


10.1 Explain the meanings of the newly defined (emboldened) terms and 
symbols, and use them appropriately. 


10.2 Recall the basic ideas and transformations of special relativity. 
10.3 Explain what is meant by an invariant. 


10.4 Use the transformations for E and B, and p and J, to solve simple problems 
involving inertial frames in standard configuration. 


10.5 Explain what is meant by form invariance, and recall which equations of 
electromagnetism are form invariant. 


10.6 Demonstrate the form invariance of the equation of continuity and the 
Lorentz force law, and discuss the extension of that demonstration to other 
laws of electromagnetism. 
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Books 1 and 2 have introduced all of the fundamental laws of electromagnetism, 
and in this brief chapter you will not meet any new laws or concepts. Instead, the 
aim is to ensure that you have a firm foundation upon which to base your study of 
the final book for the course, Electromagnetic waves, by reviewing, revising and 
consolidating material that you have studied earlier. We shall survey some 
important results, and in particular compare the basic results of electrostatics and 
magnetostatics. We shall also review the various versions of Maxwell’s equations 
that you have met, since these will continue to play a major role in the rest of the 
course. 


To complement your study of this chapter, you should: 


e look again at parts of this book, and Book 1, which relate to topics that you are 
not confident that you understand; 


e try any exercises that you have omitted so far; 


e repeat exercises and study worked examples related to topics about which you 
are unsure; 


e try some of the exercises from the course website. 


These activities will also allow you to develop further your skills at solving 
electromagnetism problems. 


I1.1 Electrostatics and magnetostatics 


In the first half of this book we concentrated on electrostatics, the study of electric 
fields generated by static charges, and magnetostatics, the study of magnetic fields 
generated by steady currents. The main results of Chapters 2—5 are summarized in 


Table 11.1. 
We have used 7 as the symbol M® Study Table 11.1 carefully, trying to recall the meaning of each of the 
for volume in the table, as equations, and comparing and contrasting the entries for electrostatics in the 
elsewhere in this book, to avoid middle column and for magnetostatics in the right-hand column. There are 
confusion with the potential V. obvious similarities between the two columns, but also some significant 
differences. 


LJ Some of the similarities and differences are discussed below. If you are 
unsure of the meaning of any of the equations, now would be an appropriate 
time to look again at the section(s) in Book 1 or Book 2 where they were 
introduced and discussed. Use the contents pages, index and glossary to 
locate the appropriate topics. 
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Table 11.1 Comparison of electrostatics and magnetostatics. 


Electrostatics Magnetostatics 
1 Force and field — on point charge q | Felee = qE Finagg = Gv X B 
—on current element J 61 Felec = O Frag = 101 X B 
2 Elementary law Coulomb’s law Biot—Savart law 
q (r-r) pol Ol X (r —1’) 
— field due to small source at r’ E(r) = re dB(r) = in lees 
sap ee Lf erat) Ho [ Sir’) xX w-r') 
— field due to distribution E(r) = ae [ r—rs dr | Br) = i [ rrp dr 
3 Source law Gauss’s law Ampére’s law 
— differential version div E = p/éo curl B = pod 
1 
— integral version [e-as== [oar=2 f B-d=s [ 3-a8= yo! 
S £0 Jr £0 Cc S 
4 Field constraint curlE =0 (conservative) divB=0 _ (no-monopole law) 
— field—potential relationship E = — grad V B=curlA 
1 ’ J(r’ 
— source—potential relationship V(r) = / Ae) dr’ A(r) = at / i") dr’ 
Anég Jy |r —2'| dn Je |r —r'| 
5 Dipole two opposite charges current in loop 
— moment p=qd m = |I| AS 
— potential energy U=-p-E U=-m-B 
— torque in field T=pxkE Tr=mxB 
1 . ‘ 
— produces distant field Eagip(r) = — tae erad (25) Baip(r) = = grad (= “) 
6 Field due to matter P = n(p) = xre0E M = n(m) = xgB/L0 
— charge / current density Pp = —divP Jp =curlM 
— surface charge / current density o=P-n ip =M Xn 
Auxiliary field D=eE+P H = B/}10 — M 
— obeys source law div D = ps curlH = Je 
— for LIH materials E = D/eeo B= pujsoH 
— where E=1+XE w=1/(1— xz) 
7 Boundary conditions (no free surface charge) (no free surface current) 
— flux through closed surface fe D-dS =0= D, continuous fe B-dS =0= B, continuous 
— line integral round loop to E - dl = 0 => E£| continuous to H - dl = 0 => H_| continuous 
8 Energy in capacitor or inductor U= 5Q? iG U= 5LI r 
Energy density in field u= 5D -E u= 5B -H 
— for LIH materials uU= seco” U= 5B? /ppo 
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The first row of Table 11.1 shows how the forces on a test charge are related to the 
fields. The electrostatic force F.j.. = gE applies whether the test charge is 
moving or not, whereas the magnetic force Fynag = gv X B arises only if 

the test charge is moving in a magnetic field. These two forces comprise the 
Lorentz force, F = q(E + v X B). Not surprisingly, the magnetic force on a 
current element I 61 has a similar form to that on a moving charge, and this 
expression applies whether we are interested in the force on an electrically-neutral 
current-carrying wire or an electron beam. The electric force is zero for a neutral 
current-carrying wire, but for the current associated with an electron beam the 
force will be simply the sum of the electric forces on the individual electrons, as 
given in the first line of the table. 


Row 2 quotes the elementary laws that determine the fields due to point-like 
sources. Coulomb’s law gives the electric field due to a static point charge g. The 
Biot—Savart law gives the magnetic field due to an infinitesimal line element dl 
carrying a steady current J. Note that the constants €9 and [uo are defined in such a 
way that when the factor €9 appears in the denominator in electrostatics, the factor 
/4o appears in the numerator in magnetostatics, and vice versa, as you can see by 
examining the entries in subsequent rows in the table. Of course, we are generally 
interested in distributions of charge or current, and then the field is calculated by 
replacing the point charge q by p(r’) dr’, or replacing the current element J 61 by 
J(r’) dr’, and integrating over the volume 7’ containing the distributions. 


Coulomb’s law and the Biot—Savart law are very powerful, and in principle can be 
used to determine the field for any specified source distribution. However, the 
vector nature of the integrands in the expressions in the third line of row 2 makes 
them difficult to evaluate in practice. It is often more convenient to sidestep these 
expressions and to use the results in rows 3 and 4. The philosophy underlying 
these results is very different. The concept of a field is rather incidental to 
Coulomb’s law and the Biot—Savart law, and rows 1 and 2 can easily be combined 
to eliminate E and B altogether. But rows 3 and 4 place a far greater emphasis on 
the field concept. Via the div and curl operators, they focus attention on the spatial 
variations of the fields and their links to sources. The field-theory approach has 
two main advantages. First, it is often simpler to use than the elementary laws of 
row 2 — that is, it leads to simpler mathematics. Second, it is more readily 
extended to non-static situations — when the sources are neither stationary 
charges nor steady currents. 


In electrostatics, an electric field E is related to a time-independent charge 
density p via Gauss’s law. This can be written either in a differential version 
(involving div E) or in an integral version (involving the integral of E over a 
closed surface). The mathematical equivalence of these two versions follows 
from the divergence theorem. In magnetostatics, a magnetic field B is related 

to a time-independent current density J via Ampére’s law. This too can be 
written either in a differential version (involving curl B) or in an integral version 
(involving the integral of B round a closed loop). The mathematical equivalence 
of these two versions follows from the curl theorem. 


Gauss’s law specifies div E and Ampére’s law specifies curl B, but neither of 
these conditions is sufficient to completely determine E or B. Row 4 lists further 
constraints on the electrostatic and magnetostatic fields. In electrostatics, the 
electric field has zero curl, curl E = 0, and E can be written as the gradient of a 
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scalar field, E = — grad V. The electrostatic potential V is related to a volume 
integral of the charge density. In magnetostatics, the magnetic field has zero 
divergence, div B = 0 — the no-monopole law. As a consequence, B can be 
written as the curl of a vector field A, the vector potential, which is related to a 
volume integral of the current density. For both E and B, we have now specified 
both their divergence and their curl, and these are sufficient to determine the 
fields, apart from a uniform constant field. Expressions for the divergence and 
curl of E and B comprise, in fact, the versions of Maxwell’s equations that apply 
when the fields and sources are independent of time: 


divE=p/eo, culE=0, divB=0, cwlB= pioJ. 


Row 5 deals with the special case of dipole sources. There are clear similarities 
between the electrostatic and magnetostatic formulae. We have not explicitly 
introduced expressions for the torque on a magnetic dipole, or the magnetic field 
it produces, but they have the same form as the expressions for electric dipoles. 
Dipole sources are of particular interest because they are the key to understanding 
fields in and around dielectric and magnetic materials. In both types of material, 
induced dipoles are produced in atoms by an applied field, and if permanent 
atomic or molecular dipoles are present, they become preferentially aligned with 
the field. 


Row 6 summarizes the effects of materials on electrostatic and magnetostatic 
fields. We consider only media that are homogeneous and isotropic. In addition, 
we generally assume that the susceptibilities ~~ and x are independent of the 
applied field, in which case a material is said to be linear. 


In electrostatics, materials become polarized in an applied electric field. The 
polarization vector P is the resultant electric dipole moment per unit volume; it is 
proportional to the macroscopic electric field E (i.e. the average electric field 
including contributions from the polarized medium). In magnetostatics, materials 
are magnetized by an applied magnetic field. The magnetization vector M is 

the resultant magnetic dipole moment per unit volume; it is proportional to 

the macroscopic magnetic field B (i.e. the average magnetic field including 
contributions from the magnetized medium). The electric susceptibility yz is 
always positive, so P always points in the same direction as E, and values for 
solids and liquids are typically of the order of 1-10, so an applied electric field 

is modified substantially in and around a dielectric material. The magnetic 
susceptibility yg is positive for paramagnetic and ferromagnetic materials, but 
negative for diamagnetic materials, so M either points in the same direction 

as B, or points in the opposite direction. However, for both paramagnetic and 
diamagnetic materials the magnitude of the susceptibility is generally of the order 
of 10~4-10~°, so they produce only a small perturbation of the applied field. This 
is not the case for ferromagnetic materials, where most of the B field is due to 
the magnetization of the material. Polarization and magnetization produce 
distributions of bound charge and bound current, respectively, in the volume and 
on the surface of material. The bound charge density is minus the divergence of 
the polarization, while the bound current density is equal to plus the curl of the 
magnetization. (This sign difference leads to several other sign differences in 
subsequent equations.) 
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We define fields D and H that obey simplified source equations, involving only 
the free charge and free current densities. The advantage of these fields is that 
they can often be found directly, without any knowledge of the polarization 

or magnetization of surrounding or nearby media. In practical terms, H is a 
more useful quantity than D. The reason is that H is determined by the free 
current density, a quantity that is readily measured on a meter. In contrast, D is 
determined by the free charge density, a quantity that is rather difficult to measure. 
(In electrostatics, one normally measures potential difference, which is directly 
related to EK.) Within a linear, isotropic, homogeneous (LIH) medium, the 
macroscopic field E is proportional to the field D, and the macroscopic field B is 
proportional to the field H. The proportionality factors involve the relative 
permittivity ¢ and the relative permeability ju. 


At the interface between different dielectric media, we must ensure that certain 
boundary conditions for the E and D fields are satisfied, and analogous boundary 
conditions for B and H apply at the interface between different magnetic 
materials. Assuming that there is no free charge and no free current at the 
interface, the conditions for the fields D and B are derived by equating their 
flux through a closed pillbox straddling the interface to zero, and this leads 

to the conditions that D,; and B, are both continuous across the interface. 

The conditions for E and H are derived by equating the circulation around a 
rectangular loop straddling the interface to zero, and this leads to the conditions 
that /) and 1) are both continuous across the interface. If we regard E and B as 
one pair of analogous fields — these are the fields that directly affect a charge g¢ 
via the Lorentz force law — and D and H as another pair, we see that the 
boundary conditions take opposite forms in electrostatics and magnetostatics. 


The final row of Table 11.1 compares expressions for electromagnetic energy. The 
energy can be related directly to the source charges and currents; for example, for 
a capacitor the stored energy is 5Q° /C, whereas for an inductor it is 5LI 2. But 
the energy can equally well be related to the electric and magnetic fields generated 
by the sources, and the two expressions for the energy densities of these fields, 
3D - E and 3B - Hare applicable to both static and time-dependent fields, as you 
will see in Book 3. 


11.2 Beyond static fields 


In the previous section we summarized the important results for electric and 
magnetic fields that remain constant in time. Even with this restriction, there was 
plenty to marvel at and plenty to study! But when this restriction is lifted and we 
consider fields changing in time, a whole new world opens up. Time-varying 
magnetic fields have electric fields associated with them, even when there are no 
stationary electric charges around to act as sources, and time-varying electric 
fields have magnetic fields associated with them just as electric currents do. These 
relationships are encapsulated in the two of Maxwell’s equations that were not 
mentioned in the previous section because they are not relevant for static fields: 
OD 


OB 
Faraday: curl E = — Fe Ampeére—Maxwell: curlH = J- + aE 


11.2 Beyond static fields 


Clearly, in the absence of any time dependence, these two equations reduce to the 
familiar equations 


cullE=0O and curlH = pods, 


which describe the irrotational property of static electric fields and Ampére’s law, 
respectively. 


Maxwell’s four equations can be written in a number of different ways, and four 
of these are shown inside the front cover. There are differential versions that relate 
derivatives of the fields (in terms of divs and curls) to charges, currents and 
time-derivatives of fields; these are local relationships that relate quantities 
measured at a point in space and time. There are also integral versions of the 
equations that relate surface or line integrals of fields to volume or surface 
integrals of charges, currents and time-derivatives of fields; these are clearly 
non-local relationships, and analytic solutions are generally possible only in 
situations where there is a high degree of symmetry. But the equations can also be 
separated into those that are written in terms of the fields E and B and the sources 
p and J, which are the total charge density and total current density, and those 
that are written in terms of four fields, E, D, B and H, and the free charge density 
pr and the free current density Jr. It is important to note that these sets of 
equations are completely equivalent: both sets apply equally to fields in free space 
and fields in materials. In free space, p = 0, J = 0, D = e9E and B = wuoH, so 
the differential versions of both sets of equations reduce to 


divE=0, divB=0, curlE= aa curl B = eotlo s 
In materials, both sets are still valid, but the equations that involve the total charge 
density and total current density are not particularly useful since we usually know 
only the free charge and free current, and do not know the bound charge and 
bound current. However, the second set involves D and H as well as E and B, so 
we need to know the relationships between these quantities to solve a problem. 
We generally restrict our attention to LIH materials for which D = e¢9E and 
B= ppoH. 


Thus time-dependent electric fields and magnetic fields are linked via Maxwell’s 
equations: they cannot be considered separately, but are aspects of a single 
phenomenon -— electromagnetism. Time-dependent fields lead to a host of new 
phenomena and applications, including dynamos and alternators for generating 
AC electricity, magnetic braking, inductive heating, transformers, resonant AC 
circuits, and above all, the generation and propagation of electromagnetic waves, 
first predicted by Maxwell in 1867 and demonstrated by Hertz in 1887. The study 
of electromagnetic waves is a major part of Book 3. 


However, the linking of time-dependent electric and magnetic fields revealed by 
Faraday’s law and the Ampére—Maxwell law is only one aspect of the much 
deeper linking of the fields revealed by the theory of special relativity. Electric 
and magnetic fields are not distinct entities, but two aspects of a single entity, the 
electromagnetic field, and the separation of this field into electric and magnetic 
parts is dependent on the motion of an observer. If a line charge is stationary in 
my frame of reference, I will observe an electric field in the region around it but 
no magnetic field. If you are travelling at high speed parallel to the line charge, 
you will observe a magnetic field due to the moving charge as well as a (different) 
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electric field. This also indicates that charge densities and current densities 

are relative concepts. In most everyday situations, although the electric and 
magnetic fields are linked via Faraday’s law and the Ampére—Maxwell law, there 
is a well-defined separation of electric and magnetic fields for the frame of 
reference appropriate for the problem. However, even though the fields and their 
sources have different values according to observers in different reference frames, 
Maxwell’s equations, the equation of continuity and the Lorentz force law all take 
exactly the same form in all inertial frames, which means that they qualify to be 
fundamental ‘laws of physics’. 


Solutions to exercises 


Ex!.! (a) The total flux (or flow) of electric current 
out of a closed surface is equal to the rate of decrease of 
the total electric charge within the volume enclosed by 
that surface. 


(b) We can use the divergence theorem to replace the 
term on the left-hand side of the integral version of the 
equation of continuity: 


[s-0s= [ avsav. 
Ss V 


Also, on the right-hand side of the equation we can 
interchange the order of the differentiation with respect 
to time and the integration over volume: 


d Op 
a1, pdV = a dV. 


Note that we have replaced the time derivative by a 
partial derivative, since p is a function of position as 
well as of time. Thus 


[ aiwsav =- [ge 


and since this is true whatever the volume V over which 
we integrate, no matter how small, the integrands must 
be identical, 1.e. 


Ex 1.2 A steady current flow requires that div J = 0, 
since otherwise there would be a build up or decrease in 
the charge in a region, which would affect the current 
flow. In this case, 


_ Ody Oly Ode 
ea Bae oe 
_ » |Olay) , O2yz) . Oa@—y2=2") 
a De 
= Joly + 2z —y — 2z] =0, 


so this function could represent a steady current. 


Ex 1.3 To derive the integral version of Gauss’s law 
from the differential version, first integrate both sides of 
Equation 1.3 over any volume V: 


[ aweav = | Fav 
V v £0 


Solutions to exercises 


Then use the divergence theorem to replace the volume 
integral of div E by a surface integral: 


[ awnav = [ Bas, 
Vv S 


and hence obtain the required integral version of 
Gauss’s law: 


[w-as== [ pay, 
S £0 Jv 


The differential version of Gauss’s law is a local 
relationship. (The integral version relates the charge 
contained in any volume, however large, to the electric 
flux through the surface bounding that volume, so it 
certainly is not a local relationship.) 


Ex 1.4 The charge density depends only on the 
distance r from the origin, so it has spherical symmetry. 
This suggests that we should use spherical coordinates 
(r, 9, ) to solve this problem. The spherical symmetry 
means that the electric field must be in a radial direction 
at any point, since there is no reason to favour 
inclination of the field at any particular angle to the 
radial direction. Also, the magnitude of the field must 
be the same for all points at the same distance r from 
the origin. 


To find the field at a distance r from the origin, we 
apply the integral version of Gauss’s law, 


[w-as== [ pay, 
S £0 Jv 


to a spherical surface of radius r centred on the origin. 
At all points on this surface, E(r) = E,(r)e,, so the 
field is perpendicular to the surface, and therefore 
parallel to the vector dS representing an element of area 
on this surface. The left-hand side of the equation 


therefore becomes 
[eas = | E,(r) e, -dS = | E,(r) dS 
S S Ss 
Since E,.(r) is constant on the spherical surface S, this 
integral reduces to 47r?E,(r). 


The volume integral in Gauss’s law can be evaluated by 
breaking down the spherical volume into spherical 
shells that have thickness dr and volume 5V = 4rr? dr. 
Thus for a sphere of radius a, the volume integral is 


= p(r) dV = =| p(r) Arr? dr. 
0 


£0 Jv 0 
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For a < R we have p(r) = br?, and the integral version 
of Gauss’s law becomes 


1 a 
4na*E,(a) = = | br? Arr? dr 


0 JO 

4nb f? ; 
a Cees aS 

Eo Jo E09 i) 


Thus 
E,(a) = ba?/5e9 fora < R. 


For a > R, contributions to the volume integral come 
only from regions with a < R, so the upper limit of the 
volume integral is R. Thus 


oe i 4nb RP 
4ra” E,(a) = = | br? Arr? dr = = oy 
Eo Jo €0 5 
so 


E,(a) = bR°/5e9a*_ fora > R. 


Ex 1!.5 According to the no-monopole law, magnetic 
fields are always divergence-free (Equation 1.5). 


(a) Using the expression for div B in spherical 
coordinates (from inside the back cover), 


_(k 10f5 k\ k 
aiv(£e,) => 2 De ¢ x =| => 7 


(b) Using Cartesian coordinates, 
div(k(yez + xey)) =k (H A x) = {ji 


(c) Using cylindrical coordinates, 


anfe(t—F)e]=taple(t- Bl 


Thus fields (b) and (c) are divergence-free, so both 
could represent magnetic fields, whereas field (a) has 
non-zero divergence, so could not represent a magnetic 
field. 


Ex 1.6 To derive the integral version of Faraday’s law 
from the differential version, first integrate both sides of 
Equation 1.7 over any surface S' that is bounded by a 
closed loop C: 

— -ds. 


[ (owt) - a8 = - ot 


According to the curl theorem, we can replace the 
surface integral of curl E on the left-hand side by a line 
integral of E: 


[tout) -dS -$ E- dl. 
Ss C 
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Also, we can reverse the order of integration and 
differentiation on the right-hand side: 


dB d 
— | —.qs=—— /B-ds. 
38 val ds 


Combining these two steps leads to the integral version 
of Faraday’s law. 


Comment: To obtain the differential version from the 
integral version, simply reverse the steps described 
above. 


Ex |.7 Within a solenoid, the magnetic field is 
uniform and parallel to the axis of the solenoid: this 
axial symmetry suggests that it would be appropriate to 
use cylindrical coordinates for this problem, with the 
z-axis along the axis of the solenoid. The electric 

field is related to the changing magnetic field by 
Faraday’s law, curl E = —0B/0t. So we need to use 
the expression for curl in cylindrical coordinates from 
inside the back cover. However, since the field B is in 
the z-direction and is uniform within the solenoid, 
OB/0t can have only a component in the z-direction, so 
we need to consider only the z-component of curl E. 
Thus 


1/O(rEs) OF,\ OB, 
r Or Od Ot - 


By symmetry, any radial component £,. could not 
depend on the angle ¢, so 0E,./O¢ = 0. Now since the 
magnetic field within the solenoid does not depend 

on position, the equation linking Ey and B; is 
straightforward to solve by integrating over r: 


B, 
rEg = [re d 
B, 
= ae [rar 
ens x nm + constant 
Ot °° ; 
So 
r OB, 
Ey,=--= 
o 9 at’ 


where we have set the integration constant equal to zero 
because the azimuthal field on the axis must be zero. 
The electric field lines form circular loops centred on 
the axis of the solenoid, with the magnitude of the field 
proportional to the radius of the loop and to the rate of 
change of the magnetic field. 


Ex 1.8 Faraday’s law applies to changing magnetic 
fields, but if the magnetic field is constant in time, then 
OB /Ot = 0, and we obtain curl E = 0. This latter 
equation applies for static fields, and for electrostatic 
fields in simply-connected regions, curl E = 0 is 
equivalent to to E- dl = 0: both are statements of the 
fact that electrostatic fields are conservative. 


Ex 1.9 The solenoid is symmetrical under rotations 
about the vertical axis through its centre, so we use 
cylindrical coordinates with the z-axis aligned with the 
solenoid’s axis. The symmetry indicates that the 
magnetic field must be independent of ¢. Also, if the 
solenoid were reflected in a plane through the z-axis, 
the sense of the current would be unchanged, but 
according to the reflection rule for magnetic fields, both 
B, and B, would be reversed, which means that both of 
these components must be equal to zero. Thus 


B= Bglt; Z)eg. 


To determine By, apply Ampeére’s law to a circular 
path, radius r, centred on the z-axis and in a plane 
perpendicular to the axis. Since the field is constant 
along this path and parallel to it, 2mr x By = uoNI 
(where N is the number of turns), so 


Bg = poNI/2nr. 
(Note that Bg depends on r only, not on z or the shape 
of the cross-section of the coil.) 


If we substitute the values N = 100, J = 3.0A and 
r = 0.24 m, then we obtain 


B = (2.5 x 10-*T)eg. 


Ex 1.10 From Equation 1.13, 
F = q(He, + ve, X Be,) = q(f — vB)ez. 


Ex2.1 (a) The spherical symmetry of the charge 
distribution means that the electric field must be radial 
and depend only on r. Applying Gauss’s law to a 
spherical surface of radius r < R, which must contain a 
fraction r°/R° of the total electronic charge, we find 


Estoua X 407? = (r3/R?) Ze/eo, 
so 


Penal?) = (Ze/4neqR?) xr, forr< R. 


(b) The nucleus will be in equilibrium at a distance d 
from the centre of the electron cloud where the field 
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attracting it to the centre of the electron cloud is equal 
in magnitude and opposite in direction to the applied 
field Eappliea- Thus 


Ze 
Eapplied = Eapud( ad) = (=) x d, 


SO 
Are R? 
d= ( oa ) x Eapplied- 


This shows that d oc Eappliea, and the dipole moment is 
p= Zed, SOD Eapplied- 


Comment: Though this exercise used a rather 
unrealistic model for the charge density of the electron 
cloud, the proportionality between dipole moment and 
electric field derived here is also true for dipoles 
induced in real atoms, and it is also true for the dipole 
moments associated with permanent dipoles that we 
consider in the next subsection. 


Ex 2.2 Copper is a good conductor, so the field within 
the copper is zero. The atoms within the block are 
therefore not polarized — they have no induced dipole 
moment because there is no local electric field to 
polarize the atoms. 


Ex 2.3 The surface charge density is given by 

op = P- n= Pcos9, where @ is the angle between the 
normal to the surface of the sphere and the direction of 
the polarization vector P. 


At point A, 0 = 0°, so op = Pcos0° = P. 

At point B, 8 = 90°, so op = Pcos 90° = 0. 

At point C, 0 = 60°, so o, = Pcos60° = P/2. 

At point D, 6 = 120°, so op = Pcos 120° = —P/2. 
Ex 2.4 (a) The bound volume charge density is 


Pp = — div P, and since P, = a + bx, P, = 0 and 
P, = 0, 


& OP, =) 
Pb = + + 


Ox Oy Oz 
O 
So pp = —bis constant throughout the block. 


(b) The bound surface charge density is o, = P- ni. 
The polarization is parallel to four of the faces, so 
op = O for these faces. For the face in the plane x = 0, 


Op = ae; + (—ez) = —a. 
For the face in the plane x = J, 


Op = (at bljez +e, =a Ol. 
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The surface charge densities are constant across these 
two faces. 


(c) Volume charge = pp x volume = —bl?. On the 
plane x = 0 the surface charge is 


Op X area = —al?, 
and on the plane x = / the surface charge is 

(a+ bl) x I? = al? + 01°. 
The sum of the volume charge and the charge on the 
two charged faces is therefore zero. 


Comment: Note that the net bound charge must 
always be zero, because charge is not added or removed 
when the material is polarized. 


Ex2.5 Since C = ceé)A/d (Equation 2.15), 


30 x 10715 F x 17 x 1079 m 
13 x 8.85 x 10-12 C2N7! m-? 
=44 x 107! m?. 


The area A is the product of the depth of the trench and 
its circumference, so the circumference 1s 


4.4 x 107! m?/4.4 x 10-°m = 1.0 x 10-° m. 


Ex 2.6 (a) The cylindrical symmetry of the cable 
means that the fields must be radial and directed away 
from the axis of the cable (since the inner wire is 
positively charged). To determine the field D, we apply 
the integral version of Gauss’s law to a cylinder of 
length L, radius r, concentric with the axis of the cable. 
The field D is perpendicular to the cylinder’s curved 
surface, and has a constant magnitude at this surface, 
and D is parallel to the circular end-faces of the 
cylinder. For r) < r < rg, the amount of free charge 
enclosed by the cylinder is AL, so 


[> -dS = D,(r) & 2ar l= AL, 


Thus D,(r) = A/2ar. For r < rz, there is no free 
charge enclosed by the cylinder — it is all on the 
surface of the wire — so D,(r) is zero in the central 
conductor, as expected since both E and P are zero 
inside a conductor. For r > rg, there is zero net charge 
within the cylinder — the positive charge on the inner 
wire is balanced by the negative charge on the outer 
cylindrical conductor — so D,(r) = 0 outside the cable 
too. 
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The radial field E.(r) can be determined using 
Equation 2.14: 


D,(r) — A 
€€y 2mEEgr’ 


LAr) = 
for ry <r < rg. The polarization is also radial: 


2G) ae 


e Qnr- 


Comment: The absence of fields outside coaxial 
cables is one reason for their widespread use. Electrical 
signals can be transmitted along them without the 
fields produced by these signals interfering with other 
equipment. 

(b) The capacitance per unit length of the cable is the 
ratio of the charge per unit length on the positive 
conductor divided by the potential difference AV 
between the positive and negative conductors. From the 
definition of potential, 


ry 
av=- | E-dr, 


T2 


where the upper limit corresponds to the 
positively-charged wire. Thus 


rr 
AV = | r fii Aln (2/71) 
fy 2meeor 


2TEEY 
Hence 


Xl 
capacitance per unit length = \ ; See) 


2TEEQ 


_ -2MEEO 
In (2/71) 


Ex 2.7 (a) Since these are LIH materials, E and P 
are in the same direction as D in each layer. These 
fields have no component parallel to the boundary in the 
top layer, and the boundary condition £1) = £4) 
indicates that this must also be true for the other two 
layers. So D must be perpendicular to the boundaries in 
all three layers, and from the condition D,; = D2, we 
deduce that its magnitude D is the same in all three 
layers, 2.0 x 107!°Cm-?. 


(b) For an LIH material, D = e¢gE, so in the top and 
bottom layers 
_ 2.0 x 10-" Cm 
2.5 x 8.85 x 10-12C2N-! m-? 
=90NC 4, 


and in the middle layer 


7 20%:10-" Ca 
~ 1.5 x 8.85 x 10-12C2N-!m-2 
=15.1NC!. 


These E fields are in the same direction as D, 
i.e. perpendicular to the boundaries. 


The polarization field is related to D by the relation 
P =D x (e— 1)/e. So in the top and bottom layers 


P=20* 10°-"Cm™ x (25—1)/25 
=1.2x10°’ Cm”, 
and in the middle layer 
P=2.0%10-"Cm™ x 0.5=—1)/15 
=6.7* 10“ Cm , 
(c) The density of bound charge at a boundary can be 
found by applying the integral version of Gauss’s law 


that involves E and the total charge @ to a thin pillbox 
straddling the boundary, that is, 


[ dS = Q/eo = (Qt + Q)/e0. 


The question states that there is no free charge, i.e. 

(Q¢ = 0. Thus if the fields on either side of the boundary 
have magnitudes F, and F»2, with E; pointing towards 
the boundary and FE» away from the boundary, then 
since these fields are normal to the plane surfaces of the 
pillbox, the Gaussian integral becomes 


EA = E,A = Qp/Eo = OpA/éo, 


where A is the area of the plane faces of the pillbox, and 
Op is the density of bound charge at the boundary. Thus 


Op = €0(E2 _ F}). 


For the upper boundary, the field pointing away from 
the boundary is Ey = 15.1NC~* and the field pointing 
towards the boundary is E, = 9.0NC~1, so 
e885 x10 CON im * 
x (15.1-9.0)NC"} 
= +54 x10-" Cm, 
For the lower boundary, the magnitudes of the fields 


towards and away from the boundary are interchanged, 
so the sign of the charge density is changed, and 


op = —5.4x 107% Cm?. 


Solutions to exercises 


Ex 2.8 We assume that the fields E and D are 
uniform and perpendicular to the plates. There will be 
no free current in the dielectric, so curl B = pp OD /Ot. 
If we use Cartesian coordinates, with the z-axis 
perpendicular to the plates, then 


D = cegE = ceo Eze, = €€0(Vo/d) sinwte,z, 
since E, = V/d. So 
curl B = po OD /Ot = ceouo(Vow/d) coswt ez. 


This shows that curl B is in the z-direction, and it has 
the same magnitude at all points in the dielectric at any 
instant, but it varies sinusoidally with time. 


Ex3.1 The relevant equations are div E = p/p and 
div B = 0. The first equation (Gauss’s law) shows 
that charge density acts as a source of electric field; 
that is why the electric field lines in Figure 3.4 are 
discontinuous, changing direction at the ends of the 
dielectric where polarization produces surface charges. 
The second equation (the no-monopole law) shows that 
there is no magnetic equivalent of electric charge; that 
is why the magnetic field lines are continuous. 


Ex3.2 The appropriate entries for the table can be 
deduced from Figures 3.4, 3.5 and 3.6, and are shown 
below. 


Dielectric Diamagnet Paramagnet 
same opposite same 
opposite opposite same 
same opposite same 
Comment: I find it useful to remember that, within 


their own volumes, dielectrics and diamagnets both 
oppose the applied field. Since I know that lines of B 
are continuous, while lines of E are not, and that 
paramagnets (and ferromagnets) display the opposite 
behaviour to diamagnets, I can work out the remaining 
relationships. 


Ex3.3 The spherical symmetry of the problem 
strongly suggests the use of spherical coordinates. In 
this case, M, = M,(r), Mg = 0 and My = 0. Now 
Jy} = curl M, and from the expression for curl M in 
spherical coordinates inside the back cover, it is clear 
that all three components of curl M involve partial 
derivatives of one component with respect to the 
other two coordinates — there are no terms involving 
OM,./Or. So all three components of curl M are zero 
outside the shell. Hence J}, = 0. 


253 


Solutions to exercises 


The magnetization surface current per unit length, 

ip = M X 0, is also zero, because the magnetization 
vector is parallel to the surface normal at all points on 
the outer surface of the sphere, and antiparallel to the 
normal at the inner surface. Explicitly, if R is the radius 
of the sphere, then 


ip =M X n= M,(R)e, X n. 


Since h = e, at the outer surface, and n = —e,. at the 
inner surface, and e, X e, = e, X (—e,) = 0, we 
conclude that there are no magnetization currents 
within the volume of the sphere or on its surface. No 
currents mean there is no B field externally, so the 
magnetization cannot be detected outside the shell. 


Ex3.4 Because the surrounding medium is 
homogeneous, the problem has axial symmetry, and it 
is safe to assume that the field is of the form 

H = H4(r)eg. So the problem is most easily solved by 
evaluating the line integral of H in Equation 3.9 around 
a circular path of radius r > a, centred on the axis of 
the wire. The field has a constant magnitude H along 
this path, and is parallel to the path elements, so 


QH-dl=H x2ar= hh, 


We conclude that H = I¢/27r. The detailed nature of 
the surrounding medium has not entered this 
calculation, so the H field in glass would be the same as 
that in air (or in any other material). However, the B 
field in glass would be different to that in air, and in the 
next subsection we shall discuss how we can determine 
B if His known. 


Ex3.5 The field H remains the same since it depends 
only on the free current — the current in the solenoid. 
Using Equations 3.10 and 3.11, along with values of yg 
from Table 3.2, we can see that the magnitude of B will 
(a) decrease slightly when diamagnetic copper is 
inserted, 

(b) increase slightly when paramagnetic aluminium is 
inserted, and 

(c) increase greatly when ferromagnetic iron is inserted. 
Comment: The effect of ferromagnetic materials on 


the B field is put to good use in electromagnets, as you 
will see in Section 3.6. 


Ex3.6 In order to determine the form of the graphs, 
we exploit the axial symmetry of this problem. We 
assume that the wire lies along the z-axis of cylindrical 
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coordinates, and first consider a circular loop of radius 
r < To, centred on the axis, and perpendicular to 

it. Since the current density is uniform, the loop is 
threaded by a free current Ip x (wr?/mr2). From the 
symmetry of the problem, we can assume that the field 
is of the form H = Hg(r)eg, so Ampére’s law gives 


2 
fu -dl = 2rrHg(r) = i: 
"0 


So inside the wire (r < 79), 


A, = Ja r 
¢ 2nre 


and 


Bg = whos = ( 


er) 
a ee 
2775 

The fields outside the wire are found in a similar way, 
using a loop of radius r > ro, concentric with the wire 
and lying wholly outside it. Applying Ampére’s law to 
this loop gives 


fu -dl = 2nrHyg(r) = Ir, 


so outside the wire (r > 19), 


Ir \ 1 
A,=|(—)-. 
é (=) r 

In the air outside the wire, air ~ 1, so 


Ig\ 1 
By = tos = (we) - for r > ro. 


Figure $3.1 shows the field variations for a wire with 
b= 2. 

Note that: 

e HxrandBar forr < 19; 

e H«xl/randB« 1/rforr > 19; 


e H is continuous across the surface of the wire, but B 
drops by a factor of ys (= 2) at the surface of the wire. 


Comment: Note that B changes discontinuously at 
the surface of the wire. The general conditions relating 
fields on either side of a boundary between different 
media will be discussed in the next section. Note also 
that the field outside the wire is independent of the 
material from which the wire is made — you cannot 
generate a larger external field using iron wire rather 
than copper. 


HA 


mat f 


BA 


(b) 


Figure $3.1 Graphs of (a) H and (b) B against 
distance from the centre of a current-carrying wire with 
relative permeability ps = 2. 


Ex3.7 As indicated in Figure $3.2, the mu-metal 
plate effectively shields points behind it from a 
magnetic field B provided that the field lines are 
refracted sufficiently to emerge from the side edges of 
the plate rather than its bottom surface. 


| 
| Oy 


fe 


Figure $3.2 Shielding by a mu-metal plate. 


Since the plate is 1 m wide and 1 mm thick, we require 
tan #2 > 1000. Using Equation 3.16 and setting uw, = 1 
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for air and jg = 50000 for mu-metal, we find 

1 1 a: 
50000 ~ 10% = 59° 
Thus the condition for effective shielding at all points 
immediately behind the plate is tan 6, > 1/50, which is 
satisfied for 0; > 1.1°. 


tan 6; = alee > 
be 


Ex3.8 The fields within the cylinder will be uniform 
in regions not too close to the ends. The appropriate 
boundary condition to use is that [| is continuous 
across any boundary. Outside the cylinder, H = Bo/ju0. 
Since this field is parallel to the sides of the cylinder, 

it is safe to conclude that H, = Bo/wo inside the 
cylinder. The values of B, and M, follow from 
Equations 3.7 and 3.10: 


Be = bcHoH. = HeBo 


and 


—1)B 
H. = (Le ) 0 . 
Ho HO 


Ex3.9 Values of j for typical diamagnetic and 
paramagnetic materials differ from 1 by less than 
0.0001, so the ratios 1/ {air will differ from 1 by similar 
amounts. From Equation 3.16 it follows that tan @ is 
practically the same on either side of the boundary, so 
the field lines are essentially undeviated. 


Ex3.10 The relative permeability of the material is 
given by 


= B/uoH 
_ it 
4n x 10-7 TmA7! x 1000 A m7! 
= 706. 


Then rearranging Equation 3.18 and substituting 
appropriate data, we find 
1T x (2a x 0.20m — 0.010 m+ 796 x 0.010 m) 


I= - 
796 x 4n x 10-7 TmA™! x 400 


= 23A. 


Comment: If you used the approximation 

B ~ woNI/w, then the current calculated would 
be 20A. In this problem, 27r = 1.26m is not 
negligible compared with wy = 7.96. 


Ex 4.1 The charge density is related to the potential 
by Poisson’s equation, V?V = —p¢/eeg. As the 
electrostatic potential has spherical symmetry, we need 
to use the form of V? for spherical coordinates, which 
is given inside the back cover. However, the spherical 
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symmetry of V(r) means that it has no dependence on 
either 6 or ¢, so we require only the first term, which 
involves derivatives with respect to r: 


ld dV 
ax,_ + Af odVv 
vv =S5(r ~): 


(Note that we use the operator d/dr for ordinary 
differentiation here because V is a function of r only, 
and is independent of @ and ¢.) Now 


a 
So 

d dV d Ar? ie 

r = € 
dr dr dr a 
2 
_2Ar or/a + ae —r/a 
a 

Hence 


1d dV A 2a 
217 2 = —r/a 
vv =S5(r ~)=a(t “Ne ; 


Then, from Poisson’s equation, 


Ex 4.2 In Cartesian coordinates, 
OV OV OV 


E = — gradV = An 2 By zo 
For the parallel plate capacitor, 

VA=e+ (4*) z 
So 

E= ve) e,= Va r Yo e,. 
Ex 4.3 (a) The electrostatic potential V satisfies 


Laplace’s equation V?V = 0. Because of the spherical 
symmetry of the situation, we shall use spherical 
coordinates with their origin at the geometric centre of 
the capacitor. Furthermore, because of the spherical 
symmetry, the electrostatic potential V depends only 
on r, i.e. V = V(r). So the expression for Laplace’s 
equation in spherical coordinates, given inside the back 
cover, reduces to 


Integrating this once, we obtain 
dv dv A 
r? or A, a 2? 
dr dr or 
where A is a constant of integration. Integrating again, 
we obtain 


A 
V(r) = = + B, 


where B is a second constant. 
Using the boundary condition V(r;) = Vj leads to 
A 
Y,=-—+B, 
ry 
and the boundary condition V (rz) = V2 leads to 
A 
Y.=-—4+B. 
re 


Solving these two simultaneous equations for the 
constants A and B gives 


A= 1. (Vo VA), 
1 i) ie al 
Be roV2 — mV 
Po = L7, 
So 
= 1 = 
V(r) = ryre(V2 — Vi) " roV2 riVi 
P92. FI Tr FQ°= TI 


(b) The electrostatic field is given by E = — grad V. 
Because V = V(r), the expression for grad V in 
spherical coordinates reduces to 


Substituting the expression for V(r) from part (a), 
rira(V2—Vi) 1 . 


rg—-7, 7? 


E= 


T* 


Ex 4.4 (a) The free charge density is zero between 
the plates of the capacitor, so the electrostatic potential 
in each material satisfies Laplace’s equation, i.e. 

V2V; = 0 and V2V = 0. As the plate dimensions are 
large compared with their spacing, we have planar 
symmetry and so the electrostatic potential has no x- or 
y-dependence, and Laplace’s equation reduces to 


2 
“=O forO<z<d, 
2 
ae =0 ford < z < 2d. 


(b) The solution to Worked Example 4.2 shows that the 
general solutions to Laplace’s equation in the two 
regions are 


Vi(z) = Aiz+ Bi forO<2z<d, 

Vo(z) = Aoz + By ford < z < 2d, 
where A,, B,, Ag and By are constants of integration. 
(c) At the plate at z = 0, the boundary condition is 
Vi (0) = 0, so 

0= (Ai x 0) + Bi = By. 
Similarly, at the plate at z = 2d the boundary condition 
is V2(2d) = Va, so 

Vo = 2Aod+ Bo. 
At the boundary between the two dielectrics, the 
potential is continuous, V;(d) = V2(d), so 

Ajd+ B, = Aod+ Bo. 


Finally, the boundary condition for the gradient of the 
potential perpendicular to the interface (Equation 4.15) 
at z = dis 


_[M] —.,[a% 
; dz a : dz = 


which leads to 


€, Aj = €9 Apo. 


Comment: These four equations for the four 
boundary conditions are sufficient to determine the four 
constants of integration. Wading through the algebra 
would lead to expressions for V, and V2 that satisfy 
Laplace’s equation and the boundary conditions and 
which must therefore be the solution to this problem. 
The potentials are 


_ €9Vaz 
— (€, + €9)d’ 

_ €1Vaz Vo(E2 = Ey) 
> (e1 + €2)d eyteq — 


Ex4.5 (a) An obvious solution is V(r) = Vo inside 
the enclosure. This satisfies Laplace’s equation and it 
satisfies the boundary condition that the potential is Vo 
at the surface of the enclosure. 


(b) According to the uniqueness theorem, there is only 
one possible solution, so the solution in part (a) must be 
correct. 
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Comment: This means that inside any conducting 
enclosure, no matter what its shape, the potential is a 
constant and the electric field is zero. This is why 
sensitive electronic circuits are enclosed in metal boxes 
to protect them from variations in the electric field 
outside the enclosure. 


Ex 4.6 (a) Laplace’s equation is a linear differential 
equation, so any linear combination of solutions to the 
equation must also be a solution. Since we know that 
the expression for the potential quoted for an infinite 
line charge is a solution, adding two expressions with 
similar forms must also produce a valid solution. 


(b) We require that the position of the conducting plate 
is an equipotential with V = 0. Now, at all points on 
this plane, r] = r2, so In(r2/r1) = 0. The plane is 
therefore an equipotential, and we can make this 
potential zero by choosing the constant Vo to be zero. 
We also require that the potential close to the line 
charge varies as —A In r1/27€0, and Equation 4.17 will 
have this form when the distance from the original line 
charge is very small. 


Ex 4.7 In order to ensure that the electrostatic 
potential is zero on the planes OX and OY, we need to 
introduce three image charges, at B, C and D as shown 
in Figure S4.1. 


Figure S4.1 A point charge at A and its three image 
charges at B, C and D. 


With this arrangement, for any point on plane OX, the 
sum of the potentials due to the charges at A and D 
cancel, and those due to B and C cancel. Similarly, on 
plane OY, the potentials due to the charges at A and B 
cancel, as do those due to the charges at C and D. So 
the four charges match the boundary conditions that 
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V = 0 on OX and OY, and also the condition that 
V — Oasr — oo. The required electrostatic potential 
at a point P is therefore 
_ tl gq lq lq lq 
«Ate Tj ATE9 T2 ATeE9 T3 AT E9 rg’ 


where the distances are as defined in Figure S4.1. 
Ex 4.8 
V, = Arcos @ = —Epor cos 8, 


(a) The field is uniform for large r. Therefore 
so 


Condition (iv) means that By = 0. We can therefore 
rewrite the potential functions as 


B,cos@ 


V, = —Eor cos é + 5 forr > R, 
df 


Vo = Aorcos@ forr < R. 


(b) Using the results from part (a), condition (ii) leads 
to 


B 
—Bye = Aol 


R2 
From condition (iii), we have 
2B, 
—Eo => cy = eA» 
Solving these two simultaneous equations, we obtain 
3 
Ag = — Ei 
2 e+2 0> 
—1 
R= 8 
e+2 


Ex 4.9 Using Equation 4.27, 


Va = 7(0.5 + 0.25 + 0+ 0) = 0.1875, 
Ve = 7(1+0.5 +0 + 0.25) = 0.4375, 
Vo = 4£(0.5 +0 + 0.25 +0) = 0.1875, 
Vp = 7(1 +0+0.5 + 0.25) = 0.4375. 
Ex5.! The most striking feature of the field is its 


symmetry. The field lines are circles centred on an axis 
through the current element. The field strength falls off 
with the square of the distance |r — r’| from the current 
element. For a constant distance, the field varies as the 
sine of the angle between the direction of 61’ and the 
direction of (r — 1’). 
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Ex5.2 Using the right-hand grip rule, we deduce that 
the field will be in the y-direction. Its strength is given 
by Equation 5.8, 


ys 
4nd 
where d = 3.0m, sinag = 4.0m/PS = 4.0/5.0, and 
sinaR = sin0° = 0. So 
10-’TmA! x 30A x 0.80 
B= e 


3.0m y 
= (8.0 10°’ T)e,. 


[sinag — sinaR], 


Ex5.3 The fields due to all four sides are 
perpendicular to the plane of the loop and away from 
you. The fields at P due to the closer two sides are 
equal, and the angles a from P to the end-points are 45° 
and approximately tan~!(199) ~ 90° for each side. 
Thus the total field strength due to these two sides is 


I 
B=2 x — [sin 45° — sin(—90°)] 
T 


2x0 TmA* x 100A 
i 1.0 x 10-2 m 
= 3.4x107*T. 


(0.707 + 1] 


Since the other two sides are 200 times further away 
from P, the 1/d factor in the expression for B means 
that we can ignore their contributions in this 
approximate calculation. 


Ex5.4 Atthe centre, 


[sin ap — sin aa] = [sin 45° — sin(—45°)| 
= 2/V/2= V2, 
and at one end, 
[sin ag — sin aa] = [2/5 — sin 0°] 
= 9/5. 
The ratio is therefore 2//5V/2 — 2//10 = 0.63. 


Ex5.5 The field will be the vector sum of the fields 
due to the two semicircles and the two straight lines. 
The straight-line segments do not produce a magnetic 
field at the origin, since the term dl’ x (r — r’) in the 
Biot-Savart law is zero for measurement points on the 
axis of the current element. Each small element of the 
smaller semicircle produces a field perpendicular to the 
plane of the loop and away from you, and each element 
of the larger semicircle produces a field in the opposite 
direction. The magnitudes of these fields must be half 


of the fields that would be produced at the centres of 
circular loops of the same radii. 


Using the expression B = jioI/2a for the field strength 
at the centre of a circular loop of radius a, the total field 
from the two semicircles, and therefore from the 
complete loop, is 


1 Hol Hol 


_ 1 Hol _ 
( og Sa 


2 94 


e,) + 


Ex5.6 Only the tangential component of the current 
dipole in Figure 5.19 generates an external field that has 
a radial component at the surface of the scalp. By 
symmetry, the field will be in an azimuthal direction 
around the axis defined by the direction of the current 
dipole. Using the right-hand grip rule, the field will be 
out of the top of the head on the left of the dipole, and 
into the head on the right. Directly above the current 
dipole, the radial field will be zero. The field will 
drop away quickly at larger distances because of 

the inverse-square dependence on distance in the 
Biot—Savart law. 


Ex 5.7 Using the Biot—Savart law, the field at P is 
along the negative z-direction. Its magnitude is given by 
pol ol! 
An x SP? 
10-7 TmA™! x 1.0 x 10-9? Am 
~~ (102 = 7.12) x 10-4 m? 
=2.0x107'T, 


where the separation between current dipole and field 
point has been calculated using Pythagoras’s theorem. 
The field component in the radial direction is 


20% 10- T < eos 185? = —14 sc 10- T, 


Ex5.8 At large negative x, the z-component of field, 
B,, is positive but small, as the source is far away. 
Using similar arguments, B, is small and negative at 
large positive x. For x = 0, B, is zero, as the field is 
parallel to the conductor surface. Between the extreme 
values, B, has a maximum at an intermediate negative 
value of x, and a minimum at an intermediate positive 
value of x, as shown in Figure S5.1. 


Solutions to exercises 


AB 


RY 


Figure S5.1 Solution to Exercise 5.8. 


Ex 6.1 We shall assume that the z-axis is vertically 
downwards along the axis of the microscope column. 
The accelerating field, —E,e,, causes uniform 
acceleration, a, = —e x —E,/m = eE,/m. Applying 
the constant acceleration equation, v2 = v2) + 2azz, 
with v.9 = 0, E, = —3.0 x 10*Vm“ and 

z=5 x 10-?m, leads to 


(=) bie 
Uz = —— 7 5 
m 


= [2 x 1.60 x 107!°C x 3.0 x 10¢Vm"! 
x 5.0 x 107?m/9.11 x 1073! kg]!/? 


=2.3x10’ms-. 


Comment: The same result could be obtained by 
equating the increase in kinetic energy, 5mv", to the 
work done by the electric force, —eE, x z, or by 
equating the decrease in electrical potential energy, 
—eV, of an electron when it moves through a potential 
difference V to the increase in its kinetic energy, $mv?, 


where V = Ez. 


Ex6.2 (a) The centripetal acceleration of the particle 
is directed towards the axis of the helix, so the force 

qv X Bat any point on the path in Figure 6.4 must 
point towards this axis. If you place your outstretched 
right hand so that the fingers are aligned with the 
velocity vector at any point on the helix, and then rotate 
your wrist so that your fingers can bend in the direction 
of the field, your extended thumb will point in the 
direction of the vector product, v X B, and this is 
towards the helix axis. So g must be positive in order 
that the force, gv X B, is directed towards the axis, as 
required for the helical path in Figure 6.4. 


(b) Since q is positive, w = qB/mand r, = mv,/qB. 
Also, we are assuming 9 = 0, yo = 0 and ¢p = 0, so 
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we can write the x- and y-components of Equations 6.7 


and 6.6 as %© = —r.coswet, y = Te Sin wet, 
Uz = VL SMwWet and vy = v1 Coswet. So at t = 0, 
XL =—Tco, y = 0, and the velocity components are 


Uz, = Oand vy, = v,. A quarter of a period later, when 
wet = 1/2, we obtain x = 0, y = rc, and vz = v_ and 
vy = 0. These positions and velocities are shown in 
Figure S6.1, and clearly correspond to an anticlockwise 
rotation about the positive z-axis, which is into the page 
for the right-handed coordinate system in Figure 6.4a. 


AT 
[ 
te 7 : 
wei = = 
2 
—fc o———> 
a UL ey 
p=) 
Figure $6.1 Solution to Exercise 6.2(b). 


Ex 6.3 The magnetic force, —ev x B, on the 
electrons must be in the +-direction, and the 
right-hand rule indicates that the magnetic field must 
therefore be in the +y-direction. 


The z-component of velocity of the electrons is 
unaffected by the scanning magnetic field, so the time 
At taken by the electrons to traverse the scanning field 
is At = z,/v-. During the time At that an electron is 
in the scanning field, it experiences a constant force of 
magnitude ev, B in the x-direction, and therefore has an 
acceleration of magnitude ev, B/m in that direction. So 
its x-component of velocity as it leaves the scanning 
field is 


B 
a 
m m 


eBzy, 


Veg = Agt = 


After leaving the scanning field, the electron must travel 
a distance x, in the x-direction while travelling z, in the 
z-direction. So we require 


eBzm 
Zs Uz vem - 
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Thus 
B= MUgVz 

C2s2m 

(9.11 x 107% kg x 5.0 x 107° m) 

* (2:3 10’ ms *) 

+ (1.60 x 107°C x 0.10m x 1.0 x 107? m) 


= 6.5 x 10-°T. 


Ex 6.4 The cyclotron frequency is |q|B/m, so 

to match the frequency of the deuterium ions, the 
oscillator frequency will need to be reduced by a factor 
of 2, to 3.5 x 10’ rad s~!. The negative deuterium ions 
will orbit in the opposite sense to the protons, so the 
direction of injection will need to be reversed, and the 
exit port and the direction of the extracting field will 
also need to be reversed. 


To find the energy of the emerging ions, we note that 
re = mv, /|q|B, and the maximum value of r. and the 
values of |g| and B are fixed. This means that doubling 
the mass must halve the maximum speed attained. But 
the energy is smv", so the deuterium ions will have 
half of the energy of the protons, i.e. 15 MeV. 


Ex6.5 The electrons will travel in helical paths that 
have axes parallel to the field direction. These paths 
touch the axis of the beam (as shown in Figure 6.7) 

and have a radius equal to the cyclotron radius. For 
electrons with vy = ,\/2kgT/m, the typical thermal 
speed in two dimensions, the cyclotron radius should be 
half of the required beam radius, i.e. 2.5mm. Thus, 
rearranging the expression for the cyclotron radius, and 
substituting for v,, we find 

MUL 


B= 


ere 
_ V2mkpT 
i ere 
= (2% 9.11% 10-“*"*ke 
x 1.38 x id WIC «10° KL? 
+ (1.60 x 107!°C x 2.5 x 107° m) 


= 4,0 x 10-*T. 


Ex6.6 The drift velocity is calculated from 
Equation 6.14: 
muy A 
= Re X B. 
Vd GB Re B 
Over the Equator, B is directed to the north, and 
Rp is away from the Earth’s centre and therefore 


perpendicular to B. So R BX Bhasa magnitude of 
unity and its direction — the direction of the drift — is 
towards the west. Hence 


Va = mu /qBRe 
_ 1.67 x 1072" kg x (2.0 x 10°ms~!)? 


~ 1.60 x 10-19C x 4.7 x 10-7 T x 8.4 x 106m 
=1.1x10*ms"!. 


Comment: Note that vg < wv, as you might 
anticipate from the use of the term ‘drift’. In this 
example, when the proton travels 2000 km in the 
direction of the field, it travels 11 km towards the west, 
which is about a quarter of its cyclotron radius. 


Ex 6.7 From Equation 6.9, we have for the electrons 


MUL 
|q|B 


_ V 2mFEkin 
eB 


i 


(2x 9.11 x 1078! kg x 500 V x 1.60 x 107 c)1/? 


1.60 x 10-19C x 1.0 x 10-3 T 
= 0.075 m. 


A proton will have a cyclotron radius that is 
\/Mp/Me = 43 times larger, i.e. 3.2m. So the 
cyclotron radii of electrons and protons are both very 
much smaller than the magnetic field loop structures 
observed. 


Ex 6.8 With the field gradient superimposed, the field 
at A in Figure 6.17 is weaker than required to maintain 
the original circular orbit, and since r. = mv__/|q|B, 
the cyclotron radius of the orbit at this point will be 
larger than for the original orbit. Conversely, the 
stronger field at C means that the cyclotron radius there 
is smaller than for the original orbit. The effect that this 
has is shown in Figure S6.2 — the orbit drifts in the 
y-direction, transverse to the direction of the field and 
to the direction of grad B. 


Solutions to exercises 


Figure $6.2 Solution to Exercise 6.8. 


Comment: The field and field-strength gradient in 
this exercise are in the same directions as those in 
Figure 6.15, so, unsurprisingly, the solution to this 
exercise predicts the same direction for the drift of a 
positively-charged particle as we deduced earlier. 


Ex 6.9 The drift velocity in this case is given by 
Equation 6.20, 

2 

Va= TATE B X grad B. 

Using spherical coordinates, with the 9 = 0 direction 
aligned with the magnetic dipole’s axis, the field 
strength B depends only on r. This means we need 
consider only the e,-component of grad B (see inside 
back cover), since the eg- and eg-components are 
zero. So grad B = (OB/Or)e, = —(3C/r*)e,, and 
at radius R this becomes grad B = —(3B/R)e,. 
Substituting this expression into the equation for vg, we 
obtain 


2 


Va= xgBi Bee) x (-er) 
mv? 3B? 
= 39B5 * Re): 
where we have used the relationship between the unit 
vectors €g X e, = —eg. Thus the drift is in the 
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—-direction, i.e. from east to west. The drift speed is 
_ 3mv7, 
- 2qBR 

3 x 1.67 x 107?’ kg x (2.0 x 10°ms~)? 


Va 


~ 2x 1.60 x 10-29C x 4.7 x 10-’T x 2.6 x 107m 
=51x10°ms-!. 


Comment: Note that this contribution to the drift — 
due to the variation in the strength of the field — is in 
the same direction as, and of similar magnitude to, the 
drift due to the curvature of the field lines, which was 
calculated in Exercise 6.6. The net drift velocity is the 
sum of the two terms. 


Ex6.10 (a) Charge g appears in the drift velocity 
equations (6.14 and 6.20), so particles with opposite 
charges must drift in opposite directions. 


(b) The drift is always perpendicular to the magnetic 
field direction. For a field with varying strength, 

the drift is perpendicular to the gradient of the field 
strength; for a field with varying direction, the drift is 
perpendicular to a vector from the centre of curvature to 
a point on the field line. 


(c) The drift speed is proportional to mv’, and 
therefore proportional to the kinetic energy. This means 
that 1 MeV electrons and 1 MeV protons have the same 
drift speed (but drift in opposite directions). 


Comment: Note that the drift speed is proportional to 
mass (Equation 6.19), so protons drift about 2000 times 
faster than electrons if they have the same speed. 


Ex6.11 The field strength at the centre of a current 
loop is B = pol /2r, so the current required is 


2Br 2x10"Tx4x6x10°m 


i= = = 
Lo 4n x 10-7TmA 
=4x 108A. 
Ex6.12 (a) Particles with the minimum pitch angle 


at the centre will just be reflected at the point where the 
field has the maximum value, i.e. they will have 
a = 90° and sin a = 1 at this point. Since (sin? a) /B 
is constant for each particle, the minimum pitch angle, 
Qmin, 18 given by 

sin? Qin sin” 90° 


Bo Bmax , 
so sin? Qmin = 0.05, and Qin = 13°. 
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(b) A particle will escape if the magnetic force cannot 
reduce v, to zero. The z-component of the magnetic 
force is proportional to vg. Particles with a small pitch 
angle have a large value of v, that needs to be reduced 
to zero, and a correspondingly small value of vg, and 
therefore a small magnetic force to decelerate the 
particle’s motion in the z-direction. So if the pitch angle 
is too small, the horizontal force is unable to reduce the 
z-component of velocity to zero, and the particle 
emerges from the end of the bottle. 


Ex 7.1 We choose the z-axis parallel to the axis of the 
rod. Then J and E are in the z-direction, and since both 
are uniform throughout the conductor, J, = cE. Now 
J, =I/Aand E, = V/l, so 


I V l 
—o— =I|—)=I1 
or V (5) R, 


where the resistance F is given by 


l 

R= ae 
Comment: For an object with non-uniform 
cross-section, or an object where o depends on position, 
the current density will be non-uniform. However, as 
long as the local form of Ohm’s law is valid at all points, 
the non-local form V = JR will also be true, and we 
shall show some examples of this in later sections. 


Ex 7.2 If we ignore the currents along the wire and 
sheath, this problem has cylindrical symmetry, so we 
use cylindrical coordinates with the z-axis along the 
axis of the cable. Because of the symmetry, the electric 
field and the current density must be radial, and their 
magnitudes can depend only on r: 


Jr) =J.(r)e. = ck ep. 


In a steady state, the current J flowing across the 
surface of a cylinder of radius r and length /, whose 
axis lies along the z-axis, must be independent of r, so 


IAT) = =a GE, (Fr); 


There are no changing magnetic fields, so 
E = — grad V, and the potential drop from the inner 
wire to the outer sheath, AV, is therefore given by 


AV = [ E(r)dr 


Ty 


_ 2 [ dp... J 
~ Inlo r nla 


ry 


In(r2/71). 


Thus the resistance of a length / of the dielectric of this 
cable is 
AV _ In(re/r1) 


a I 2rlo 


Ex 7.3 From Equation 7.6, we have oH = I/2nr?, 
and therefore 


- Vip Vince 
= IncE V 2x0 EAt’ 


The distance at which the field strength is 100 V m7! is 
given by 


20C 


> x x 10-22-1m-! x 100 Vm—! x 2.0 x 10-35 


= 40m. 


At this distance, the potential is given by 


I 
27or 


20C 
2.0 x 1073s x 2a x 1072 0-!m-! x 40m 
= —4.0 x 10°V. 


Comment: So 40m from the strike, the potential is 
—AkV, but the magnitude of the electric field is only 
100 V m~'. With widespread legs there would be about 
100 V between your feet. Since E x r~?, the field is 
larger closer to the strike. The message is: ‘keep your 
feet together, or stand on one leg!’ 


Ex 7.4 When the normal to the plane of the loop is at 
an angle a to the magnetic field direction, the flux 
through the coil is ® = BAcosa = abB cosa. If we 
set a = Oat t = 0, so that a = wt, then 

- = < (abB cos wt) = —abBw sin wt. 
This has the same magnitude as obtained by integrating 
the magnetic force per unit charge around the loop, but 
has the opposite sign, as predicted by Equation 7.12. 


Ex 7.5 The electrons in the disc experience a magnetic 
force —ev X B towards the centre of the disc. Since the 
magnetic field is independent of time, E is conservative 
and |, c E- dl = 0. From Equation 7.12 we deduce that 


Vent = f (v XB) al, 
C 


and within the disc the path of the integral can be taken 
along a radial line between the contacts shown in the 
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figure. Then v X B has magnitude vB = wrB, and is 
in the radial direction, from axle to rim, so 


a 
Vemf = | wBrdr= 5wBa’, 
0 


and this emf drives a current in the external circuit from 
the rim to the axle. 


Comment: This is an induction problem that cannot 
be tackled by considering the rate of change of flux 
within the circuit, because the flux is constant. 


Ex 7.6 When the switch closes, the current in the 
solenoid increases rapidly, and the flux through the ring 
increases rapidly. The changing flux induces a current 
in the ring, and by Lenz’s law the flux produced by this 
current opposes the flux produced by the solenoid. The 
currents in solenoid and ring must therefore flow in 
opposite directions, and act as magnets with like poles 
in close proximity. Since like poles repel each other, 
there will be a repulsive force on the ring, which makes 
it jump upwards. 


Ex 7.7 The mutual inductance is the flux through the 
rectangular loop produced by unit current in the straight 
wire. Current J in the wire produces an azimuthal field 
of magnitude B = jujI/27r. Since the field depends 
on r, we divide the rectangular loop into strips of 
length / and width dr at r. The flux 6® through a strip is 
given by 
68 =B-dS= HOt pe 
2ar 
so the flux through the loop is 
r2 T2 
o= | Beyter= 2 eo 
a 207 Jr 7 
pol In(r2/r1) 
7 Qqr , 
Hence 


Me ® _ Ho tn(r2/71) 
I 20 


The induced emf is then 


= Hol nal) 2m Fp cos(2m ft) 


Substituting the values given in the exercise, the 
amplitude of the induced emf is 


Vent = 40 x 107-7 TmA™? x 1.5 x 107-2 m 
x In(10/1.0) x 13.5 x 10° Hz x 1.0A 
= 0.59V. 
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Ex 7.8 Because of the axial symmetry, the magnetic 
field lines are circular and coaxial with the inner wire, 
as in Figure S7.1. 


Figure S7.| 


For Solution 7.8. 


From Ampére’s law, the magnitude of the magnetic field 
at a radius r from the axis of the cable, for r] <r < ro, 
is B = ol /(271r). We need to find the magnetic flux 
through a length / of the cable, and this is the flux 
passing through a rectangular surface, of length / and 
width rz — 11, lying in a plane perpendicular to the 
direction of B, shown shaded grey in Figure S7.1. 

Since the field depends on r, we divide the rectangular 


area into strips of length / and width dr at r. The flux 
o® through a strip is given by 


eS ee eae 
Qrr 


Hence the total flux through the area between the inner 
and outer conductors is 


re 
o- Me f dr _ poll, 
20 Jn, 27 


(r2/?r1). 


The inductance per unit length of the cable is therefore 
® Ho r2 
L=—=—In(—}. 
Tl Qn (2) 


Ex 7.9 The solution to Exercise 7.1 showed that 

R =1/cA, where | was the length of a rod in the 
direction of current flow, and A was the cross-sectional 
area perpendicular to the current flow. In this case, with 
a current flowing around the wall of the tube, | = 27a 
and A = td. So 


R= 2na/otd. 


1 


The self-inductance is the flux through the tube per unit 
current. An azimuthal current J in the tube will produce 
a uniform axial field — like the field inside a long 
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solenoid — and the field strength can be calculated 
using a rectangular path like that in Figure 7.24. If the 
length of the rectangle is AJ, the path encloses current 
I Al/d, so B Al = pol Al/d, and B = pol /d. The 
flux through the tube is ® = BA = pio ra? /d, so the 
self-inductance is 


L = 6/TI = pora?/d. 


Ex 8.1 From Equation 8.4 we have 

=1 Ya 5 = § (nV + aaV2 + 93V3), 
where 

“a = l2+ a, 

= —|2+ 2), 

~ Ameo —|2+ 2). 
Hence 


T12 T13 


rR ald 
T31 739 


1 {ae 193 iota | 
bi 


= st 
Ameo | T12 T13 723 


since rj; = 7;;, and this agrees with Equation 8.2. 


Comment: Notice how the factor $ compensates for 
the double counting in the summations in Equation 8.4. 


Ex8.2 The strategy is to use Gauss’s law to determine 
the field at radius r, then ee the pont at the 
surface of the sphere from V(R) = — Hie E,(r) dr, and 
then make use of Equation 8. 


The spherical symmetry of the charge distribution 
means that E(r) = E,(r)e,, so we can determine 
E,(r) by applying the integral version of Gauss’s law to 
a spherical Gaussian surface, radius r, concentric with 
the conducting sphere. This leads to 


oR? 


eoE,(r)4ar? = 0 x 40 R?, oh 
eor 


so £,(r) = 


The potential at the surface of the sphere is therefore 


A 2 
/ oR ro oR 


oe ~ er E09 


Then, using Equation 8.5, the potential energy is 


a, we as 
€ 
phere 0 


o*R 2n07 R 
x dg ke = —— 
EQ EO 
Comment: There are short-cuts to obtaining this 


result. As we showed in Book 1, the potential outside a 
spherical charge distribution is identical to that for the 
same total charge located at the centre of the sphere, i.e. 
V(R) = Q/4re0R. The potential energy is therefore 
U = $Q x (Q/4re0R) = Q?/8me0R, and since 

Q = 4nR?<, this is equivalent to the result derived 
above, U = 27073 /eo. 


Ex 8.3 The energy stored is 


U =10Vv? =} x 16 x 10-5F x (240)? 
= 0.46 J. 


The kinetic energy, smu" , of a 1kg mass moving at 
lms! is 0.5J. The gravitational energy increase is 


mg Ah = 1kg x 10ms-* x 5x 10°?7m = 0.5]. 


So these examples of kinetic and gravitational energy 
are of similar magnitude to the energy stored in the 

16 wF capacitor when the potential difference across it 
is 240 V. 


Ex 8.4 The spherical symmetry of the charge 
distribution makes it appropriate to use spherical 
coordinates with the origin at the centre of the 

spheres. Then the electric field must have the form 

E = E,(r)e,. Applying the integral version of Gauss’s 
law to a Gaussian surface that is a sphere of radius r 
with its centre at the origin, and taking e = 1 for air, we 
find 


0, forr < 11, 
E = ¢ Q/4neor?, 
0, for r > ro. 


forr,; <r <ro, 


The energy stored is given by 


=} [ D-Bdr=}eo f Bar, 


where the volume of integration is the region between 
the two shells, rj < r < rg, since E = O elsewhere. 
The field is spherically symmetric, so we take a volume 
element 07 that is a spherical shell of radius r and 


Solutions to exercises 


thickness ér, i.e. 67 = 4rr? dr. Hence 


1, [?(_@_\" 4,2 
U= se / ( ) A4nr* dr 
20 r, \4Ameor? 


‘ t.. & 
87E0 rT) T1 


Ex8.5 The energy corresponding to a mass ™ is 


U = mc?, so we have 
s e? e? 
mc = ——, or = —____~, 
8megR’ 8megmc? 


Thus the radius R is 


(1.60% 10-"")? 
m 
8m X 8.85 x 10-12 x 9.11 x 10-3! x (3.00 x 108)? 


which is equal to 1.4 x 10-' 


Ex 8.6 The energy dissipated in the resistor when the 
capacitor discharges is 


—RC a 
* 29 Bey. 
= 5CVo. 
This is equal to the energy stored in the capacitor before 


the switch was closed. 


Ex 8.7 (a) The charge on the capacitor is Q = CVo, 
and it eventually reaches a maximum value of CVs. 
Using Equation 8.19, the charge can be rewritten as 


Q=CYV, c — exp (-z5)] ; 


The time T required to reach 99 per cent of the 
maximum charge is given by 


Q_9 T 
Cv. io ~~" \ Roy? 


265 


Solutions to exercises 


which leads to 
T = R;C ln 100 
= 1009 x 32 x 10°F x In 100 
=15 % 10s. 
(b) The maximum current occurs at the start of the 
discharge, and is 
% 50x 10°V 


= = 67A. 
Rehest 75Q 


(c) The discharge current is given by 


I = Ip exp (- 


t 
iat) 
so setting I/Jp = 1/10, the time T” required is given by 
T = Rae 10 
= 750. x 32x 10 °F x1n10 


= 5.5 ms. 


(d) The energy stored in the capacitor, Uc, and hence 
the energy delivered to the patient, is given by 


Ug = 3CV, 
32% 10 *F x (b x 107 V)? 
7 2 
= 400J. 
Comment: This energy is only sufficient to heat a 


kilogram of the patient by about 0.1°C. It is the current 
that is important, rather than the energy supplied. 


Ex 8.8 
Umax = 5 CVinax 
= 4x 1.0 x 10-F x (63V)? 
=2.0J. 


The maximum energy that can be stored is 


The volume of the capacitor is 
m x (8.0 x 107? m)? x 40 x 10°? m 
= 8.0 x 10°-° m?, 
and therefore the maximum energy density is 


2.0] 
= = 05 Min. 
8.0 x 10-8 m3 ~ 


Umax = 


Ex 8.9 (a) Replacing the emf V,; by a short-circuit is 
equivalent to setting V; = 0 in Equation 8.22, so the 
current J now obeys the differential equation 
dl dl R 
IR+L—=0 —_—= I. 
iar nr L 
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The solution to this equation can be obtained by the 
separation of variables, as used to obtain Equation 8.23, 
or by recognizing that the standard solution to the 
equation is 


I = Ipexp (-=) ; 


where Jo is the current at t = 0. 


Comment: As you might have anticipated, the time 
constant for the decay of the current is L/R, the same 
as the time constant when the current was being 
established (Subsection 8.2.1). 


(b) The total energy dissipated in the resistor is 


Up= ) PRadt 
0 


L 2Rt\ °° 
2 2 
=BR| 5 exp ( : YI, = 5LIj. 


Comment: This is equal to the energy transferred to 
the inductor when the current was established. The fact 
that this energy is recovered when the current decays 
justifies us thinking of $LI ? as stored potential energy. 


Ex 8.10 Because of the axial and translational 
symmetry, the magnetic field lines are concentric 
circles, centred on the axis of the cylinders, so 

H = Hg(r) eg. Applying Ampére’s law, [., H+ dl = J, 
to a circular path of radius r that follows one such field 
line between the cylinders gives 


a | 

= 
Note that the field outside the cable is zero, since a 
circular path with r > r2 encloses no net current, and 
the field inside the inner tube is also zero, for the same 


reason. The energy density of the magnetic field is 
u= ;B-H,andB = plo H, so 


[po]? 

8122” 

The total energy U is given by U = { udr, where the 
integral is taken over the volume between the two 
tubes since the magnetic field is zero elsewhere. The 
symmetry leads us to choose 067 to be a cylindrical shell 


U= ZhpoH? = 


centred on the axis of the tubes and with radius r, 
thickness dr and length /, so that 67 = 27rl dr. Hence 


Ex 8.11 We assume that we can neglect the field 
outside the specified region, and that the field is uniform 
within the region. Then the energy is 


B?2 
U = —— x volume 


2140 
(20T)? = 
~ 2x 4nx 10-7NA~2 " 7 (0.05 m)” x 0.2m 
~ 60kJ. 


Ex 8.12 The natural angular frequency is 
wy = 1/V EC 
= 1/,/5.0mH x 2.0pF = 10’ rads", 


and the natural frequency fy is 
10’ rad s~+/27 rad = 1.6 MHz. 


The maximum energy stored in the capacitor is equal to 
the maximum energy stored in the inductor, which is 


Ue= U7, = Li? /2 
= 0.5 x 5.0mH x (2.5mA)? 
=16x107°J. 


Ex9.1 (a) You saw in Exercise 8.9 that the current in 
an RL circuit (with no source of emf) decays 
exponentially with time: 


I(t) = Ip exp(—Rt/L). 


Comment: The time constant for the decay is L/R, 
so the smaller the resistance, the longer will be the 
time constant. Zero resistance means an infinite time 
constant — the current does not decay, but persists 
indefinitely (or as long as the material remains 
superconducting). 


Solutions to exercises 


(b) The maximum possible resistance, Rmax, of the 
tube corresponds to the minimum possible current, 
which is [(T) = 0.98Jo. Thus 


0.98 = exp(—RmaxT/L), 
which can be rearranged to give 
Rmax = —(L/T)1n 0.98. 


Now T =7hours = 7 x 3600s = 2.5 x 104s, 
and) = 14% 10-“F, 
Hee 11 10} Oo, 


(c) For the tube, the length of the current path, [;, is 
essentially twice the width of the silicon oxide layer, 
and the cross-sectional area perpendicular to current 
flow, A;, is the length of the tube times the thickness of 
the lead films. Since 


R= px (length) /(area) = pl;/Ar, 
the maximum resistivity is 
Pmax = RinaeAr} le 
17% 10m x 12 4 10- 


=1l1x10-"Q 
2x 3.2 x 10-3m 


~4x1072?Qm. 


The value of the conductivity of lead at 0°C is 
5.2 x 10°Q~! m~!, so the resistivity is 


(5.2 % 10°OQ>*m-*)-* = 19 % 10-7 Om. 


The estimate for the maximum resistivity for 
superconducting lead obtained from the data in this 
exercise is almost 18 orders of magnitude smaller than 
this room temperature value. 


Ex9.2 From Table 9.1, for lead 7, = 7.2 K and 
B.(0) = 0.080 T. From Equation 9.1, 


Ex9.3 From Ampére’s law, the field strength B at the 
surface of a wire of radius R carrying a current J is 
B = pol /27R. From Equation 9.1, we also have that 


- (5) | 


= 21.9x 10-°T, 


B,(2K) = 31x 10-°T 
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so the radius R required is 


p> tol _ nx 10-TNA~? x 200A 
—OrBo 22x 21.9x 10-3T 
= 1.8mm. 


Ex9.4 Taking the curl of both sides of Equation 9.9 
and using Ampére’s law, curl B = [UgJs, to 
eliminate B, we find that 


: 
curl(curl Js) = — a curlB 


2 
_ _ Horse” 
m 
1 
=> as é 
We now use a standard vector identity (given inside the 
back cover) to rewrite the curl(curl Js) term: 
‘ 1 
curl(curl J) = grad(div J,) — V’J; = — yas: 
For our steady-state situation, where Op;/Ot = 0, the 
equation of continuity, Op, /Ot + div J, = 0, reduces to 
div J, = 0, so 


s 


Ex9.5 From Equation 9.10, the penetration depth is 
given by \ = (m/ignse?)'/2, so (in metres) 


_ 9.11 x 10-%! oe 
An x 10-7 x 1.5 x 1079 x (1.6 x 10-19) 


or \ = 14nm. 


This value, predicted by the London model, is about a 
quarter of the measured value. 


Ex 10.1 Multiplying Equation 10.2 by v/c? and 
adding the result to Equation 10.1, we obtain 


2 
#+—ca'=y(t-<t 
Ce cf} 


Using the definition of yy (Equation 10.5), this can be 
written as 


which is Equation 10.6. 
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Multiplying Equation 10.1 by v and adding 
Equation 10.2, we obtain 


2 

f f U 
xv + ut =7(2-5e). 

Cc 


Using the definition of +, this can be written as 
x + vt’ = 2, 
Y 
hence 
c= y(2' +t’), 
which is Equation 10.7. 


Comment: Notice how the method used in the text is 
much quicker than that used in this exercise. As is often 
the case, it is better to invoke a physical argument rather 
than simply performing algebra. 


Ex 10.2 (a) Suppose that the two frames are in 
standard configuration, and that the rod is at rest in 
frame F’ and lies parallel to the x/-axis. An observer in 
frame F measures the ends of the rod to be at x; and x2 
at the same time ¢. The positions of the ends according 
to an observer in frame F’ are given by 


xv, = (x1 — vt), 
Lo = y (xq — vt). 
Hence 
@ — 21 = ¥ (2-21). 
However, x5, — x/, is the length Jp of the rod in frame 


F', where the rod is at rest, and 22 — 2, is the length / 
in frame F, so 


1 =IpV1 — v?/c?. 


(b) If we start from Equation 10.7 instead of 10.2, we 
obtain 


t=%¥ (a = vt}) ; 

r2=%7 (x5 “+ uty) ; 
Since the rod is at rest in frame F’, it would seem that 
we could choose t; = t, which would lead to the 
incorrect result lg = 1,/1 — v?/c?. The fallacy in this 
argument is that events that are simultaneous in F’ are 
not simultaneous in F. Consequently, an observer in F 
would be recording the positions of the ends of the rod 


at different times, which would not lead directly to a 
measurement of the rod’s length. 


Comment: This problem does not arise with the 
method used in part (a), because the rod is at rest in 


frame F' so the positions of its ends, x and x}, are 
independent of the time of measurement. 


Ex 10.3 Suppose that a clock is at rest in frame F’, 
and an observer records ticks at times ¢/, and t4. Using 
Equation 10.6, we can relate these times to those 
observed in frame F by 


! vy 
a =7(4+ 521), 

! vy 
tg =7(%+ 524). 


However, since the clock is stationary in F’, we know 
that , = x5, and therefore 


t2-ti=7(t—-t), 


or 
TO 


Comment: Notice that in this case it is easier to 

use the inverse Lorentz transformation. We could 

use Equation 10.1, but since the clock is moving in 
frame F, this would mean that x; and x2 would not be 
equal. We would therefore have to use the length 
contraction formula (Equation 10.10) to eliminate 

9 — L]. 


Ex 10.4 In the frame where the charge cloud is 
stationary, p = 2.0 x 10-'C m~3 and J = 0. We use 
Equations 10.22—10.25 to determine the charge and 
current densities in the frame of the high-energy 
particle: 


U 
p= (0 — =z Jz) =p, 
Jy = (Je — up) = —yep, 


J = I7=0, 
== 0 


Now, y = 1/.\/1 — v?/2 = 1/V1 — 0.95? = 3.20, so 
p' = 3.20 x 2.0x 10°" Cm? 
=64¢10 "Cm 
and 
Jy = — vp 
= —0.95ycp 
= —0.95 x 3.2 x 3.0 x 108ms? 
x 2.0 x 10°72 Cm? 
=1.8mAm-”. 
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Ex 10.5 As in Subsection 10.1.1, to an observer in 
frame F', the frame F is moving parallel to the x’-axis 
with velocity v’ = (—v,0,0). Consequently, the 
required inverse transformation may be obtained from 
Equations 10.26 to 10.31 by interchanging primed and 
unprimed components, and replacing v with —v. Noting 
that y(—v/c) = y(u/c), we may write the result as 
follows: 


=F. 
Ey = (Ei, +B), 
H,= (Hi, = vB,) ; 
B, = By, 

VU 


By =7 (4, = ae) ; 


VU 
B. =1(B.+ 55). 


Ex 10.6 Since v = (v,0,0), the direction parallel 
to v is the x-direction, so Ey = (F,,0,0) and 

B, = (B,,0,0). In addition, the fields E, and 
B, may be written as E, = (0, Ey, E,) and 

B, = (0, B,, B.). Substituting these vector 
expressions into Equations 10.32 to 10.35 and 
evaluating the vector products gives 


f = (£;,0,0), 
Bj = (Bz, 0,0), 
E!, = 7[(0, By, Bz) + (0, -vBz, vBy)], 


1 
Bi = 7 | (0, By, Bz) — G(0, -vBz, vEy)| . 


Retaining only non-zero components, we can rewrite 
these relationships as 


E, = Ez, 
By = By, 
Ez, = y(Ey — 0B»), 
EL = (Ez + vBy), 


a VU 
By =7(By+ GE), 
Vv 
By = 7 (Be— GEy). 


Apart from the order in which they are written, these 
equations are identical to Equations 10.26 to 10.31. 
Hence the two sets of equations, 10.26—10.31 and 
10.32-10.35, are consistent in the case v = (v,0,0). 
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Ex 10.7 In aregion where E’ = 0 in frame F’, an 
observer in F will find (according to Equations 10.32 
and 10.34) 


EK, =0 
and 
E, =—-v xX B,. 


Since E, = 0, we can write E = E, and use the fact 
that 


vx B, =v X (B) + B.)=vxB 
to obtain the required result, 

E=-—v XB. 
Ex 10.8 We choose a reference frame F for the Earth 
with the x-direction vertically down, the y-direction 


towards the north and the z-direction towards the east, 
as shown in Figure $10.1. 


> 8. Ghee, ‘| 


Le Te z 
L 


Figure $10.1 The Earth frame and the particle frame 
for Exercise 10.8. 


The particle frame, F’, is in standard configuration with 
this, travelling at speed 0.95c in the x-direction. Thus 


E, =100Vm‘!, 
b= i=, 

B, = 5.0 < 10-*T, 
B= 5,0: 


Using the field transformation equations (10.26-10.31), 
with y = 1/V1 — 0.95? = 3.20, the field components 
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in the particle’s frame are 
EB =t,=100vm; 
E=9| Ey —0B,| =, 
E, = y[Ez+ vB, 
= 3.20 x (0.95 x 3.0 x 10° ms") 
x 5.0 x 10°-°T 
=46x10*Vm"!, 
f= 20, 


x 


VU 
By = | By + axBi| 
= 3.20 x 5.0x 10°°T =1.6 x 10°*T, 


Uv 
BL = |B, - =2y| =0. 
Comment: Clearly, both the electric and magnetic 


field in the particle’s frame are very different from 
those in the Earth’s frame. However, for macroscopic 
objects in free fall in the Earth’s atmosphere, with 
v~ 100ms—!, say, the fields would be essentially 
unchanged from those in the Earth’s frame. 


Ex 10.9 Since the charge is at rest in frame F’, the 
Lorentz force equation reduces to F’ = gE’. We need to 
find an expression for the force F in frame F in terms 
of the fields E and B measured in that frame. We 
assume that frame F’ travels with velocity v = (v,0,0) 
relative to frame F, so the velocity of the charge in 
frame F is v = (v,0,0). 


We consider each of the components of the force 
in turn. For the x’-component, Fy, = qE/,. From 
Equation 10.17, F’, = F),, and from Equation 10.26, 
E!. = Ey, 80 

Fy, = qEx. 
For the y’-component, Fj, = gE). From 
Equation 10.18, i = 7f,, and from Equation 10.27, 
Ez, = 7[Ey — vB-], so 

Fy =q7[Ey—vB:], or Fy = q[Ey— vB, 
Similarly, for the z’-component, FY = qE!. From 
Equation 10.19, FY = 7F, and from Equation 10.28, 
Et, = [Ez + vBy], so 

VF, =qy|Ez+ vB], or F, = q[E, + vBy]. 
Hence 

F = qE + qu(—B,e, + Bye). 
But v = ve,, so v X B = u(—B,e, + Bye,), and 
therefore 

F =q(E+v X B). 
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Lenz’slaw 44, 157, 159, 162, 196 
LHC | see Large Hadron Collider 
lightning 147 
LIH material 
dielectric 24, 37 
magnetic 49,55, 61 
linear material 
dielectric 24 
magnetic 49, 56 
local relationship 11 
London equations 206 
London model 
limitations of 210 
London, Fritz 192, 206 
London, Heinz 192, 206 
Lorentz force 117,118 
in B field parallel to E field 124 
in non-uniform magnetic field 126-140 
in uniform electric field 118 
in uniform magnetic field 120 
Lorentz force law 15, 117 
form invariance of 238 
Lorentz transformation 222 
inverse 223 
inverse matrix 223, 235 
matrix 222, 230 
lower critical field strength 213 


macroscopic field 16 
macroscopic magnetization 45 
macroscopic polarization 23 
magnetic bottle 136, 139 
magnetic dipole 42, 43 

dipole moment of 43, 101 


field of 43 

induced 44 

permanent 43-44 

potential energy of 44 

thermal energy of 47 
magnetic dipole moment 43, 101 
magnetic energy storage 169, 184 
magnetic field 13,54 

biological sources of 111 

energy storedin 182 

of circular loop 101, 102 

of cylindrical tube 94 

of finite-length straight wire 97 

of human brain 107 

of long solenoid 94 

of long straight wire 94 

of short solenoid 101 

of square loop 99 

of thin plate 94 

of toroidal coil 94 

relativistic transformation of 230 

with varying direction 127 

with varying strength 133 
magnetic flux 154 

and mutual inductance 159 

and self-inductance 161 

constant in superconducting loop 196 

quantization in superconductor 214 
magnetic force microscope 57 
magnetic intensity 54 
magnetic mirror 138, 139 
magnetic moment 137 
magnetic resonance imaging (MRI) scanner 10 
magnetic storm 136 
magnetic susceptibility 49,55 
magnetic vector potential 104, 157 
magnetically screened room 61, 111 
magnetically-levitated train 197, 198 
magnetization 45, 48 
magnetization current 49 
magnetoencephalography 111 
magnetometer 93, 111 
magnetosheath 132 
magnetosphere 132, 140 
magnetostatics 93,242 
mass, relativistic 236 
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mass energy 236 paramagnetic material 46,55, 202 
Maxwell term 15 partial-derivative transformation 234 
Maxwell’s equations 7 particle accelerator 10, 116, 122, 216 
form invariance of 238 penetration depth 207, 208, 210, 211, 214 
generality of 16 measurements of 208 
linearity of 16 temperature dependence of 208 
matrix version 239 perfect conductor 199, 204 
MEG 111 magnetic fieldin 206 
Meissner effect 198, 207 perfect diamagnetism 200 
Meissner, Walter 192, 198 Periodic Table 
memory chip 17, 33 showing superconducting elements 192 
method of images 79-83 permanent dipole 
for resistance calculation 152-158 electric 20-23 
microscopic picture magnetic 44 
of dielectrics 18-23 permanent dipole moment 
of magnetic materials 42-44 electric 20 
mirror point 136, 139 magnetic 43 
mixed state 213 permeability of free space 14 
momentum 235 permittivity of free space 12 
relativistic 236 persistent current 195, 196, 197 
MRI scanner 10 pitch angle 138, 139 
mu-metal 61, 62 plasma screen 66 
Muller, Alex 194 plasma sheet 132, 139 
mutual inductance 158, 159-161 point charge 


energy of 174 
Poisson’s equation 72 
polarization 23, 29 
polarization charge 25 

surface 25 

volume 27 


natural angular frequency 187 
neuron 107,111 

Newton’s second law 235 
no-monopole law 12 

normal core 213-216 


normal electrons 193, 204 polarization current density 40 


nucleus 18 potential see electrostatic potential, magnetic vector 
number density 23 potential 


numerical solution of Laplace’s equation 86 potential difference 17, 144-5 


potential drop 144-5 
potential energy 

of electric dipole 22 

of magnetic dipole 44 

of charge distribution 169 
power dissipation 143 
principle of relativity 222,235 


observer 220 

Ochsenfeld, Robert 192, 198 
Ohm’s law 143 

ohmic material 143 

Onnes, Heike Kamerlingh 191 
oscillatory circuit 187 


parallel plate capacitor 
capacitance of 31-32 
energy stored in field of 172 
fields between plates of 31-33, 75 
potential between plates of 74 


quantization of flux 215 
quasistatic 93 
Quinn and Ittner experiment 196 
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raster pattern 119, 121 standard configuration 221 
relative permeability 55 Sun, motion of particles in atmosphere of 9, 131 
relative permittivity 31, 39 superconducting alloys 193 
relativistic effects 121, 124 superconducting ceramics 194 
relativistic mass 236 superconducting electrons 193, 204 
relativistic momentum 118, 226 superconducting magnet 191, 197,216 
relativistic transformation superconducting solenoid 197 

of charge density 228 superconducting switch 197 

of coordinates 222 superconductivity 191 

of current density 228 superconductor 191 

of force 226 superelectron 204 

of partial derivatives 234 surface charge distribution 

of velocity 225 potential energy of 170 
remanence 56 surface energy 
resistance of normal-superconducting boundary 214 

by method of images 152 surface magnetization current 50 

by solving Laplace’s equation 150 surface polarization charge 25 

of a coaxial cable 146 susceptibility 

ofarod 143 electric 23, 24,31 

of asphere 145 magnetic 48, 49,55 
resistivity 142, 195 synchrotron 124 
rest mass 236 system of point charges 

invariance of 236 potential energy of 169 


return current 107 


right-hand grip rule 14, 43 Tevatron 124, 193 


ring current 135 thermal energy 
of electric dipole 22 

scanning coils 119, 121 of magnetic dipole 47 
scanning electron microscope 8, 119, 121 time constant 176 
Schawlow—Devlin experiment 208 of RC circuit 176 
Schrieffer, John 193 of RL circuit 181, 196 
screening current 198, 209, 214 time dilation 225 
self-inductance 162 time-dependent polarization 39 

of a coaxial cable 166 toroidal solenoid 

of asolenoid 164 energy storedin 182 

of atube 166 torque 22 
simultaneity TRACE satellite 131 

relativity of 223 transformation matrix 222 
solar corona 131 transformer 159 
solar wind 132, 140 two-fluid model 204 
special relativity 220,221 type-I superconductor 210, 211 
speed of light 219 type-II superconductor 210, 213 


invariance of 221 
spin of electron 43 
SQUID magnetometer 


uniqueness theorem 79, 80, 151 
111. 215 upper critical field strength 213 
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Van Allen belts 130, 132, 135, 139 water 
vector potential 104, 157 dipole moment of 21 
velocity transformation 225 relative permittivity of 39 


voltage drop 144 

volume charge distribution 
potential energy of 170 

volume magnetization current 51 

volume polarization charge 27-28 


Yamanashi Maglev train 197 


zero electrical resistance 195 
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Theorems 


r2 
Gradient theorem: | grad f -dl= f(r2) — f(r1) 
Vy 
Divergence theorem: | divF dV = | F-ds 
V S 


Curl theorem: | curl F - dS = ¢ F -dl 
Ss Cc 


Vector and vector calculus identities 


a X (b X c) = (a-c)b—(a-b)c 
a-(bXc)=(aXb)-c 

div( fF) = fdivF + F- grad f 

div (grad f) = V7f 

div(curl F) = 0 

curl (grad f) = 0 

curl(curl F) = grad(div F) — V?F 

div(F x G) = (curlF) -G — F - (curl G) 


Various integrals 


i mee i= -5( +ax)e"™ [soa = [ cos? 0d0 = 1 
fe 6 de= -502 + 2az + a*x*)e"™ (sin? 9) = — i. sin? 6d6 = ; 
laa dx = In((a? + 2?)¥/? + 2) (cos? 6) = — [ cos” 6d@ = ; 
lar’ aS [cost asino.ag = 2) 


lee) 1 20 
—..~ dr = 2 ésin 6 dé = 0 
a (1+ 22)3?2 x / cos 7 sin 


Differential operations for a scalar field { and a vector field F 


Cartesian coordinates (x, y, z) 


fi 
grad f = 2 2! a Ph 
OF, OF, . OF 
div A aa ae “Oy az 


r/o 2 | eel eet anaes 2) 
a Ox Oy Oz Oy Oz ss Jz ax ) © Oz Oy . 
F, Ee 
2 2 
vip 2h, OL 


Cylindrical coordinates (r. 0. z) 


OF 1Of Of 


grad f = ae r+ rae°° + a2°? 
: a) 10F, OF. 
div F = — i) % 
| r reg e: 
curl F = — 0 ao oa 
Or Oo z 
Fe rly F, 


_ (10F, OF, OF, OF. 1 Ee F) OF, 7 
~ \r 06 Oz Pa Oz Or aan Or oe elo) 
5 (7 x) 1#Ff PF 


72 = ee eae 
ba Or 


r2a¢2 | a@z2 


Spherical coordinates |r. ¢. 0) 


erat = or * 599° * rsind Od? 
iwE= ore) t; eg’ + 5 op 
e- reg rsin@ eg, 
curl F = Ze Ee. a 
“sin@|@r 06 ‘ela 
F, rFo rsin@ F; 
1 0 OFs 1/1 0F, @ 1/2A a 
~ rsin@ ( Fplcind Fe )— 5) J (5 dd > (Fe) €g + z (5 rR a 
2, _ 190 /( 20f 1 @ Of 1 f 
Wd 2 or (~ a " 72 sin 0 00 (sin) 2 em 6 OF 


m) 
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